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Alternatives to the Consequence-theoretic
Approach to Metalogic.

Stan J. Surma
Universily of Auckland, New Zealand

ABSTRACT. o0n the common approach, logic seems to be understcod as an
intuitively primary and utmost general conceptual framework which can be used, in turn, as a basis for
the analysis and explanation of a large variety of different but related metalogical ideas such as (1)
consequence, provability or deduction; (ii) deductive theory or dediictively-closed system; (iii)
consistency or compatibility; (iv) maximality or completeness of a kind, etc.

Yet, on the other hand, it may be interesting and even fruitful to think of logic as a complex construct
to be analyzed into some simpler pieces which can be constructed from some other intuitively sumpler
and more primitive ideas. In fact, any of the ideas (i) - (v) can serve such purpose. To be more
precise, a set of conditions to be imposed on any one of the ideas (i) - (v) can be found such that the
logic which it determines is the classical logic. The sets of conditions characteristic of each of these
ideas are shown to be pairwise equivalent (i.c. expressively equivalent, to be sure). In each case, the
description is carried out in two stages or levels. At the first, set-theoretic or language-independent
stage the object language under consideration is simply taken to be a non-empty set of completely
unstructured sentences. At the second, logical or language-dependent stage the underlying language is
assumed to be structured so that all of its logical constants are made explicit. A rather welcome by-
product here is a separable characterization of each logical operator or of each set of mutuall y
independent logical operators.

The use of the idea of consequence (i) is the most obvious option here. Al the standard frameworks
for metalogic are, in fact, consequence-theoretic.  The best known abstract setting for tlus framework is
A. Tarski's general consequence theory. The next framework for metalogic, mentioned above, is based
on the idea of deductive theory (ii). The treatment of the set-theoretic component of this programme is
motivated by Tarski's theory of systems and the lattice-theoretic characterization of closure systems but
it departs from the two sources in a few details. A consistency-theoretic framework for metalogic,
based on consistency (iii) as a primitive idea, is also intuitively obvious. However, an
implementation of this programme inevitably requires that a definition of consistency be freed from
negation-dependence and, indeed, trom dependence on any logical constant. Within this programme,
logical constants are explained in terms of consistency and it is for this reason that they cannot be used
in the definition of the latter. In this paper it is shown that the equivalence of the consistency-
theoretic framework with that based on the idea of consequence can, indeed, be established at the set-
theoretic level, f.e. in the absence of any logical constant. A maximality-theoretic or completeness-
theoretic framework appears to be intuitively less obvious. The only certain intuition here seems to
be that completeness is a property of large sets. Besides, an explanation of logic in terms of
maximality or completeness is affected by the fact that the idea can be categorized in more than one
way, sometimes as a maximal extension mapping of a kind and sometimes as a family of maximally
extended sets.

1. INTRODUCTION.

On the common approach, logic seems to be understood as an intuitively
primary and utmost general conceptual framework which can be used, in turn, as a
basis for the analysis and explanation of a variety of different but related metalogical
ideas such as
(1) consequence, provability or deducibility;

(11) deductive theory or deductively-closed system;



(iii) consistency or compatibility;
(iv) maximality or completeness of a kind, etc.

Yet, on the other hand, it may be interesting and even fruitful to think of logic as
a complex construct to be analyzed into simpler pieces which can be constructed from
some other intuitively simpler and more primitive ideas. In fact, it can be shown that
any of the above mentioned ideas (i) - (v) can, in fact, serve such purpose. To be more
precise, a set of conditions to be imposed on any one of these ideas (i) - (v) can be
found such that the logic which it determines is the classical logic. The sets of
conditions characteristic of each of these ideas are shown to be pairwise equivalent
(expressively equivalent, to be sure). Also of interest is the problem of how, in each
case, the conditions found can be modified in order to make the logic, which they
determine, coincide with a non-classical logic, for instance, with the intuitionistic logic,
the Johansson-minimal logic or the three-valued logic of Lukasiewicz. However,
because of lack of space, the discussion of this problem is postponed.

In each case, the description is carried out in two stages or levels. At the first,
set-theoretic or language-independent stage the language under consideration, or the
object language as it is also called, is taken to be, simply, a non-empty set of completely
unstructured sentences. At the second, logical or language-dependent stage the
underlying language is assumed to be structured so that all of its logical connectives
and/or quantifiers, i.e. all the logical constants in question are made explicit. A rather
welcome by-product here is a separzble characterization of each logical constant or of
each set of mutually independent logical constants.

The use of the idea of deducibility (i) is the most obvious option here. The
standard frameworks for metalogic are, in fact, consequence-theoretic. The best
known abstract setting for this framework is A. Tarski's general consequence theory.
(cf 8,9, 10}, 3], [11]and [1]). A variant of this theory is briefly discussed in this
paper.

The next framework for metalogic, mentioned above, is based on the idea of
deductive theory (i1). The treatment of the set-theoretic component of this programme
is motivated by Tarski's theory of systems (cf [10]) and the lattice-theoretic
characterization of closure systems (cf for instance, {2]) and it only departs from the
two sources in a few details.

A consistency-theoretic framework for metalogic, based on consistency (iii) as a
primitive idea, is also intuitively obvious. However, an implementation of this
programme inevitably requires that a definition of consistency be freed from negation-
dependence and, indeed, from dependence on any other logical constant. Logical
constants are to be explained in terms of consistency and it is for this reason that they
cannot be used in the definition of the latter. In this paper it is shown that the
equivalence of the consistency-theoretic framework with that based on the idea of
consequence can, indeed, be established at the set-theoretic level, i.e. in the absence of
any logical constant.

A completeness-theoretic framework appears to be intuitively less obvious.
The only certain intuition here seems to be that completeness is a property of large sets.
Besides, an explanation of logic in terms of completeness is affected by the fact the idea
can be categorized in more than one way, sometimes as a maximal extension mapping
of a kind and sometimes as a family of maximally extended sets.

It seems that the above mentioned metalogical frameworks and their mutual
relationships have not been subjected to a systematic study as yet. Only a few works
going in this direction can be mentioned. They include papers [5], {12] and [7] from
the REFERENCE LIST.



2. LANGUAGE.

Symbol § is used to denote the set of all sentences of some object language. It
is assumed that § is non-empty. Members of S and subsets of S are symbolized as
A, B,C,..,and as X, Y, Z,..., respectively, with or without subscripts. The

expression X € Fin(Y) means that X is a finite subset of Y. To simplify notation,

expressions of the kind (XU {A;, A,..., Ap}) are rendered as ¢(X, A, As,..., Ap).
The set of all subsets of a set X and the set of all supersets of X (within S) are denoted

and defined as 2X = {Y £ 8: Y € X} and 2x = {Y € $: X < Y}, respectively.
Clearly, X € 2Y iff Y € 2%, X € 2x and 25 € 25. A non-empty class K of subsets
of 8 is directed iff for any L € Vin(K) there is Y € K such that UL € Y, or in other
words, iff each finite subunion of the union UK is included into some member of K.

If # 1s a n-ary connective and A, Ag,..., A, € S, then #A;A»..A, € S.
Thus, whenever a connective # is specified, S is taken to be closed under #. If # is
binary, it is customary to write A#B instead of #AB. In what follows we are
concerned, mainly, with the standard connectives:

— (negation), — (conditional or implication), A (conjunction), v
(disjunction), and = (biconditional).

We say that X is (—)-complete iff, for any A and B, the fact that A—»B € X is
equivalent to the fact that if A € X, then B € X. It proves convenient to associate with
each standard connective of the object language a metalanguage correlate —*, —*

A¥, V¥ and =* ,respectively. Thus we can use —* to rewrite the condition "if A
€ X,then B € X" as "(A € X)—*(B € X)". By a similar convention, we may also
say that X is (—)-complete iff, for any A and B, the fact that —A € X is equivalent to

the fact that —*(A € X), i.e. to the fact that A ¢ X. The above passages suggest the
following general definition.

DEFINITION (Dn-1). Let # be a n-ary connective of our object language. X is
called (#)-complete iff, for any Aj, Ao,..., Ay, the conditions below are equivalent.
i. #AAL.LA, € X,

. #*A) € X)(A, € X)..(A, € X).
To simplify the notation, the superscript * is omitted hereafter so that condition (ii)

above becomes now
ii'. #A; € X)(A; € X)...(A, € X).

It may be remarked that, intuitively, a set X is complete in respect of a
connective iff the connective does in X precisely what it says it does there.

In what follows it is assumed that # is a n-ary connective.



3. CONSEQUENCE OPERATIONS.

3.1. Definition of the operation of consequence and its basic
properties. This operation was introduced and studied by A. Tarski. In a series of
papers published in the thirties Tarski developed a general consequence theory which he
used in his extensive study of a variety of syntactic properties of deductive systems
including properties such as consistency, completeness, axiomatizability,
independence, definability, and decidability.

If X € S, we want to be able to talk about the set of all possible conclusions
which can be inferred from members of X using the logic L which underlies the set S
of all sentences of our object language. We denote this set by Pr(X). The expression
"A € Pr(X)" stands for "A is provable from X" or else for "A is a consequence of
X". Here the set X can be treated, informally, as a set of extra-logical axioms,
hypotheses or otherwise specified assumptions or suppositions. This context suggests
that Pr: 25— 25, i.e. that Pr is a unary operation on the power set of S which maps
subsets of S to subsets of S.

Several equivalent definitions of the operation of consequence can be found in
the literature (cf, for instance, [4]). They differ in referring to different defining
concepts as well as in providing different intuitive motivations to the defined operation.
The standard, most common definition involves the concept of proof. Other
definitions make the operation of consequence dependent on the concept of logical law
or that of rule of deduction. The definition in terms of proof runs as follows.

DEFINITION (Dn-2). A € Pr(X) iff there are A, Az,..., Ay such that A = Ay
and, for any i < n, either A; € X, or A can be proved from Aj, A,..., Ajy.

Properties of the operation of consequence, implied by this definition fall into
two natural groups. The first group includes properties whose formulation only
involves (some) set-theoretic notions but does not depend on a particular structure of
the underlying language S. For this reason we call them set-theoretic properties of Pr.
Here are some examples of such set-theoretic properties.

i. Pr is reflexive in the sense that each sentence is a consequence of itself.
In other words, X € Pr(X), for any X.

ii. Pr is inclusion-monotonic. In other words, if X € Y, then Pr(X) < Pr(Y),
for any X, Y.

iii.  Prisidempotent in the sense that consequences of the consequences of a set of

sentences are already consequences of this set. In other words, Pr(Pr(X)) €
Pr(X), for any X.

iv. Pris finite in the sense that Pr(X) € U{Pr(Y): Y € Fin(X)}, for any X.

iv. Priscompactin the sense that, for any X, the fact that Pr(X) = S implies
that there is Y € Fin(X) such that Pr(Y) =S. Pr is weakly compact in the
sense that there is X € FKin(S) such that Pr(X) = S.



v. Pris regular in the sense that, for any A and X, the fact that A ¢ Pr(X)
implies that there exists Y € 2x such that A ¢ Pr(Y) and A € Pr(Y, B) for any
B ¢ Y. Pr isstrongly regular in the following sense. For any A and X the
fact that A ¢ Pr(X) implies that there exists Y € 2x such that A ¢ Pr(Y) and
Pr(Y,B)=Sforany B ¢ Y.

vi.  Prisnormal in the sense that the set of all consequences of the empty set
of (extra-logical) assumptions is identical with the set L of all theorems of the

logic underlying language S. In other words, Pr(®) = L.

The other group includes properties of ’r whose formulation depends on the
structure of §.  'To be more specific, it depends on logical constants such as
connectives or quantifiers. For this reason we refer to them as logical properties of Pr.
Here are examples of such properties.

vii. Pris(—)-compact in the sense that Pr(A, —A) =8, for any A.

viii. Pradmits (—)-cuts in the sense that Pr(X, A)NPr(X, —A) < Pr(X),
for any A and X.

ix.  Prhasthe (—)-deduction property in the sense that the fact that a conditional
sentence is provable from a set X of sentences is equivalent to the fact that its
consequent is provable from its antecedent on the ground of X. In other

words, A—B € Pr(X) iff B € Pr(X, A), for any A, B and X.

X . Pr admits (—)-cuts in the sense that Pr(X, A)NPr(X, A—B) < Pr(X),
for any A, B and X.

It will be seen later that the properties of Pr referred to in theorems (i) - (x) are
among the basic properties of this operation in the sense that all the other properties of
Pr we may be interested in can, in fact, be inferred from them without any explicit or
implicit reference to definition (Dn-2). The precise meaning of these remarks will be
clarified in the next section which is devoted to the problem of axiomatization of Pr.

3.2.  "Bottom Up" and "Top Down" descriptions of consequence
operation. The next definition of the consequence operation, although it is closely
related to definition (Dn-2), differs from the latter in making an appeal not only to the
concept of proof but also to that of logical law. However, the concept of law involved
in this context is set-theoretic and not logical because it does not presuppose a
structured underlying language. This definition introduces the set of all consequences
of a set X by working "from the bottom up", to borrow the suggestive expression from
H. Enderton's Logic Text. The set X together with the set of all logical laws constitute
the first or the initial stage. At each consecutive stage we add all the sentences which
can be proved directly from all the members of the preceding stage, and so we move up
and up until, ideally, we get all the possible consequences of X.

In order to avoid confusion with the consequence operation Pr, as introduced
by definition (Dn-2), the consequence operation to be defined now is denoted as Fn.



DEFINITION (Dn-3). ("Bottom-up" consequence operation).
i. A € Fnlll(X) iff A € X or A is a logical law;

ii. A € Fnlk+1(X) iff either A € Fnlkl(X) or there are n 2 1 and
Ay, Ag,..., Ay € Fnlkl(X) such that A can be proved from Aj, Aj,..., Ap;

iii. A € Fn(X) iff A € Fnlki(X) for some k 2 1.

Clearly, the concept of proof and that of logical law can be characterized in such
a way that definitions (Dn-2) and (Dn-3) become equivalent in the sense that Pr(X) =
¥n(X), for any X.

Yet another definition of the consequence operation, which is based on the
concept of deductive closure, may be seen as a way of introducing the set of all
consequences of X by working "from the top down". To avoid confusion with the
previously introduced operations of Pr and I'n, the operation to be defined now is
symbolized as Gn.

DEFINITION (Dn-4). ("Top-down" consequence operation). Gn(X) is the least
extension of X closed under all the deduction rules in question. In other words, for

any Aand X, A € Gn(X) iff A € Y, forany Y € 2x such that Y is closed under all the
rules of deduction in question.

One can easily provide such a characterization of the concepts involved here that
Gn(X) = Fn(X) for any X.

3.3.  Definition of consequence operation in terms of logic of
some structured language. The last definition of the operation of consequence, to
be mentioned in this section, depends on the intuitive idea of a structured logical law.

A formal rendering of an individual logical law of some language presupposes that the
language is structured so that the presence of some logical constants is made explicit.
By way of example, we assume below that our object language contains the connective

of conditional —.

DEFINITION (Dn-85). A € IIn(X) iff there are Aj, Ay, ..., Ay € X such that
A1—(Ar—(...(Ap—A)...)) is a logical law.

The concepts involved in this definition can be easily characterized in such a

way that definitions (Dn-2) and (Dn-5) are equivalent. In other words, Hn(X) =
Pr(X), for any X.

4. AN AXIOMATIC APPROACH TO THE OPERATION OF
CONSEQUENCE.

4.1. Closure operators and their set-theoretic properties. The
consequence operation Pr, dealt with so far, is a particular operation on the power set

6



of the set S of all sentences of some object language. Its meaning is determined
entirely by definition (Dn-2) or, equivalently, by one of definitions (Dn-3), (Dn-4) or
(Dn-5). Some of the theorems involving the notions of S and Pr, provable with the
help of definition (Dn-2), may be singled out as basic (S, Pr)-statements and used to
derive from them other (S, Pr)-statements without any recourse to definition (Dn-2).
In order to emphasize the fact that these basic statements may be considered
independently of definition (Dn-2), we refer to them as, say, (S, Cn)-statements where
Cn stands for an arbitrary unary operation on the power set of the set S. It is such
basic (8, Cn)-statements and their relative strength that we want to look into now. To
be more specific, the problem of this section consists in (i) finding a (finite or recursive)
set of (8, Cn)-statements called axioms for the primitive notions S and Cn; and (ii)
proving that the (S, Cn)-axioms not only become true after each occurrence of the
symbol Cn in these axioms is substituted by the symbol of Pr, as introduced by
definition (Dn-2) or any of its equivalents (Dn-3), (Dn-4) or (Dn-5), but also entail
precisely what is entailed by these definitions. We proceed now to a systematic
discussion and presentation of a solution to this problem. We begin with a series of
definitions which prove helpful in this respect.

DEFINITION (Dn-6). Let Cn < Sx28
i. Cn is idle on X iff Cn(X) < S, for any X.

ii.  Cnis trivial on X iff Cn(X) = S, for any X. Cn is trivial iff it is trivial on X
for any X.

iii.  Cnis reflexive iff X € Cn(X), for any X.

iv.  Cnis monotonic iff X € Y implies that Cn(X) € Cn(Y),
for any X, Y.

V. Cn is idempotent iff Cn(Cn(X)) < Cn(X), for any X.

vi.  Cnisa closure operator iff Cn is idle on S, reflexive, monotonic and
idempotent. In case Cn is a closure operator and X a subset of S, we call the
set Cn(X) the closure of X.

vii. X is Cn-maximal, (or maximal, for short) in respect of omitting A iff
A ¢ Cn(X) and A € Cn(X, B) for any B ¢ X, i.e. iff X omits A but has no A-

omitting proper superset. X is strongly maximal iff Cn(X) # S and Cn(X, B)
=8 forany B ¢ X.

viii. Cnis regular iff, for any A and X, the fact that A ¢ Cn(X) implies that there is

Y € 2x such that A ¢ Cn(Y) and A € Cn(Y, B) for any B ¢ Y, i.e. iff, for any
A, every A-omitting set can be extended to a set which has no A-omitting proper

superset. Cn is strongly regular iff, for any A and X, the fact that A ¢ Cn(X)
implies that there is Y € 2x such that A ¢ Cn(Y) and Cn(Y, B) =S
forany B ¢ Y.

ix.  Cnis finite iff Cn(X) € U{Cn(Y): Y € Fin(X)}.

X. Cn is compact iff, for any X, the fact that Cn(X) = S implies that there



is Y € Fin(X) such that Cn(Y) =S. Cn is weakly compact iff thereis X €
Fin(S) such that Cn(X) = S.

The Remark below gives an insight into some immediate relationships among
the concepts introduced by definition (Dn-6).

REMARK 1.
i. If Cn is monotonic, then the fact that Cn is idle on S is equivalent to the
fact that it is idle on X, for any X, i.e. to the fact that Cn: 25 — 28,

ii. If Cn is monotonic, then the fact that Cn is non-trivial is equivalent to the
fact that it is non-trivial on .

iii.  Every strongly maximal set is maximal in respect of omitting some sentence A.

iv. If Cnis monotonic, then, for any X, the fact that X is strongly maximal is
equivalent to the fact that Cn(X)# Sand Y = X for any Y € 2x such that
Cn(Y) = S. ’

V. If Cn is monotonic, then, for any A and X, the fact that X is maximal in

respect of omitting A is equivalent to the fact that A ¢ Cn(X) and Y = X for any
Y € 2x such that A ¢ Cn(Y).

vi.  If Cnis a closure operator and X a set maximal in respect of omitting some
sentence A, then Cn(X) = X.

4.2. Logical properties of closure operators. As we said earlier,
there are two levels of study of closure operators, set-theoretic and logical. At the set-
theoretic level there are just two primitive notions, a set S of meaningful sentences of
some object language, and a unary operator Cn from the power set of S to itself. At
this level no structure is imposed on the set S. Further study of the properties of Cn
presupposes specification of the syntactic structure of sentences in S and when it comes
to that level we presuppose that there are in S some compound sentences made up of
some fixed connectives such as -, —, A, v and =. Properties of Cn relative to a

connective # are called (#)-relative properties of this operator or else logical properties.
We adopt the following definition.

DEFINITION (Dn-7).

i. Cn is (#)-saturated iff, for any A and X, the fact that X is maximal in respect
of omitting A implies that X is (#)-complete. Cn is (A)-saturated iff Cn is (#)-
saturated for any # € A, where A is a set of connectives.

ii. Cn is (=)-compact iff Cn(A, —A) = S, for any A.
iii.  Cn admits (=)-cuts iff Cn(X, A)NCn(X, =A) € Cn(X), for any A and X.

iv. Cnis (—)-classical iff the fact that A € Cn(X) is equivalent to the fact
that Cn(X, —A) = 8§, for any A and X.



v. Cn has the (—)-deduction property iff, for any A, B and X, the fact
that A— B € Cn(X) is equivalent to the fact that B € Cn(X, A).

vi. Cn admits (—)-cuts iff Cn(X, A)NCn(X, A—B) < Cn(X),
for any A, B and X.

vii. Cnis (=)-classical iff Cn has the (—)- deduction property and
admits (—)-cuts.

viii. Cnis (=, —)-classical iff, for any m > 0, any Aj, A,,..., Ap, B, and any

X, the fact that A;—(A2—(...(Ax—B)...)) € Cr(X) is equivalent to the fact
that Cn(X, Ay, Ag,..., A, —B) = 8S.

ix. Cnis (A)-classical iff Cn(X, AAB) = Cn(X, A, B),
for any A, B and X.

x.  Cnis (v)-classical iff Cn(X, AvB) = Cn(X, A)NCn(X, B),
for any A, B and X.

xi.  Cn has the (=)-deduction property iff, for any A, B and X, the fact that
A=B ¢ Cn(X) is equivalent to the fact that both A € Cn(X, B) and
B € Cn(X, A).

xii. Cn admits (=)-cuts ift Cn(X, A)NCn(X, B)NCn(X, A=B) € Cn(X),
for any A, B and X.

xiii. Cnis (=)-classical iff Cn has the (=)-deduction property and admits (=)-cuts.

The consequence-theoretic framework has thus been described and is ready for
further study. Yet, a systematic study of consequence theory is not what we
concentrate on in the present paper. Rather, its purpose is to focus on aspects of the
relationship between consequence theory, on the one hand, and some alternative
metalogical frameworks based on ideas, different from that of consequence, such as
deductive theory, consistency and maximality, on the other hand. Therefore, we will
close this section with only a brief illustration and discussion, without proofs, of the
saturation property of the classical consequence operations, i.e. the consequence
operations characteristic of the classical propositional logic.

REMARK 2. If Cn is a regular closure operator and A € {—, —, A, V, =}, then the
conditions below are equivalent.

i. Cn is (A)-saturated;

ii. Cn is (A)-classical.

To be more specific, the statements the above theorem is a short for are included
among the theorems below, where Cn stands. for a regular closure operator on S.



ii.

iv.

vii.

The conditions below are equivalent.
Cn is (—)-saturated;

Cn is (—)-compact and admits (—)-cuts;

Cn is (—)-classical.

The conditions below are equivalent.
Cn has the (—)-deduction property;

The fact that Bj—(Ba—(...(Bh—A)...)) € Cn(X) is equivalent to the

fact that A € Cn(X, By, Bo,..., By), for any X any n 2 0, any A, By,
B»,..., By, and any X.

The conditions below are equivalent.
Cn is (—)-saturated;

Cn has the (—)-deduction property and admits (—)-cuts.

The conditions below are equivalent.
Cn is (—, —)-saturated;

Cn has the (—, —)-deduction property.

The conditions below are equivalent.
Cn is (A)-saturated;

Cn is (A)-classical;

Cn(AAB) = Cn(A, B), for any A, B.

The conditions below are equivalent.
Cn is (v)-saturaied;

Cn is (Vv)-classical.

The conditions below are equivalent.
Cn is (=)-saturated;

Cn (=)-classical.

DEDUCTIVE THEORIES.
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5.1. Definition of a deductive theory. From a practical viewpoint, a
concrete deductive theory proves to be a finite set of statements about a fixed domain or
universe of discourse. This view normally includes description of ways such
statements have been arrived at, justified in one way or another, and systematized up to
any given stage of development. However, a systematic study of deductive theories
seems to require that a deductive theory include not only the actual statements already
known and accepted but also all the potential statements which may yet to be
discovered and justified in some way or another within the framework of the theory
under consideration. On this idealization a deductive theory is comprehended as an
accomplished, completed and closed organic unit. It is this type of idealization of
concrete deductive theories which is accommodated under the name of a deductive
theory in this section using the operation of consequence. We denote by Thp, the
class of all deductive theories which can be constructed within the set S of all sentences
of some language. and we define it as follows.

DEFINITION (Dn-8). If Pr is an operator on 8, as defined by definition (Dn-2),
then X € Thp, iff Pr(X) = X, for any X. '

Thus deductive theories are deductively closed subsets of S. Defined in this
way they play an important role in logical and metamathematical investigations.

5.2.  An axiomatic treatment of the class of deductive theories.
The class Thp,, which we introduced and discussed in the previous paragraph, is a
particular class of subsets of the set S of all sentences of some object-language. Its
meaning is determined entirely by definition (Dn-8). Some theorems involving the
notions of § and Thp,, provable in the framework of consequence theory enriched by
definition (Dn-8), may be designated as basic (S, Thp,)-statements from which other
(S, Thp,)-statements can be derived directly, i.e. without any recourse to definition
(Dn-8) or to any theorem of consequence theory. In order to emphasize the fact that
these basic statements can be considered independently of the context of consequence
theory and definition (Dn-8), we refer to them as (S, Th)-statements, say, where Th
stands for an arbitrary class of subsets of S. It is such (S, Th)-statements and their
relative strength that we want to look into now. As previously, there are two levels of
study of such statements, set-theoretic and logical. At the set-theoretic level we have
only two primitive notions, a set S of meaningful sentences of a fixed language and a
class Th of subsets of S. At this level no structure is imposed on the set S. At the
logical ievel we study the properties of Th which presuppose specification of the
syntactic structure of sentences in S. At this level it is assumed that there are in S
some compound sentences which correspond to the usual connectives of the ordinary
language. The properties of class Th, which depend on these connectives, are called
logical properties of this class.

We precede the discussion of properties of Th with the following definition.

DEFINITION (Dn-9). Let Th < 2% and X € Th.
i. Th is proper iff S€ Th.

ii.  This trivial iff N"Th = 8.

iii. Thisa closure system iff Th is proper and, for any non-empty K < 28,
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the fact that K < Th implies that NK € Th, i.e. iff Th is closed under
arbitrary (non-empty) intersections.

iv. This inductive iff Th # & and, for any non-empty K < Th, the fact that K

is directed implies that UK € Th, i.e. iff Th is a non-empty class closed under
arbitrary directed unions.

V. X is maximal in respect of omitting A iff A ¢ X and, for any Y € Thn2y,
the fact that A ¢ Y implies that Y = X, i.e. iff X is an inclusion-maximal
member of Th which omits A. X is strongly maximal in respect of omitting A
iff A ¢ X and, forany Y € ThN2y, the fact that Y # S implies that Y = X. X

is maximal iff there is A such that X is maximal in respect of omitting A. X is
strongly maximal iff there is A such that X is strongly maximal relative to A.

vi.  This (#)-saturated iff, for any X € Th, the fact that X is maximal implies
that X is (#)-complete. Th is (A)-saturated iff Th is (#)-saturated, for any # €
A, where A is a set of connectives.

In connection with definition (Dn-9;iii) it may be remarked that the fact that a
closure system Th is proper is equivalent to the fact that it is closed under the empty
intersection as well.

THEOREM 1. ([6] and [2}).
i. If Cn is a closure operator and
They = {X: Cn(X) = X},
then 'Thyy, is aciosure system. If Th is a closure system and
Cnp(X) = N(ThN2y),
for any X, then Cny, is a closure operator.

ii. If Cn is a closure operator, then Cnype, = Cn.
If Th is a closure system, then Theyg, = Th.

iv. If the operator Cn is finite, then They is inductive.
If the class Th is inductive, then Cnryy, is finite.

COROLLARY. The definitions of Th¢, in terms of Cn and of Cnryy, in terms of

Th establish a one-to-one correspondence between closure operators and closure
systems.

TIIEOREM 2.
i. If a closure operator Cn is non-trivial, then Thg,, is non-trivial.
If a closure system Th is non-trivial, then Cnry, is non-trivial.

ii. If the operator Cn is (#)-saturated, then Thg,, is (#)-saturated.
If the class Th is (#)-saturated, then Cnry, is (#)-saturated.

PROOF. Proof of Theorem 2;i. Suppose that a closure operator Cn is non-
trivial. By Remark 1, this gives that
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1. Cn(@) = S

Also assume that

2. NThe, =S

It follows from 1 that there is A € S such that

3. A ¢ Cn(Q)

Since A € S, we may conclude from 2 that

4. A € X, forany X € Thg,

By the hypothesis, Cn is a closure operator so Cn(Cn(@)) = Cn(d). Hence by 4
5. A € Cn(@)

contrary to 3. Now suppose that Th is non-trivial, i.c.
6. NTh =8

and

7. Cnpp() = S

By 6 there is A such that

8. A€eSsS
and
9. A ¢ NTth

From 7 and 8
10. A € Cnry(9)
From 10 by the definition of Cny,

1. AenTh
contrary to 9.

Proof of Theorem 2;ii. Suppose that Cn is a (#)-saturated closure operator
and that
l. X € Thep, A€ X and Y=Xforany Y € The,N2x
Then, by the definition of Thg,
2. A ¢ Cn(X)
From 1 and Remark 1 we obtain that
3. A € Cn(X, B) forany B ¢ X
Cn is (#)-saturated. Hence by 2 and 3
4. X 1s (#)-complete.
Now suppose that Th is a (#)-saturated closure system and that

I. A ¢ Cop(X) and A € Cnpp(X,B) forany B ¢ X
Hence, by the definition of Cny, there is Y € ThN2y such that A € Y so
2. Ad¢X

It remains to be veritied that

3. forany Z € ThNn2x,if A ¢ Z,thenZ =X

Suppose not, i.e. that Z € ThN2x, A ¢ Zand Z # X for some Z. Then there is B
such that B ¢ X and B € Z. Then, by 1, A € Cnqu(X,B). So, by the definition of

Cnypy, A € Zforany Z € ThN2xyppy. ButXcZandA ¢Z SoB¢Za
contradiction. This proves line 3. Now, using the definition of a (#)-saturated closure
system, we get from 2 and 3 that

4. X is (#)-complete.

Q.E.D.

The following remark shows that the "translating" definitions of Th¢y in terms
of Cn and of Cnyy, in terms of Th are faithful. This shows that the contents of the
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theory of Th can be "read off" inside the theory of Cn, and conversely, the contents of
the theory of Cn can be "read off” inside the theory of Th.

REMARK 3.
i. If Cn is a closure operator, then . for any A and X, the fact that

A € Cn(X) is equivalent to the fact that, forany Y € 2y, the condition that
Cn(Y) =Y implies that A € Y.

ii. If 'Th is a closure system. then, for any X, the fact that X € This
equivalent to the fact that N(ThN2x) = X.

6. CONSISTENCY.

6.1, Definition of consistency. The aim of this section is to show that
the theory of strongly regular consequence operations, i.e. strongly regular closure
operators on the set of all sentences of some language, on the one hand, and the theory
of regular consistency property, on the other hand, are equivalent. The role played by
the concept of regularity, which appears on each side of this equivalence, is also
discussed and conditions under which it can be dropped are provided. We denote by
Consp, the class of all consistent sets of sentences which can be constructed within the
set S of all sentences of the language using the concept of provability Pr. The
definition of Consp, runs as follows.

DEFINITION (Dn-10). If Pr is a consequence operation, as described by
definition (Dn-2), then Consp, = {X: Pr(X) # S}.

On this definition, Consp, is the ciass of all Pr-closed proper subsets of S.
'The definition seems to accommodate very well the most basic intuition of consistency
as a property of small sets. Clearly, on definition (Dn-10), Consp, depends on no
logical constants. The most common definition of consistency, call it Cons_,
depends on the connective of negation and runs as follows.

DEFINITION (Dn-11). If Pr is a consequence operation, as defined by definition
(Dn-2), then Cons_, = {X: =A ¢ Cn(X, A), for any A} = {X: the fact that A €
Cn(X) implies that —=A ¢ Cn(X), for any A}.

6.2. An axiomatization of the notion of consistency. Clearly, if a
(S, Consp,)-statement is picked up as an axiom, meant to characterize S and Consp,
as primitive ideas, the statement must not only be separated from the context of
consequence theory but also treated independently of definition (Dn-10). To avoid
possible confusion between two such usages of the notion of consistency, we replace
symbol Consp, by that of Cons. We need a number of definitions dealing with
various aspects of Cons.

DEFINITION (Dn-12). Let Cons < 28,
i. Cons is trivial iff S € Cons.
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vi.

vil.

viii.

ix.

Xi.

xili.

Xiv.

XV.

XVi.

XVvii.

Cons is proper iff @ € Cons.

Cons is hereditary iff the fact that Y € ConsN2yx implies that X € Cons,
forany X and Y.

Cons is a consistency property iff Cons is both hereditary and non-trivial.

X is Cons-maximal, or maximal for short, iff X is an inclusion-maximal
member of Cons, ie. iff X € Cons and Y = X for any Y € Consn2y.

Cons is regular iff, for any X, the fact that X € Cons implies that there
exists a Cons-maximal extension of X, i.e. iff all members of Cons are
inclusion-maximalizable.

Cons is compact iff the fact that X ¢ Cons implies that there is Y € Fin(X)
such that Y ¢ Cons, for any X. Cons is weakly compact iff there is X €
I'in($) such that X ¢ Cons.

Cons is a finite character property iff Cons is a compact consistency property.

Cons is (#)-saturated iff, for any X, the fact that X is Cons-maximal implics
that it is (#)-complete. Cons is (A)-saturated iff Cons is (#)-saturated,
for any # € A, where A is a set of connectives.

Cons is (m)-compact iff {A, =A} ¢ Cons, for any A.

Cons admilts (—)-expansion iff the fact that X € Cons implies that
XU{A} € Cons or XU{=A} € Cons, for any A, and X.

Cons is (=)-classical iff Cons is (—)-compact and admits (—)-expansion.

Cons 1s (-=)-analytic iff the fact that XU{A—B, A} € Cons implies
that XU{A, B} € Cons, for any A, B and X.

Cons is (—)-synthetic iff the fact that XU {B} € Cons implies
that XU{A~—B} € Cons, for any A, B and X.

Cons admits (—)-expansion iff the fact that X € Cons implies
that either XU{A} € Cons or XU{A—B} € Cons, for any A, B and X.

Cons is (=)-classical iff Cons is (—)-analytic, (—)-synthetic
and admits (—)-expansion.

Cons is (—, —)-classical iff the fact that that
XU{A|=(A2—(...(Ap—B)...))} € Cons is equivalent to the fact that

XU{Ay, As,..., Ay, =B} ¢ Cons, for any m > 0, any Ay, Ag,..., Ap, B, and
any Cons-maximal set X.
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xviii. Cons is (A)-classical iff the fact that XU{AAB} € Cons is equivalent
to the fact that XU {A, B} € Cons, for any A, B and X.

xix. Consis (v)-classical iff the fact that XU{AvB} € Cons is equivalent
to the fact that XU{A} € Cons or XU{B} € Cons, for any A, B and X.

xx. Cons is (=)-analytic iff the fact that XU{A, A=B} € Cons or
XU{B, A=B} € Cons implics that XU{A, B} € Cons, for any A, B and X.

xxi. Cons is (=)-synthetic iff the fact that XU {A, B} € Cons implies that
XU{A., B, A=B} ¢ Cons, for any A, B and X.

xxii. Cons admits (=)-expansion iff the fact that X € Cons implies that

either XU{A} € Cons or XU{B} € Cons or XU{A=B} € Cons,
for any A. Band X.

xxiii. Cons is (=)-classical iff Cons is (=)-analytic, (=)-synthetic and
admits (=)-expansion.

REMARK 4. If Cons is hereditary, then Cons is proper iff Cons # O.

REMARK 5. If Cons is a regular consistency property and A € {—, —, A, v, =},
then the conditions below are equivalent.

i. Cons is (A)-saturated;

ii. Cons i3 (A)-classical.

6.3. Regular consistency property versus strongly regular
closure operator. Here we describe conditions under which a consistency theory
is expressively equivalent to the classical consequence theory.

THEOREM 3.
i. If Cn is a strongly regular closure operator and
Conscn = {X € 8: Cn(X) # S},
then Conscy is a regular consistency property. If Cons is a regular
consistency property and, for any A and X, we put that

A € Cngons(X) iff, for any Y, the fact that XUY € Cons implies that
XUYU{A} € Cons,
then Cngons 1S a strongly regular closure operator.

ii.  If Cn is a strongly regular closure operator, then Cnconsc, = Cn.
If Cons is a regular consistency property, then Conscn,,, = Cons.

iii.  If a strongly regular closure operator Cn is non-trivial, then Consc,, is proper.
If a regular consistency property Cons is proper, then Cnggys is non-trivial.
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iv. If the operator Cn is (#)-saturated, then Conscy is (#)-saturated.
If the property Cons is (#)-saturated, then Cnggyg 1S (#)-saturated.

PROOF. Proof of Theorem 3;i. Suppose Cn is a strongly regular closure
operator. Then, clearly, Conscy is non-trivial because Cn(S) =S. It is also
hereditary because Cn 1s monotonic. It remains to be checked that Consy, is regular.

Suppose X € Conscy, i.e. A ¢ Cn(X) for some A. By the regularity of Cn, there is

Y € 2x such that A ¢ Cn(Y) but Cn(Y,B)=Sforany B ¢ Y. SoY € Conscy.
To complete the proof, we claim now that Y is an inclusion-maximal member of

Conscy. For, if it is not, then there is a proper superset Z of Y such that Z €
Conscy, i.e. there is B € Zsuch that B ¢ Y. So Cn(Y, B) =S and, with it, Cn(Z)
= § because Cn is monotonic. Hence Z ¢ Conscy, a contradiction. Now suppose
Cons is a regular consistency property. Claim: Cngyys is reflexive. Indeed, if A ¢
Cncons(X), then XUY € Cons but XUYU{A} ¢ Cons for some Y so A ¢ X.
Claim: Cngggs is monotonic. Suppose that X € Y, A € Cnggys(X) and A ¢
Cngeens(Y). By the definition of Cngcgag, YUZ € Cons but YUZU{A} ¢ Cons.
Hence XUYUZ € Cons. So by the definition of Cncong and the hereditary character
of Cons, YUZU{A} € Cons, a contradiction. Claim: Chgons 1S idempotent.
Suppose that A € Cngens(Cneens(X)) and A ¢ Cnggns(X). Then XUY € Cons
but XUYU{A} ¢ Cons for some Y. So by another use of the definition of Cngns

1. if Cngens(X)UY € Cons, then Cnggus(X)UYU{A} € Cons
Cons is hereditary and Cngyys reflexive.  So by 1

2. i Cnggns(X)UY € Cons, then XUYU{A} € Cons

But XUYU{A} ¢ Cons. Hence by 2

3. Cneens(X)UY ¢ Cons

Cons is regular and XUY € Cons so there is in Cons an inclusion-maximal
extension Z of XUY. On the other hand, Cngyns is reflexive and monotonic. So

4. Cngons(X)UY € Cngons(Z)
We will show now that

5. Cngeens(Z) € Z

Suppose C € Cngons(Z). Hence ZU{C} € Cons by the definition of Cncons. But
Z is an inclusion-maximal member of Cons so C € Z. From 4 and 5

6.  Cngens(X)UY € Z

Cons is hereditary and Z € Cons 50 Cngens(X)UY € Cons, contrary to 3. Claim:
Cngons 1s strongly regular. Suppose

1. A ¢ Cnggn(X) for some A and X
Hence by the definition of Cngong

2. XUY € Consbut XUYU{A} ¢ Cons for some Y
Cons is regular. So by 2

3. there is an inclusion-maximal member Z in Cons such that XUY S Z
We will show now that

4. A ¢ Cncons(Z)
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Suppose that, on the contrary, A € Cngens(Z). Then ZU{A} € Cons, by the
definition of Cngeys and the fact that Z € Cons.  Cons is hereditary so XUYU{A}
€ Cons, contrary to 2. It remains to be shown that

5. CngenstZBY =8 forany B € Z

Suppose. on the contrary. that B € Z but Cnicens(Z. B) # 8. Then C ¢ Cncons(Z,
B) for some C. Hence by the definition of Cngons. there is Z' such that ZU {B}uzZ
¢ Cons but ZU{B'UZ'U{C} ¢ Cons. Cons is hereditary so ZU{B} € Cons.
Cons is inclusion-maximal so B € Z. a contradiction.

Proof of Theorem 3:ii. Claim: Cngonse, & Cn for any strongly regular
closure operator Cn. By Theorem 3:i. Conscy 1s a regular consistency property.
Also by Theorem 3:i. Cngonscy, 1S a regular closure operator. It remains to be shown

that CngonsentX) € Cn(X) for any X. Suppose not, i.e.

1. A € Cigonseq(X) and A ¢ Cn(X) for some A and X
From 1 and the definition of Conscy

2. if XUY € Conscy, then XUYU{A} € Consc, for any Y

Cn is strongly regular. Hence by 1, there is Y 2 X such that

3. A¢ Cn(Y)butCn(Y,B)=SforanyB¢ Y

X C Y. Hence XUY € Conscy, by 3 and the definition of Consc,. Hence

XUY{A} € Conscy, i.e. Cn(XUY, A) # S, by 2 and the definition of Conscp.
Hence by 3

4. AeY
Cn is reflexive. Soby 3

3. A € Cn(Y)
contrary to 3. Claim: Cn € Cngonsc, for any strongly regular closure operator Cn.
By Theorem 3;i, Conscy is a regular consistency property and Cngonscy 1S @ strongly

regular closure operator. Now we must show that Cn(X) € Cngensen(X) for any X.
Suppose not, i.e.

l. A € Cn(X) and A ¢ Cngonsca(X) for some A and X
From | and the definition of Cngonscn

2. XUY € Conscy and XUYU{A} ¢ Conscy for some Y
Conscy is regular.  Hence by 2

3. there is an inclusion-maximal member Z in Consgy, such that XUY & Z
Also from 1 and the definition of Cn¢onscy

4. if XUZ' € Conscy, then XUZ'U{A} € Consc, for any Z
From 3 and 4 by taking Z' to be YUZ

5. XUYUZU{A} € Conscq
Conscy, is hereditary. Hence by 5

6. XUYU{A} € Conscg

contrary to 2. Claim: Conscpcqns S Cons for any regular consistency property
Cons. By Theorem 3;i, Cncons 15 @ strongly regular closure operator and
Conscac,, 1S @ regular consistency property. We will show now that the fact that X

€ CONSCacy implies that X € Cons for any X. Suppose X € ConScacy,e  BY
the definition of Conscyc,,e Cicons(X) # S, Le. A ¢ Cngons(X) for some A.
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Hence by the definition of Cnggns, XUY € Cons for some Y. Hence X € Cons
because Cons is hereditary. Claim: Cons € Conscyc,,, for any regular consistency

property Cons.  To show that if X € Cons, then X € Consgpg,y, for any X,
suppose that, on the contrary,

L. X € Cons and X € Conscy,,. for some X
Cons is regular. Hence by |
2. there 1s an inclusion-maximal member Y of Cons such that X € Y

From 1 and the definition of C ONSCe s

3. Cncons(X) = 8

Clearly

4, Cngons(X) € N{Y € 2x: Y is inclusion-maximal in Cons}

For suppose not, i.e. that

4.1, A€ Cngons(X) but A ¢ N{Y € 2x: Y is inclusion-maximal in Cons},
i.e. that A ¢ Z for some inclusion-maximal Z € ConsN2x

Hence by the definition of Cnggne

4.2. if XUZ € Cons, then XUZU{A} € Cons for any Z

Hence

4.3. XUZU{A} € Cons

because X € Z € Cons. From 4.3

44. AeZ

because Z is inclusion-maximal by 4.1. But this is a contradiction so line 4 is proved.
From 3 and 4

5. S € N{Y € 2x: Y is inclusion-maximal in Cons}
From 2 and 5
6. Y=S§

Cons is non-trivial by the hypothesis. Hence by 6

7. Y ¢ Cons
contrary to 2.

Proof of Theorem 3;iii. Clearly, if Cn is non-trivial, i.e. Cn(X) = 8, for
some X, then, by the definition of Conscy, X € Consc,.  Since Consgy 1s
hereditary, this gives that @ € ConsCn, i.e. that Consc, is proper. Now assume
that a regular consistency property Cens is proper, i.e. that

l. 0 € Cons

and suppose that, on the contrary, Cncyps is trivial, i.e. that, for any X,

2. Cncons(X) =8

Cons is regular. Hence, by 1, there is X' such that

3. X' € Cons

and

4. Y = X', forany Y € ConsN2yx

We want to show now that

5. ScXx

Suppose A € S. By 2, A € Cngons(9). By the definition of CnCons,
for any Z, if X"UZ € Cons, then X"UZU{A} € Cons

Hence by 3, XU{A} € Cons. Hence by 4, A € X so linc § is proved. Cons is

hereditary so by 3 and 5

6. S € Cons
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contrary to our hypothesis.

Proof of Theorem 3;iv. Suppose Cn a (#)-saturated strongly regular
closure operator. To verify that Conscy, is (#)-saturated suppose that , for any X, X
is an inclusion-maximal member of Cons. We must show that under these
assumptions, X is (#)-complete. By the definition of Conscy, Cn # §, i.e.

1. A ¢ Cn(X) for some A

[t remains to be shown that

2. A€ Cn(X, B) forany B ¢ X

Suppose not, i.e. B ¢ X and A ¢ Cn(X, B) for some B. It follows that Cn(X, B) #
S. Hence X U{B} € Consc, by the definition of Consc,. But X is inclusion-

maximal. So B € X, a contradiction. This proves linc 2. From 1, 2 and the
definition of a (#)-saturaled operalor
3. X is (#)-complele

Proof of 'Theorem 3;v. Suppose Cons is a (#)-saturated regular
consistency property. Suppose also that
I. A ¢ Cngons(X) and A € Cngons(X, B) forany B ¢ X
Then, by the definition of Cncgens, there is Y such that
2. XUY € Consand XUYU{A} ¢ Cons

We want now to verify that

3. Y is an inclusion-maximal member of Cons

Suppose

3.1. X<CYe€ Cons
We claim now that

3.2, YEX

Indeed, if C € Y, then C € Cnggns(X), by the definition of Cngens. Then C € X,

by line 1, Remark 1 and Theorem 3;ii. This proves line 3.2. From 3.1 and 3.2
33. Y=X

so line 3 is proved. Now, Cons is (#)-saturated and hereditary. So it follows from 2
and 3 that X is (#)-complete.
Q.E.D.

COROLLARY. The definitions of Consc,, in terms of Cn and of Cngeng 10 terms
of Cons establish a one-to-one correspondence between strongly regular closure
operators and regular consistency properties.

The remark below shows faithfulness of our "translating" definitions of
Conscy in terms of Cn and of Cngypg in terms of Cons.

REMARK 6.
i. If Cn is a strongly regular closure operator, then, for any A and X, the

fact that A € Cn(X) is equivalent to the fact that, forany Y € 2x, the condition
that Cn(Y) # S implies that Cn(Y, A) # 5.

ii. If Cons is a regular consistency property, then, for any X, the fact that
X € Cons is equivalent to the fact that there are A € Sand Y € 2x such that Y
€ Cons and YN{A} ¢ Cons.
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6.4. Full consistency families versus closure operators. The
proof of the equivalence of the consistency-theoretic framework with the consequence-
theoretic framework, as presented in the previous paragraph, makes use of a regular
consistency property and a strongly regular closure operator. However, the result of
Theorem 3 can be adapted to the setting of arbitrary closure operators where no
requirement of regularity or strong regularity is imposed on a closure operator any more
if a consistency property is replaced by what is called a full consistency family which is
defined below. The idea ot a full consistency family was suggested to me by Lloyd
Humberstone of Monash University. Melbourne, Australia.

DEFINITION (Dn-13). [Let Coms € 223,

i. Cons is a consistency family iff each member of Coms is a consistency
property.
ii. Coms is a full consistency family iff, for any Cons & 23, the fact that

Cons € Cons is equivalent to the fact that there is B such that Cons = {X:
there are Cons' € Coms and Y € Cons'N2x such that YU{B} ¢ Cons'}.

THEOREM 4.
i. If Cn is a closure operator and
Comscn = {Consa: A € S8} = {{X: A ¢ Ca(X)}: A € §},
then Comscy is a full consistency family.

it. If Coms is a full consistency family and, for any A and X, we put that
A € Cngge(X) itf, for any Cons € Coms and any Y,

the fact that XUY € Cons implies that XUYU{A} € Cons,
then Cngps i a closure operator.

iit.  If Cnisa closure operator, then Cnggee, = Cn.
If Coms is a full consistency family, then Comscne,,, = Cons.

egivy

COROLLARY. The definitions of Comsc,, in terms of Cn and of Cn~.- in
terms of Coms establish a one-to-one correspondence between closure operators and
full consistency families.

REMARK 7. The definition of Theorem 4 is a generalization of the definition of
Theorem 3, i.e. Cngggs(X) = N{Cngons(X): Cons € Ceoms}, for any X.

6.5. Comments on the relationship between consequence and
consistency. The first thing Theorem 3 shows is that the definability of consistency
in terms of consequence as well as definability of consequence in terms of consistency
can be established at the set-theoretic, language-independent level, i.e. independently of
any logical constants. Without this being feasible, the proof of the expressive
equivalence of a consistency-theoretic and a consequence-theoretic frameworks, and the
fact that each of these frameworks determines the same logic, become meaningless:
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The traditional characterization of consistency in terms of consequence is
disturbed - if not contaminated - by the presence of negation. Thus, by the Aristotelian
definition,

(i) a set X of sentences of some language is called

consistent iff there is no sentence A 1n that language

such that A and —A are both consequences of X.
This definition makes consistency parasitic on negation, a fact which severely restricts
the universality and application of this concept. To say the least, this traditional
definition simply does not apply to negationless fragments of the full language. Bya
well-known result of E. L. Post, however, this restriction can be cleared away and

negation eliminated altogether from the definition of consistency in terms of
consequence.

Negation has been portrayed as a catalyst also in the extant definitions of
consequence in terms of consistency. By one such definition, attributed to R. Carnap,
(i1) a sentence A is a consequence of a set X of sentences iff —A 1s

inconsistent with X, i.e. iff the set XU {—A} is inconsistent.
One of the outcomes of this paper is that an adequate characterization of consequence in
terms of consistency in the absence of negation, in fact, in the absence of any logical
constants, is available. Namely,
(111) A is a consequence of a set X of sentences iff, for any

set Y of sentences, the fact that A is consistent with

XUY is implied by the fact that X is consistent with Y.
It may be observed that in this definition the set Y cannot be replaced by a single
sentence R or, at least, such a replacement is not possible at the set-theoretic, language-
independent level. However, the following definition:
(iv) A is a consequence of X iff A is a member of any

inclusion-maximal consistent extension of the set X.
is (set-theoretically) equivalent to definition (iii).

Secondly, an inspection of the proof of the expressive equivalence of the
consistency-theoretic and consequence-theoretic frameworks shows that the proof
depends on what is called in the paper the regularity of consistency and a correlated
strong regularity of consequence. There seems to be no problem with an intuitive
grasp of the concept of a regular consistency. As it appears, weak regularity shows
inadequate for our purpose. (It may be remembered that, while each finite
consequence is regular, only consequences which are both finite and compact are
strongly regular).

7. LINDENBAUM EXTENSION OPERATORS.

7.1. Definition of a Lindenbaum operator. By Lindenbaum's
extension lemma, each consistent set of sentences can be extended to a consistent and
complete deductive system. In general, extensions of this kind are not unique. The
passage from a consistent set to a particular deductively closed, consistent and complete
extension is not a mapping. One way of making it a mapping is to correlate with each
set, whether consistent or inconsistent, the family of all deductively closed consistent

and complete extensions of this set rather than correlating with it one particular
extension of this kind.

To be sure, the mapping reached in this way is a mapping from 25 to 225

rather than from 28 to 28. We will call a mapping of this kind a Lindenbaum
extension operator. Below we provide a formal definition of such an operator using
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the framework of consequence theory based on the operation Pr as defined by
definition (Dn-2). We denote such an operator as Linp, so as to make its dependence
on Pr explicit.

DEFINITION (Dn-14).

Linp.(X) = {Y € 2x: Pr(Y) # Sand Z = Y for any Z € 2y such that Pr(Y) # S},
for any X.

In the next paragraph we provide an axiomatization of the operator Linp, thus
treating it as a primitive concept.

7.2.  An axiomatization of the concept of Lindenbaum operator.
Operator Linp, is a particular mapping from the power set 23 ot the set S of all
sentences of some Janguage to the power set of the power set 22°of S. Its meaning is
determined entirely by definition (Dn-14). Some theorems involving the notions of S
and Linp., which can be proved in consequence theory using definition (Dn-14), can
be designated as basic (S, Linp)-statements in the sense that other (8, Linp)-
statements can be derived from them directly, i.e. without any recourse to definition
(Dn-14) or to any theorem of consequence theory. In order to emphasize the fact that
these basic statements are considered independently of the context of consequence
theory and definition (Dn-14), we refer to them as, 52y, (S, Lin)-statements, where
Lin stands for an arbitrary mapping from 28 to 22°. It is such (8, Lin)-statements
and their relative strength that'we want to look into now. Again, there are two levels of
study of the operators, set-theoretic and logical. At the set-theoretic level we have just
two primitive notions, the set S of all meaningful sentences of some language and a
unary mapping Lin from the power set of S to the the power set of this power set. At
this level no structure is imposed on the set 8. . Further study of the properties of Lin
presupposes specification of the syntactic structure of sentences in S. Accordingly, at
the second level we assume that there are in S some compound sentences made up of
some logical constants. We now proceed to the description of some of the properties
of the operator Lin on the set S.

DEFINITION (Dn-15). Let Lin: 25 — 225,

i. Lin is trivial on X iff § € Lin(X), for any X. Lin 1s trivial iff there is X
such that Lin is trivial on X.

ii. I.in is proper on X iff Lin(X) # O, for any X. Lin is proper iff there is X
such that Lin is proper on X.

ili. Linis extensive iff Lin(X) € 2x, for any X.

iv. Lin is antimonotonic iff the fact that X € Y implies that Lin(Y) € Lin(X),
for any X, Y.

V. Lin is inclusive iff Lin(@)N2x < Lin(X), for any X.

vi. Linisa Lindenbaum operator iff Lin is non-trivial, extensive, antimonotonic
and inclusive.

vii. Linis regular iff the fact that Y € Lin(X) and X € Lin(J) implies that X =Y,
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for any X, Y.

viii. Lin iscompact iff the fact that Lin(X) = @ implies that there is Y € Fin(X)

such that Lin(Y) =@, for any X. Lin is weakly compact iff there is X €
¥in(S) such that Lin(X) = @.

ix. Linis (#)-saturated iff the fact that X € Lin(@) implies that X is (#)-complete,
for any X.

X. Lin is (—)-compact iff Lin(A)NLin(—A) =0, for any A.

xi. Lin admits (=)-expansion iff Lin(X, A)ULin(X, —A) = Lin(X),
for any A, and X.

xii. Linis (=)-classical iff Lin is (—)-compact and admits (—)-expansion.

xiii. Linis (=)-analytic iff Lin(X, A—B)NLin(X, A) € Lin(X,B),
for any A, B and X.

xiv. Lin is (—)-synthetic iff Lin(X, B) € Lin(X,A—B),
for any A, B and X.

xv. Lin admits (—)-expansion iff Lin(X, A)ULin(X, A—B) = Lin(X),
for any A, B and X.

xvi. Linis(—)-classical iff Lin is (—)-analytic, (—)-synthetic
and admits (—)-expansion.

xvii. Lin is (=, —)-classical iff
Lin(X, A= (A~ (...(Ap—B)...)) ) nLin(X, Ay, Ag,..., A, —B) =0, and

Lin(X, A{=(A;—(...(An—B)...)) YULIn(X, Ay, Ay,..., Am, 0B) = Lin(J),
for any m 2 0, any A}, Ay,..., Ay, B, and any Cons-maximal set X.

xviii. Lin is (A)-classical iff Lin(X, AAB) = Lin(X, A)NLin(X, B),
for any A, B and X.

xix. Linis (v)-classical iff Lin(X, AAB) = Lin(X, A)ULin(X, B),
for any A, B and X.

xx. Lin is (=)-analytic iff Lin(X, A, A=B)ULin(X, B, A=B) € Lin(X, A, B),
for any A, B and X.

xxi. Lin is (=)-synthetic iff Lin(X, A, B) € Lin(X, A, B, A=B),
for any A, B and X.

xxii. Lin admits (=)-expansion iff Lin(X, A)ULin(X, B)ULin(X, A=B) = Lin(X),
for any A, B and X.

xxiii. Lin is (=)-classical iff Lin is (=)-analytic, (=)-synthetic and
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admits (=)-expansion.

Before proceeding to the discussion of the relation between the presented above
maximality-theoretical framework, in terms of a mapping Lin, and the framework
based on the idea of consistency, we note without proof the following remark, which

gives some insight into the properties, both set-theoretic and logical, of the theory of
Lin.

REMARK 8.

i. If Lin is antimonotonic, then the fact that Lin is trivial is equivalent to the
fact that it is trivial on OJ.

ii. If Lin is antimonotonic, then the fact that Lin is proper is equivalent to the
fact that it is proper on .

iti.  If Lin is a Lindenbaum operator, then the conditions below are equivalent.
a. Lin is (A)-saturated;

h. Lin is (A)-classical.

Now to the relation between the theory of Lin and that of Coens.

THEOREM 5.
i. If Cons is a regular consistency property and

Y € Lingons(X) iff Y € ConsN2y and Z=Y for any Z € ConsN2y,
for any X and Y, then Linggys is a regular Lindenbaum operator. If Linisa
regular Lindenbaum operator and

X € Consy;y iff Lin(@)N2x # G,
for any X, then Consy;, is a regular consistency property.

ii. If Cons is a régular consistency property, then Consyine,,, = Cons.
If Lin is a regular Lindenbaum operator, then Lincgg, ;, = Lin.

ili.  If a regular consistency property Cons is proper, then Linggys is proper.
If a regular Lindenbaum operator Lin 1s proper, then Consy i, is proper.

iv. If the property Cons is (#)-saturated, then Lincgys 1S (#)-saturated.
If the operator Lin is (#)-saturated, then Consy;, is (#)-saturated.

PROOF. Proof of Theorem 5;i. If Cons is a regular consistency property,
then, clearly, Lincgns 15 a regular Lindenbaum operator. Now suppose that Lin is a
regular Lindenbaum operator. The fact that Consy;, is a consistency property
follows immediately from the definition of Consy i, and the hypothesis. To see that

Consy i, is regular, assume that X € Consy,. Under this assumption and
following the definition of Consy ;,, there is X* such that X* € Lin(@)N2x. This
gives also that X* € Lin(@)N2x+, for X* € X*. So X* € Consy;, and X* €
ConspipnN2x. It remains to be shown that Z < X* for any Z € ConsgijpN2x+.
Assume Z € ConsyipN2x+. Then, by the definition of Consyi,, Z* € Lin(@)N2;

25



for some Z*. Then Z* € Lin(X™"), for Lin is inclusive and X* € Z*. Then Z* = X*,
for Lin is regular and X* € Lin(@)N2x+.

Proof of Theorem 55ii. Claim: Consyip.,, S Cons for any regular
consistency property Cons. By Theorem 5;i, Lincons is a regular Lindenbaum
operator. By Theorem 5;ii, Consy e, IS @ regular consistency property. To show

the inclusion, suppose X € ConSpinc,,- Lhen Y € Lingens(d) and X €Y, by the
definition of Conspin¢,,,. Hence Y € ConsbutZ=Y for any Z € Cons, by the
definition of Lingens. But Cons is hereditary so X € Cons by 2 and 3. Claim:
Cons € Consy iy, for any regular consistency property Cons. Suppose X €
Cons. By the rcgularity of Cons, thereis Y € ConsN2x such that Z=Y forany Z
€ ConsN2y. SoY € Lingy,s(9), by the definition of Linggys. Hence Y €
Lingons(9)N2x and X € Conspine,,, Yy the definition of Conspine,,, Claim;

Lingon, ,, € Lin for any regular Lindenbaum operator Lin. Suppose the inclusion
does not hold, i.e.

1. Y € Lincong; ;(X) and Y ¢ Lin(X) for some X and Y

By the definition of Lincgng

2. Y € Conspj,N2x and Z =Y for any Z € ConsyjpN2y

By the definition of Lin

3. Y+ € Lin(2)N2y for some Y*
Iin is inclusive so

4. Y+ € Lin(Y)
Clearly, X € Y*, for XS Y. Henceby 1

S. Y ¢ Lin(Y"

for Lin is antimonotonic. On the other hand, it follows from | and the definition of
Conspj, that

6. Z =Y forany Zand Z* such that Z* € Lin(@¥),Z< Z*and Y S Z
Taking Z and Z* to be Y* we get from 3 and 6 that

7. Y'=Y

so by 5

8. Y* ¢ Lin(Y)

contrary to 4. Claim: Lin € Lingus, ;, for any regular Lindenbaum operator.
Suppose that Y € Lin(X). Lin is extensive and antimonotonic so Y € Lin(J) and X
C Y. By the definition of Conspin, Y € ConspizyN2y, for Y S Y. Hence Y €
Conspi, and Y € ConsginN2x because X € Y. It remains to be shown that

Z=Y forany Z € ConsinN2y
Assume

1. Z € Conspjpand YS Z
By the definition of Consy iy

2. Z* € Lin(@)N2z for some Z*
Lin is inclusive so

3.  Z+ € Lin@®)
Lin is antimonotonicand Y € Z so
4.  Z* € Lin(Y)

26



Lin is regular and Y € Lin(@) so

5. =Y
ButYSZ<cZ"so
6. Z=Y

Proof of Theorem 5;iii. If Cons is proper, i.e. @ € Cons, then, by the
regularity of Cons, there is X € Cons such that Y = X for any Y € ConsN2y.

Hence, by the definition of Linggps, X € Lingeus(@). Hence Lincens(9) # @ so
Linggns is proper. If, on the other hand, Lin is proper, then, by Remark 8, Lin is
proper on J, i.e. Lin(@) # @. It follows that there is X such that X € Lin(@) and

that X € Lin(&)N2g so Lin(@)N2g * Q. By the definition of Consyi,, 9 €
Consy iy so Consy;y, is proper.

Proof of Theorem 5;iv. Suppose Cons is a (#)-saturated regular
consistency property. To verify that Lincons is (#)-saturated assume that X €
Lingons(9), for any X. Hence, by the definition of Lincgps, X € Cons and Y = X

forany Y € ConsN2x. Hence, by the hypothesis, X is (#)-complete. To verify that
Consyip is (#)-saturated, for any (#)-saturated regular Lindenbaum operator Lin,

assume that X € Conspi; and Y = X for any Y € Consg;N2x. By the definition
of Consyiy, there is X* such that X* € Lin(@)N2x. Hence, by taking Y to be X*,

X*=Xs0 X € Lin(@). Hence, by the hypothesis, X is (#)-complete.
Q.E.D.

COROLILARY.

The definitions of Lingcens in terms of Cons and of Consy;y, in terms of Lin
establish a one-to-one correspondence between regular consistency properties and
regular Lindenbaum operators.

The following remark provides a justification of our "translating” definitions of
Linggng in terms of Cons and of Consy;, in terms of Lin.

REMARK 9.
i. If Cons is a regular consistency property, then, for any X, the fact that

X € Cons is'equivalent to the fact that there is Y € 2x such that Y €
ConsN2gand Z =Y for any Z € ConsN2y.

ii. If Lin is a regular Lindenbaum operator, then, for any X and Y, the fact
that Y € Lin is equivalent to the fact that Y € 2x, Lin(@)N2y #@and Z=Y
for any Z € 2y such that Lin(@)N2z * .

8. MAXIMAL FAMILIES OF SETS.

8.1. Definition of a maximal family of sets. The idea of maximality
can be categorized not only in terms of maximal extension mappings such as
Lindenbaum operators Lin but also in terms of families of maximally extended sets.
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The most common definition of such families makes use of the concept of provability
Pr and it runs as follows.

DEFINITION (Dn-16).
Cplpr = {X: Pr(X) =S and Y = X forany Y € 2x such that Pr(Y) # S}

8.2. An axiomatization of the concept of a maximal family of
sets. In order to separate a particular property of the maximal family Cplp, and study
its relative strength independently of definition (Dn-16), the family Cplp; is denoted
hereafter as Cpl. We adopt the following definition which focuses on some particular
properties of maximality as a family of sets.

DEFINITION (Dn-17).  Let Cpl € 25.
i. Cpl is trivial iff S € Cpl.

ii. Cpl is proper iff Cpl # @.

iii.  Cplis regular iff the fact that X € Cpland Y € CplN2x implies that X =Y,
for any X, Y.

iv. Cplisa maximal family itf it is both non-trivial and regular.

v. Cpl is (#)-saturated iff the fact that X € Cpl implies that X is (#)-complete,
for any X.

THEOREM 6.
i. If Lin is a regular Lindenbaum operator and
Cphiin = {X: X € Lin(@)},
then Cply i is 2 maximal family. If Cplisa maximal family and
Lin(;p|(X) = {Y €2x: Y€ Cpl},
for any X, then Lincyp is a regular Lindenbaum operator.

ii.  If Lin is a regular Lindenbaum operator, then Ling, .. = Lin.
If Cpl is a maximal family, then Cply ., = Cpl.

iii. If the operator Lin is proper, then Cply,;, is proper.
If the family Cpl is proper, then Lingy is proper.

iv. If the operator Lin is (#)-saturated, then Cplyy is (#)-saturated.
If the family Cpl is (#)-saturated, then Lincyp; is (#)-saturated.

PROOF. Proof of Theorem 6;i. That Cply;, is a maximal family follows
directly from the definition of Cply i, and the fact that Lin is proper, inclusive and
regular. That Lincp is a regular Lindenbaum operator can also be seen to follow
immediately from the definition of Lincy and the fact that Cpl is a maximal family.

Proof of Theorem 6;ii. Suppose that Lin is a regular Lindenbaum
operator. Theorem 6;i gives at once that

Cplyin is a maximal family
and that
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LinCpl is a regular Lindenbaum operator
Claim: Lingy,,.. € Lin. To show this inclusion, suppose that Y € Lingp, . (X).
By the definition of Ling,y, . it follows that X € Y and Y € Cply;,. Hence, by the
definition of Cplyy . Y € Lin(®). Lin is inclusive so Y € Lin(X). Claim: Lin <
Lingp,, .. Suppose that Y € Lin(X). Since Lin is antimonotonic and extensive we

may conclude that X € Y and Y € Lin)@), and, by the definition of Cply,, Y €

Cplyia. Now suppose that Cpl is a maximal family. Theorem 6;i gives at ones that
Lingp is a regular Lindenbaum operator
and that

Cplyin is a maximal family
Claim: Cplyp,., S Cpl. If X € CPlyinc,» then, by the definition of Cplpine,s X
€ LinCpl(@). Hence, by the definition of Lingp, X € Cpl. Claim: Cpl <
Cpliinc,- Suppose that X € Cpl. Hence X € Lincp(@) and hence X €

pll‘incpl‘

Proof of Theorem 6;iii. If Lin is proper, then by Remark 8, it is proper
on 4, i.e. Lin(@)*Q so, by the definition of Cply;,, Cpl = @, i.c. Cplyin is proper.

If Cpl is proper, then X € Cpl for some X and, by the definition of Lingp,
Lincp(9) # @, i.e. Lingy is proper.

Proof of Theorem 6;iv. If a regular Lindenbaum operator Lin is (#)-

saturated and X € Cplyiy, for any X, then X € Lin(@) and so X is (#)-complete.

Conversely, if a maximal family Cpl is (#)-saturated and X € Lincp(9), then X €
Cpl and so X is (#)-complete.

COROLLARY.

The definitions of Cply ;, in terms of Lin and of Lingp in terms of Cpl establish a
one-to-one correspondence between regular consistency properties and regular
Lindenbaum operators.

The justification of the "translating definitions of Cply ;, in terms of Lin and of
Lincyy in terms of Cpl is straightforward and is omitted.
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Introduction

Current research in the theory of programming languages has emphasized the
importance of studying the properties of type disciplines with a sufficiently rich set of
type constructors, in order to achieve greater flexibility in the use of type annotations
as descriptions of the functional behaviour of programs. One of the many possible
ways to meet this requirement is exemplhfied by the family of higher-order, strongly
typed languages patterned after the Theory of Constructions [Coquand and Huet
1986], in which a type of a program can be considered as a logical specification of it.
Another, orthogonal, research direction consists in investigating first order type
constructors more directly related to the mntuition of a type as a collection of values.
From the latter viewpoint it is important to emphasize the connections between
computational properties of expressions (e.g. strong normalizability, subject reduction
or even strictness properties) and the possible forms of their typings. There are by
now several examples in the literature which demonstrate the interest of this line of

‘research: intersection types have been shown to characterize exactly the class of

31



strongly normalizable A-terms [Coppo Dezani 1980], [Leivant 1986]; recursive types
in which the recursion variable occurs onlv positively can be assigned only to strongly
normalizing terms [Mendler 1987]; there are interesting developments in the use of
intersection types to detect strictness properties of functional programs [Coppo
Ferrari 1992). Recent research by John Revnolds [Reynolds 1988, 1989] has shown
how to encode record types using intersection, and their interaction with general type
recursion allows, to a certain extent, to formalize examples from object-oriented

programming, like that of a class of points described by the type:
Point = pP.(setX:Int — P A getX:Int).

Benjamin Pierce [Pierce 1990] has also devised the following example, showing that
some real expressive power is gained when union types are added to intersection types.
The IF-THEN-ELSE- operator is such that the tvpe Neg-num V Pos-num can be
assigned to the term n = IF b THEN 1 ELSE -1. To test whether n is zero, using the
function

Is-Zero : (Neg-num=False) A (Zero-»True) A (Pos-num- False),
amounts to derive the typing

| Is-Zero n) : False.

Without using union types the best information about (Is-Zero n) is that it is just a
boolean value.

The form of polymorphism described by universal and existential type quantification
has been used in the description of free algebras [Bohm, Berarducci 1985]) and abstract
data types [Mitchell, Plotkin 1988}, and this suggests looking at the interplay of
polymorphism and the first-order type constructors. An area in which their interaction
has proved to be a flexible tool is the analvsis of object-oriented programming, especially
when a notion of subtyping is added to the system and polymorphic type constructors
include bounded universal quantification and record types as in the languages Fun
[Cardelli, Wegner 1985] and Quest [Cardelli 1989].

In this perspective, the present paper studies some syntactical and semantical
aspects of a type inference system which, in addition to the standard function type
constructor, has intersection and union operators, type recursion and both universal and

existential type quantifiers. This system is that introduced in [MacQueen, Plotkin and
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Sethi 1986], where a semantical interpretation for the system is presented; we also follow
that paper in not including subtyping rules nor bounded polymorphism, because it has
been shown [Pierce 1991] that these features make the subtyping relation undecidable.
Here we give two equivalent formulations of the type system, one in a natural deduction
style and the other as a sequent calculus, and show the invariance of types with respect
to a general notion of parallel reduction of terms, a property which fails for ordinary P-
reduction of A-terms. From the semantical point of view, we describe a new
interpretation for the system, which does not require any restriction on the formation
rules for types as those imposed in [MacQueen, Plotkin and Sethi 1986], and is based on
the approximation properties of Do A-models [Scott 1972] of which the types are taken

to be particular famihes of subsets.

1. The type assignment system.

In the present section we describe the syntax of the type inference system that we
shall study in the sequel. The rules for the system are presented in two equivalent ways:
the first one is that given by [MacQueen, Plotkin and Sethi 1986], and is patterned after
a natural deduction system of the kind considered in [Prawitz 1965]. The second
formulation is a sequent calculus in the stvie of [Gentzen 1969], for which a restricted

form of cut elimination will be proved in the next section.

1.1 Definition (Types ).

The set T of types is inductively defined by

- tg,ty,... €T (V set of type variables. ranged over by s,t,...)
weT (type constant)

0,T€T = (g-1), (gAT), (OV1)ET
teV, Te€T = ut. 1, Ve. 1, 3t.1€T.

1

Convention : we omit parentheses according to the precedence rule: “A and V over =".

A typing statement is an expression of the form M:0, where M is a A-term and O a

type; M is called the subject and O the predicate of the typing statement. A basic
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typing statement is a typing statement whose subject is a variable. A basis is a set of
basic typing statements such that subjects are pairwise distinct. If B is a basis, FV(B)
will denote the set of term and type variables which occur in B.

B, x:0 will denote the basis BU{x: 0} when B is a basis such that either x € FV(B) or
X:O€B.

A statement is an expression of the form B = M:0 (where B is a basis and M:0 is

a typing statement) that can be derived by the axioms and rules of Definition 1.2.

1.2 Definition (Natural Deduction Formulation)

The axioms and rules to derive statements are:

(Ax) B,x:0bx:0 (@) B-M:w
(_)E)Bl—-M:O'—-)‘t BHN:o (=1) B,x:o -M:1
B+ MN:1 Y BRFAX.M:0-1T
BHM:olpt.o/t] - BHM:ut.o
(LD BM:ut.o (LE) B M:olpt.o/t]
BM:0 . B M:Vt.o
(VD) B—M:Vtio if tgFV(B) (VE) B M:clt/t]
M: X: M: : de. .
@ FENae (36) B L T EV(B)UFV(D)

B M:gA1 B M:0A1

(/\I) B-FM- g BEM-1

B M:oA1 (AE) BHM:o BHM:1
(vI) BHM:o BHM:1 (VE) B.xxo-M:p Bx:T— M:p BEN. T
BFM:0vt BFM:ov1 B MIN/xl:p

The admissibility of the following rules 1s straightforward.
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(Weakening) B'E—};g_}\%? (Strengthening) B_'g_%%_g if x@FV(M).

This presentation looks familiar and intuitive, and it shares with natural deduction
systems the nice property of defining the "meaning” of type operators directly, through
introduction-elimination rules.

However, if one is interested in the proof theoretical properties of the system it is
useful to translate it in a sequent calculus style. To this aim we introduce a type
assignment system whose rules are symmetrically introductions to the left and to the right
of type constructors. Although we do this primarily for technical reasons, we think that
this system is of interest in its own.

This calculus is not a pure sequent calculus since we still consider bases as sets of
premises, in order both to keep the two systems as close as possible, and to avoid in the
following proofs the boring treatment of structural rules. The "multiplicative” character

of its rules is however a typical feature of Gentzen's original calculus that we preserve.

A sequent is an expression of the form B :- M:0 that can be derived by the axioms
and rules of Definition 1.3.
We write B, B' to mean BUB', provided that this is a still a basis, i.e. X is the subject

of the same basic typing statement whenever x is in FV(B) and FV(B').

1.3 Definition (Sequent Caiculus Formulation)

The axioms and rules to derive sequents are:

B,x:0:-x:0 @ B:-M:w AX
B,x:1:-M:p B':-N:o 5L B,x:0:-M:1 Y
B,B',y:0-=1:-MI[yN/x]:p B:-Ax.M:0-=1

B, x:olpt.ol:-M:1 B:-M:olut.ol

B, x:it.o:-M:1 mL B:-M:yut.o LR
B, x:olp/t]:-M:1 B:-M:1 .

BxvVio: -M1 "L BoMvit VR itEFV(B)
B,x:0:-M:1 . B:-M:tlp/t]
B,x:3t.0:-M:1 3L if tgFV(B)UEV(T) B:-M:3t.1 R
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B,x:0:-M:p B,x:T:-M:p B:-M:6 B':-M:1
B, x:o0A1:-M:p AL B,x:0AT:-M:p AL B,B':-M:0AT AR

B,x:0:-M:p B'.x:1:-M:p B:-M:o B:-M:1
B,B'.x:ovi:-M:p VL B:-M:0VT VR B:-M:ovrt VR

B,x:6:-M:1 B':-N:o ¢
B.B - M[N/x): 1 cu

It is immediate to verify that rules (Weakening) and (Strengthening) are admissible also
in the sequent formulation.

Recall that, by the notational convention just before this definition, the set of assumptions
in the conclusion of each rule has to be actually a basis, that is each term variable must
occur at most once. There is no loss of generality in this restriction. In factif B :~- M: O
and B' :- N:1, using (AL) we can always build B" and B""" such that B" :- M:0 and
B''"' :- N:1,and B", B'" is a basis. More precisely B" and B'"" will contain x:pAv
whenever x:peB and x:veB’'.

Notation
(i) If D is a derivation showing B :- M:G 'we write D:B :- M:o.

(ii) We shall denote an arbitrary rule by

B;:-M:0; (i=0. lor2)
B:-N:1 rule

to take into account that there are rules with zero, one or two premises.

The proof of the equivalence between the systems N and 8 is standard.

1.4 Lemma (Substitution Lemma )

B, x:0 M:Tand B+ N:c = B I MIN/xl: 1.
Proof. This can be proved as usual for Curry type systems, by induction on the
derivation of B, x: 0  M: 1. However in the present setting we can shorten the proof
as follows:

B,x:0M:1T B, x:0FM:1 (VI);?_—}—I\]I_\%_?;—G

Bk MIN/x]:t

(VE)

36



1.5Theorem ( Equivalence between \ and :-)
For all' bases B, M € A and types 0,
BF M:giff B:- M:0o.
Proof.
(=) By induction on the derivation of B - M: 0, distinguishing cases according to the

last inference. We consider only the interesting cases, i.e. the elimination rules.

Case (2E):
B—M:0-1 BN:o
(=E) BF MN: 1
becomes
ind. hyp.
X1 -x1°*B.-N.g SL ind. hyp.
B,y:0-»1:-yN:1 B:-M:0=-1
B:.- MN: 1 cut
Case (3E):
(3E) B,xx:c—M:p B}l 3t.N:o
B M[N/xl:p
becomes
ind. hyp.

B,x:0:-M:p L ind. hyp.
B, x:3t.0:-M:p B:-N:3t.o

B:- M[N/x}lp
since t¢ FV(B)UFV(T).
Case (XE) where Xe€{,V,A}:
B—M:1
E) g o
becomes
X:0:-x:C0 AX),L ind. hyp.
X:T:-x:0 7 B:-M:1
B:-M:¢o cut
Case (VE):

B,xx6M:p B,x:1—M:p BFEN:ovt

(VE) B MIN/x]:p
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becomes

ind. hyp. ind. hyp.
B,xx0:-M:p B, x:1 :—M:pVL _ind. hyp.
B,x:ovt:-M:p B:-N:oVv1t cut

B:- MIN/x]:p

(&) Symmetrically, by induction on the derivation of B:- M: 0. The proof is immediate

in almost all cases. In case of cut use the Substitution Lemma 1.4. The other non trivial
cases are —L, YL, 3L and VL.

Case - L:

B, x:1:-M:p B':-N:o
B,B',y:o->1:-MI[yN/xl:p

We can freely assume that x ¢ FV(B'). Now by the induction hypothests and the

-L

admissibility of weakening we have

B, B', y:0-1, x:T M:pand B, B, y:0-1TF N:o.
From this, by (Ax) and (»E), we get B, B', y:0-3T | yN:0, hence the thesis follows
by the Substitution Lemma.

Case XL where Xe{|L,V A}: .
B,x:0:-M:71 1L
B,x:p:- M:1

We have that B,x:0 = M:1 implies B,x:p  M: T since each accurrence of the axiom

(Ax) B.x:obx:0
can be replaced by the following deduction

(AX) g7 1—==
VE B,x:plx:p
(VE) B.x:pkx:0

Case 3L:

B. 00 AP 'h FV(B)UFV(1).
B,x:3t.0:-M:p 3L where t¢ FV(B) (1)

By the induction hypothesis B, x: 0 = M:p, hence, if y is new, B, y:0 + Mly/x]:p,
being deductions independent of the names of variables. By weakening B, x:3t.0,y:0 |-
Mly/x):p so we can conclude:
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(3E) B,x:3t.o,yzclgh;l‘{>é/tx:;fl3_ h?_,s:-’k-cl—xﬂt-c where t¢FV(B)UFV(T)

since Mly/x][x/y] =M.

Case VL:

B,x:0:-M:p B' x:1:-M:p
B,B',x:oVv1:-M:p

vL

By the induction hypothesis B, x: 0  M:p, hence, if y is fresh, B, B', x:0VT, y:0
Mly/x]):p, being deductions independent of the names of variables and using weakening.
Similarly, B, B', x:0VT, y:T I~ Mly/x]):p: hence the thesis follows from:

B,x:ovt,y:o b Mly/x):p B,x:ovt,y: 1 Mly/xl:p B, x:0VTFx:0V1

(VE) B,x:aVThk M:p
]
2. Invariance of types under parallel reduction of subjects.
The type assignment systems |- and :- are not invariant under B -reduction of

subjects. The problem is that in rule (cut) we lose the correspondence between subterms
and subdeductions; many occurrences of the same subterm correspond in fact to a unique
subdeduction. For example  one can deduce the type
(620-=2T)A(p=p-=1)=(E>0Vp)->E&—>1 both for Axyz.x(yz)(yz) and for
Axyz.x((Au.u)yz)((Au.u)yz), but this type cannot be deduced for Axyz.x(yz)((Au.u)yz)
or Axyz.x((Au.u)yz)(yz). (Benjamin Pierce showed us this example.) Analogously the
type (Vt.050-1)-3(§-3t.0)- &1 (where t does not occur in T) can be deduced for
the first two but not for the second two A-terms. Then in this system types are
preserved neither under B-reduction nor under -expansion. Similar examples show that

types are not preserved under 1-reduction.

Invariance under B-reduction is a desirable property, since it gives us the feeling that

the rules in the system are, in a sense, correct. But in the present case rules (3E), (VE)
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and (cut) could hardly be considered uncorrect, since they are sound for the semantics
introduced in section 3.
Instead it seems that the phenomenon we are about arises from a mismatch between the
type system and the possibility of unbalanced reductions of the subject. In fact we prove
the system :- to be invariant under parailel reduction, hence, by the equivalence of :- and
I, the same property is established for I-. More precisely types are invariant under $-
reductions which are done simultaneously on all the occurrences of the same subterm
which correspond to the same subdeduction.

Our proof is inspired by Gentzen's proof of the Haupsatz [Gentzen 1969). Following
his lines we introduce the notions of rank and degree of cuts. A similar but simpler proof

is carried out for a system without L, V and 3 in [Barbanera, Dezani and de' Liguoro
1992].

Usually the cut elimination proves the (weak) normal form theorem for A-terms having

types. This is not true here, since we ailow recursive types and the universal type ®.

2.1 Definition ( Fathers and Generated Types ).
(i) Given an arbitrary rule

B;:-M:g;
:-N:1

B rule

where i=1 or 2 according to Definition 1.3. we say that:
- the occurrence of O; in a premise is the father of the occurrence of T iff O; =1 (this

is true in all left rules and in rule (cut) )

- if x:V€B; and x:§€B with v = § then the occurrence of Vis a father of the occurence
of €.

(ii) Looking at the shapes of logical rules as shown in Figure 1 we say that:
- 01T is the type generated by - L and -R from 0 and 1

- OAT is the type generated by AR from 0 and 1

- OV1 is the type generated by VL from 0 and 1

- O is the type generated by XL and X'R from 1.

~ Clearly a type either is generated or it has at least one father.
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B,x:T:-M:p B':-N:0o B,x:0:-M:1

B,B',y:0-1:-MlyN/x]:p >L B:-Ax.M:0-1 =R
B,x:1:-M:p B:-M:1 . .

Bxo -Mp XL (X€{AV.3.1}) oMo A RXelv,v,3,u})
B:-M:0 B':-M:1 B,x:x0:-M:p B',xx1:-M:p
B,B':-M:0AT AR B,B',x:0VT:-M:p vL

Figure 1 - Possible shapes of logical rules.

2.2 Definition (Degree of Type Occurrences )

The degree of an occurrence of a type O in a deduction D is defined by induction on D:

- if 0 occurs in the conclusion of (Ax) or (®) the its degree is 0

- if 0 occurs in the conclusion of a logical rule and is not the generated type, then its
degree is the maximum of the degrees of its fathers

- if 0T is the type generated by =L or =R then its degree is 0.5

- if OAT (OVT) is the type generated by AR (VL) from O and T then its degree is the
maximum of the degrees of G and T plus |

- if O is the type generated by XL (X&{,V ,3.A}) or by (X'R) (X'e{p,v,3,v}) from
T then its degree is the degree of T ptus 1.

2.3 Defigition_(Cut-type and Rank )
Given a cut:

B, x:0:-M:1 B':-N:o
B.B - MIN/x): T cut

we call B, x: 0 :- M: T the left premise, B' :- N: O the right premise and O the cut-type.
The feft rank of the cut is the largest number of consecutive statements in a path such
that the lowest of these statements is the left premise of the cut and the basis of each of
these statements contains X: 0.
The right rank of the cut is the largest number of consecutive statements in a path
such that the lowest of these statements is the right premise of the cut and O is the

predicate of the succedent of each of these statements.
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The rank of the cut is the sum of its left and right ranks.

2.4 Definition (Ready Cuts and Ready Derivations )
(i} A cut is ready iff it has rank 2:

(i1) A derivation is ready iff it contains only ready cuts.

If a cut is ready either its left and right premises are respectively the conclusions of the
left and right introduction rule for the principal constructor of the cut-type, or one of its
premises 1S an axiom or an instance of the rule . Figure 2 shows all possible shapes of

ready cuts.

We introduce now a notion of paralle! reduction. The parallelism comes out from the
fact that in each reduction step more than a single redex is contracted.

In order to formalize this idea we define the notion of uniform set of redex occurrences
in a term. Informally a set of redex occurrences in a term M is called uniform if,
whenever it contains a redex occurrence, every other occurrence of the same redex is in

the set as well.

As usual any A-term M can be identified with its binary syntactical tree, where nodes
are represented by the subset of {0,1 }* which is the tree domain of M; if N is a subterm

of M, and its syntactical subtree is rooted at o € {0,1}" in the tree of M, then we say
that "N occurs at @ in M", and denote this occurrence by <o, N>.

2.5 Definition (Uniform and 1-uniform Sets of Redexes )
Let M € A, then:

(1) Occ(M) = {<a,N> | N occurs at & in M };
(ii) Red(M) = {<a,(Ax.P)Q> € Occ(M) | P,Q € A, x € Var};
(i11) ¥ € Red(M) is uniform iff
<a,R> € F A<B,R> € Red(M) = <B,R> € F;
(iv) F <€ Red(M) is I-uniform iff F is uniform and {R] 3 o. <a,R> € F}

is a singleton.
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B,z:€:-P:1 B':-R:v . B", y:0:-Q:&
B,B',x:v¢:-PlxR/z]: 1 ~L B":-Ay.Q:v=¢ ~R

(2) B,B', B":-PIxR/zJ[Ay.Q/x): T cut
B, x:§:-P:1 B':-Q:¢
(b) B,x:v:-P:1 XL B':-Q:v AR
B,B :-PlO/x]:T cut

where X€{p,3,V}.

B,x:&:-P:1 AL B':-0:¢ B":—Q:\)AR

B, x:ZAv:-P:1 B',B":-Q:&Av
(c) B,B,B :-PlO/x]:T cut
B,x:&:-P:1 B", xxv:-P:1 B':-Q:&
(d) B,B", x:&vuv:-P:1 VL B':—Q:CVUVR .
B.B', B :-PlQ/x):T v
B;:- M:p(i=lor2) .
(e) B,x:0:-M:p ZL B',v:og:-y:C@ A_x cut
B,B',y:0:-Mly/x):p
B;:-M:0;(i=1o0r2)
B,x:()':—x:crAX B':-M:o AR
(f) BB -M.o cut

where X is any type constructor, and the premises of rules XL and XR are one or twoy
according to Definition 1.3.

B,x:w:—x:w@ B':—M:ww

(g) B.B .-M. @

cut

where © is either AX or .

Figure 2 - Possible shapes of ready cuts.

In the sequel we need the notions of residual and development, which are well known
concepts of A-calculus theory: we refer the reader to [Barendregt 1984, chapter 11] from

which we take our notation.
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2.6 Definition (Parallel Reduction )
The reduction relation =>p over A2 is defined by:
M =, N iff 3 F € Red(M). F is uniform and (M,F) »¢p N
where (M,F) -»cp N is the complete development of (M,F) (see [Barendregt 1984,
p-286)).

In the literature the idea of parallel reduction in the framework of the A-calculus is
usually formalized by the the Gross-Knuth Reduction as defined in [B&hm 1966] and
[Knuth 1970) (cf. also [Barendregt 1984, 13.2.7]).

2.7 Definition ( Gross-Knuth Reduction )
M —gg N iff (M,Red(M)) »cpi N.

Actually this is a particular case of the relation = since Red(M) is trivially uniform.

2.8 Lemma
Let F € Red(M) be uniform and F = F; U .. U F, where each F; is 1-uniform. If
(M,F) »¢p1 N, then there are Ny, ..., Ny and a permutation 7 of order m such that M
= Ng, N =Np, and foralll <i<m,
(Nj-1, j:.'Tl(i))"»cpl Nj

where F'5(j) is the set of residuals of redexes in Fn(j) with respect to the reduction
M -» Nj.i, and F'y(j) is 1-uniform.
Proof.
We introduce an ordering on the 1-uniform sets of redexes of M. Let
F = {<ap,R>Ih € H} and F' = {<g,R' DI k € K} then

F < F' iff 3heH 7keK. g <jex O,
where <pex is the lexicographic order. This is a total ordering and we take T as the
permutation s.t. for all i, Fn(i) < Fn(is1). If 1 < j then Fy() < Fn(j), so that all
occurrences of R' € Fy(j) either contain the same copies of redexes R € Fy() by 1-
uniformity, so that they are modified in the same way; or they remain unchanged, when
reducing all occurrences of R. In any case their residuals are syntactically equal, so that
the F'5(;) are 1-uniform. Now the thesis follows from the uniqueness of the resuft of a
complete development [Barendregt 1984, Theorem 11.2.25] since then the reduction

(M,F) »cpt N can be rearranged as we need. 0



2.9 Definition (Cuts generating F -redexes ).
Let D be a deduction whose conclusion subject is M; fix a uniform F € Red(M); finally
let

B,xx0:-P:1 B':-Ay.Q: 0
B,B :-PlAy.Q/x]:1 cut

be a cut in D. We say that the above cut generates F—redexes of M iff P has at least a
subterm of the shape xR, such that all occurrences of (Ay.Q')R' in M belong to ¥, where
(Ay.Q')R' is an arbitrary substitution instance of (Ay.Q)R.

2.10 Remark We have to consider the substitution instance (Ax.Q')R' instead of
(Ay.Q)R itself because of the possibility that other cuts, under the given one in the

current deduction, substitute variables inside (~v.Q)R.

2.11 Definition (Cut Degree )
-Let D be a deduction whose conclusion subject is M; fix a uniform FC Red(M).

Moreover let
B,x:0:-M:1 B':-N:o
B.B - MIN/xJ:1T cut

be a cut inference in D. Then the degree of this cut in D relative to ¥ is defined by

cases:
- if this cut does not generates F-redexes then its degree is 0

- otherwise its degree is the sum of the degrees of the occurences of its cut-type

in the left and right premises of the cut.

2.12 Remark . Our definition of degree is not the classical one, which simply expresses

the height of the synctactical tree of the type expression. The distinctive features of

our cut degree are:

(i) the degree is O if the cut does not generates F-redexes

(ii) the degree is 1 if the cut-type is an arrow

(iii) otherwise the degree is a function of the degrees of the occurences of its cut-type,

i.e. of the number of inferences of the forms XL and XR which have been used in building

these occurrences.
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Condition (i) has to be so because we will eliminate only cuts generating F-redexes.
Moreover when eliminating a cut generating an F-redex, whose cut-type is of the form
0 - T, the redexes generated by the new cuts cannot be in ¥ hence their degree relative
to F will be 0. Indeed if the contraction of a redex in F produces new redexes, these will
be never contracted in the development of F.

Condition (ii) is useful since we can eliminate ready cuts whose cut-type is an arrow only
when all cuts generating the same F-redex have as premises the conclusions of =L and
>R (i.e. the cut has the shape of Figure 2(a) ). When F is 1-uniform this implies that all
cuts generating F-redexes of shapes (b), (c), (d) or (e) have been eliminated.

Condition (iii) takes into account that when we shall eliminate a ready cut whose premises
are conclusions of say VL and VR, the heigth of the cut-type of the newly generated cut
may well be greater than that of the original cut-type, despite of the intuition that the
derivation has been simplified. Note that in this third case the degree of the cut is always
greater than 2 .

2.13 Definition (Degree of Deductions and Non-increasing Deductions ).

(i) Let D be a deduction whose conclusion subject is M; fix a uniform FC Red(M).

The degree d(D,F) of D relative to F is the highest degree of a cut in D.

(ii)Let D : B :- M:0 and D' : B' :- M:0 : then B’ is non-increasing Wwith respect to
D iff I(D',F) < d(D,F) for all uniform F € Red(M).

We prove that we can transform deductions by adding assumptions, by changing the
names of (free) term variables and by eliminating the cuts of the shapes (f) and (g) (of

Figure 2) preserving readiness and non increasing the cut degrees.

We say that a deduction D’ is similar to a deduction D iff D' can be obtained from
D by adding (basic) typing statements to the bases and renaming term variables. This
means that D' and D have the same deduction tree and differ only for the bases and the

names of term variables.
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2.14 Lemma

WIfD: B :- M:0 and B' O B then there is D': B' :- M:0 such that D' is similar to
D.

() ID:B, x:T:- M:0 and vy is fresh then there is D': B, y: 1 :- Mly/x]:0 such
that D' is similar to D. '

(iii) All occurrences of ready cuts of the shapes (f) and (g) (of Figure 2) can be
eliminated preserving readiness and obtaining a non increasing deduction of the same

statement.

Proof.
(i). Easy by adding the premises of B'-B to each statement (possibly renaming some
variables not in B).

(ii). Immediate, since deductions are independent of the names of (free) term variables.

(iii). Let us consider a cut of the shape (f) or (g):

B;:-M:0;(i=1or2)

B,x:O':-x:UAX B':-M:o AR
B,B :-M:G cut
B,x:m:-x:w® B -Maw® .
B.B .-M:w® cu
where © is either AX or .
In both cases (i) implies that we can replace B’ :- M:0 by B, B' :- M: 0 obtaining a

deduction which satisfies the given conditions.

The following lemma (proved in the Appendix) claims that every deduction can be
transformed into a ready deduction of the same statement. This can be accomplished

without increasing the complexity of the proof. Formally

2.15 Lemma (Rank Lemma)
For any derivation D : B :- M: 0 there exists a ready derivation D': B :- M:0 such

that D' is non-increasing with respect to D .
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2.16Theorem (Invariance of Types under Parallel Reduction)
(i) B :- M:p and M =, N imply B :- N:p.
(ii) Bk M:pand M =, Nimply B -+ N:p.

Proof.

(i).1f M =p N, then for some uniform F € Red(M), (M,F) »cpt N. By Lemma 2.8 this
reduction can be splitted into a finite number of steps, whose F 's are 1-uniform. Hence
it suffices to prove the thesis when F is l-uniform. On the other hand by Lemmas
2.14(iii) and 2.15, we can assume that the given D:B:-M:p is ready and does not

contain cuts of shapes (f) and (g). Hence we proceed by induction on d(D,F).

If d(D,F) = 0 and D is ready, then no cut generates F-redexes, hence F-redexes may

occur only as subterms of terms of type 3.: in this case clearly B :- N:p is derivable introducing
by rule ® the reducta of those subtems of M.

If &(D,F) = 1 then all cuts which generate F redexes have an arrow type as cut-

type; hence, by the readiness of D, they have the shape

B,z:{:-P:1 B':-R:v L B", y:v:-Q: ¢ SR
B,B', x:v=-%:-P[xR/z]:1 -~ B":=Ay.Q:vo¢ .
B,B',B":-PIxR/z)[Av.Q/x): 1T cu

Then all these cuts can be replaced as follows:

B", viv:-Q:& B':-R:v
B.z:£:-P:1 _ B .B":-QIR/yl.E "
B,B,B": PIO[R/v]/z]: T cut

and in the rest of D the subject parts have to be reduced ( by =>p ) in order to match
P[Q[R/y)/z]. Eventually we get a deduction of degree 0.

If d(D,F) > 1 let k be the number of cuts with degree d(D,F). They are all of the
shape of Figure 2(b),(c),or (d). In fact all cuts of shape (e) have degree 0.
We can replace the cuts of the shape of Figure 2(b) by:
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B,x:&:-P:1 B':-Q:¢&
B.B .- PlO/x):1 cut

We can replace the cuts of the shape of Figure 2(c) or 2(d) by:

B,x:&:-P:71 B',B":-Q: ¢
B.B'.B":-PlO/x]:T cut

where we can add statements in the bases of the premises by 2.14(i).

We can apply to the so obtained deduction the Rank Lemma. In this way we obtain a ready
deduction of lower degree, so the induction hypothesis applies.
(i1) Immediate from (i).
O
2.17 Corollary ( Invariance under Gross-Knuth Reduction )
i) B}—M:O',M-)gkN=>B|'—N:G:
(i) Bk M:o, M-=2gN = 3L.N-»pL &BFLo.

Proof.

(i) Immediate from 2.16(ii).

(ii) is a consequence of (i) and of the cofinality of =gk With respect to =@, proved in
[Barendregt 1984, 13.2.11]). O

Note that the above proof cannot be transformed into a proof of normalization of A-
terms (which does not hold since we allow recursive types). In fact when we eliminate a
cut whose cut-type is an arrow Wwe obtain two cuts whose cut-types have in general

bigger degrees relative to the newly generated redex occurrences.

3. Semantics.

In the present section we describe the construction of a model for our type system,
based on a technique introduced in [Coppo 1985) that permits to interpret type recursion
even when type constructors are not monotonic with respect to the (semantical) relation

of subtyping induced by the interpretation of types as sets of values. This. technique
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differs from that uscd by [MacQueen, Plotkin and Sethi 1986} in exploiting just the
approximation properties of the domain in which untyped terms are interpreted, without
any appeal to a complete metric space structure that can be defined on the collection of
(denotations of) types. This approach to type interpretations has some advantages over
that followed by [MacQueen, Plotkin and Sethi 1986], in not requiring any restriction on
the formation rules for types and also in offering a powerful proof technique for many
semantical properties (see [Cardone and Coppo 1991] for some examples) of the type

system.

Starting from the standard model D of the A-calculus, obtained as the inverse limit
of complete lattices [Scott 1972], each type will be interpreted as a subset of D satisfying
constraints derived from the order-theoretical nature of this model. For example, as
every type can be assigned to the combinator 2 = (Ax.xx)(Ax.xx), and the interpretation
of Q in every continuous A-model D is the least element L (cp. [Barendregt 1984]), we
require that each of the subsets of D that we will consider as candidates for the
interpretation of types shonld contain L. Furthermore, if A < D is such a subset and A c
A is a directed set, then also LA € A: this condition yields the correctness of the typing

of the fixed-point combinator Y as a term of type (6 — ©) — o, for any type O.

The explicit construction of the domain D (see [Barendregt 1984] for a detailed
description) starts from the two-points lattice and at every step, given the lattice D,.
Dga+1 is defined to be the lattice of continuous functions from D, to itself, with an
embedding ¢,:D,—Dp+y and a projection ;Do 1—D,. The inverse limit of the diagram
of projections (Dp, Wa)ne N satisfies the recursive domain equation D = [D—D], with
isomorphisms @®: D — [D—>D] and ¥: [D—>D] — D: this induces an operation of
application over D defined by

dee =p; O(d)(e), for d, eeD.
The construction of D endows it with an approximation structure which is orthogonal to
its order structure, in the forr of a denumerable sequence of continuous mappings
(.)p D - D,
which provide inside D an image of each D,. In particular, the following properties hold
(see [Barendregt 1984], 18.2.8 and 18.2.9): ‘
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3.1 Proposition (Properties of Approximation Mappings over Deo)
The family {(.),: D—D}jeN satisfies the following conditions: For all d € D and
n,m, ke N:

A.l. Ifd = T thendg = T, otherwise dg = 1.

A.2. (dg)m =(dpm)a = dmin(m, n)-

A3. d=U{d,| neN }.
If f, de D, then:

F.1. If n<k, thenfpiy-dy = fh4q-d,.

F.2. If n<kthen (fgs1°dp ), = fpeqs dp.

F.3. fpe1-dp= fpe1ed = (fod, ), .

F.4. f =1,y f and onlyif VdeD. f-d = (f+d,),.

A consequence of this Proposition is that for de [D-3D], dee = UpeNdpe1-e,. Observe

also that each D, = {d, | de D} is a finite lattice.

We shall require each subset A of D which interprets a type to be closed under each of
these mappings, in the sense that de A implies that dpe A for all ne N. We obtain in this
way a collection of subsets of D that is closed under a wide range of type constructors,
and also offers some technical advantages over ideals that have been often used in the

semantics of type inference systems (see, for example, [MacQueen, Plotkin and Sethi
19861).

3.2 Defigition (Profinite Subsets)

(i) The class P of profinite subsets of D is defined as follows. A€ P whenever A is a
subset of D such that:

- leAand TeA;

« A is complete: if < dli) >;_yis an increasing chain in D such that VieN. d(de A,
then U;d(De A;

-+ A is closed under approximations: de A implies dy,e A, for all n eN.

(ii) For profinite subset A,B of D, the relation A w B is defined to hold if and only if A
C B and d,e A whenever de B.
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Observe the close connection between this class 4of subsets of D and the class of relations
used in [Amadio 1991] and [Cardone 1991] in order to build models for strongly typed,

polymorphic languages with type recursion and subtyping.

Obviously the intersection of an arbitrary family X of profinite subsets of D is

profinite, so the structure (P, C) is a complete lattice. We shall denote the infinitary

lattice operations by inf and sup when convenient. The following Proposition collects the
main properties of this lattice, where A, = {d, | de A}.

3.3 Proposition (Properties of Profinite S ubsets)
For A € P and any n eN:

(1) Ap C A

(i) Ap e P;

(iii) A pAps+

(iv) For XcP, (\Jaex Ap)eP;

(v) For any family XCP we have

(sup X)p= Uaex Ap

Pioof. (i) Immediate, as A is closed under approxXimations.

(ii) First we show that A, is complete: if <d‘?>c is a chain such that d() e Aj, for
any ie N, each d(d) belongs to A by (i), so l.l,-d(f)eA because A is compiete. ‘But now
observe that (U,ﬂd("))ne A, and this vields UdYe A, by the continuity of (.), and the
fact that d() € D, for all e N.

Furthermore, to show that A, is closed under approximations, let d € A, . There are
tWo cases:

» m>n: dy = d (because de D), sody € Ay

m<n: AsdeA (by (i), dp€ A, and dp = () € Ap

coﬁéluding the proof of (ii).

(iii) To show that A ,A .. assume d; € A, This implies dp € A by (i) so dp € Apsy
because (dp)p+1 = dp. If de Apsythend e A (by (1)) , sodp € Ay

(iv) The interesting part concerns completeness. If {d()}; N is an increasing chain such

that {d(i)}jeN < Uaex Ay, then it follows from the finiteness of each D, that there is
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an index j such that d() = UieNd(), so Ujend'Pe \Uaex Ap and this shows that (\UJaex
Ap)eP.
(v) Itis easily seen that the following properties hold:
c Uaex Ap ' Unex Apsl
cde UpeX Apsy 2 dpe Uirex Ap
yielding that the set U ={d | Vae ®. dpe\UJ . cx Ay} is a profinite subset (using (iv))

such that \Uaex ApcU for each ne . If SeP is such that S D \UX then also S 2 U

because
delU = VneN. dpe \Jaex Ap
= VneN.d,e \UX (as A, A by (1))
= VneN. d,eS
=d = UpendeS.
So sup X = U and (sup X), = Jaex Ap 0

3.4 Definition
If A, B are profinite subsets of D, we introduce the following notations:
« A>B =Def{d | deD, Va e A. d-aeB}

* An_)n+1Bn =Def{d I dEDn+1, Va e_A\n.d'a € Bn}.

Then A—B and A,—"*1B, are also profinite. We consider only the case of Ap—*1B .
If ac Apand <d()>cN is an increasing chain such that <d{9>,cn € Ap—1*1B,,
<d{Dea>ieN < B, which is complete by Proposition 3.3(ii), so:

UgdD.a)= (UdD).-ae B,
yielding the completeness of A,—"*1B,.
In order to show that this relation 1s also closed under approximations, take d €
Ap—*1B,. For any k€N and a € A,, observe that ag 1 € A, being A, a profinite
subset.

So (d+ag 1) € Bpand also dg+a = dgray1=(dray 1)k 1€ By
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We shall define the interpretation of a type by means of a construction which

involves denumerably many approximations, matching the approximation structure of the
A-model in which untyped terms are interpreted.

3.5 Definition ( Approximate Interpretations of Types).

For all n €N, any type ¢ and any environment M, i.e. any function mapping type
variables to profinite subsets of D, define 37 [o]n (the n-th approximation of the
interpretation of O in the environment 1) as follows, by induction on n and the

complexity of the type G:

30l o In = {L}

3n*1w]n = Dps+y

31 ¢ I = (1)) e

3li[oyAaoxIn =31 o1 Inn3[ o2 In
3m*lf o1 v oy In = 871 61 In L3 o2 In
3l oy —» o2 In =32 o1 In =137 o2 In
31 pe. oy §iy = S oy Inl t:= 37] pr.op In )
I [Ve.oy In= Maep 3™ o7 Inlt:=Al

Soti3eo;In= Upaep 3] oy Inl=al. O

By a simple inductive argument we prove that each 3%[ ¢ ] is a profinite subset of Dp,.
We shall make frequent use in what follows of the fact that for any type G and any neN,
S37[c]n depends only on the values (1(t)), of the type variables occurring in G, as can be

easily seen from the definition of the approximate type interpretations.

3.6 Lemma

For all types ¢, for all neN, all type environments 1, A€ P and all type variables t:
(2) 3 [onlt:=A,) € S [o]nlt:=A 4]
(b) If de 3n*1[onlt:=A,41] and de 321 [c]nlt:=A,], then de A 4.

Proof.

By induction on the complexity of the type G, the result being obvious when G is a type
variable or .
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(a) If de 37*1[ o1 Inlt:=A,,s:=B] for some BeP, then by induction hypothesis we also
have that de 31*1[ o, ]]n[f: =Ap+1,5:=B], so de3™1[3s. 01 Inlt:=Apl.

(b) If de 37*1[ o1 Inlt:=A4415:=B'] for some B'eP and de 37*1[3s.0; [nlt:=A,]
then, in particular, de37*1[ o) nlt:=A,,s:=B'], so the induction hypothesis applies and
yields de Apq1. a

3.7 Lemma

For all types ¢, n>0 and any type environment 1:
If, for all type environments n’,
(i) 37 o In' =, 32*!] 6 |n’ and
(i) 371 pt.o In" =,y 32f pe.o In’,
then 37[ ¢ Inlt:=32-1] pt.o nl =, 32*1] o Inlt:=32] pr.o Inl
Proof.
Let de37[o]nle: =32-1[pe.o]nl: observe that I2-1] pr.o In=(32] put.o [N),.1
according to assumption (ii), so we can apply Lemma 3.6(a) in order to show that
de 31[cInlt:=37[ pt.o [n) and from (i) it follows that
de 371 [cInlt: =3[ ut.o Inl.
If de31] o Inlt:=37[ pr.o Inl, then by (i) de 37 o Inlt:=37] pt.o jnd and by
Lemma 3.6(b) dpe 37[ pt.o In = 32 o Inlt:=371[ pt.o Inl. ]

3.8 Lemma
For any n eN, ali types O and any environment 1) :
3o n=, 3™ c]n.

Proof.
By induction on n. The basis is obvious, and the induction step is proved by induction on
the complexity of the type ©.
*+ G =t, a type variable.
S3a[ ¢ In = (n(1)), and the result follows from Proposition 3.3(iii).
» 0=: it follows from Proposition 3.3(iii) that D,, , D,,q.
» 0=01—07:
In order to prove that

3716y In =7 351[o; In € 37[ 61]n -1 3] o, [
assume that de37-1[ o1 In -7 32-1[ 6, |1 and ae 31[ 61]n. By induction hypothesis
ay.1€ 371[ o7 In, so
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« O=01A02:
(a) 31 [oyAcynlt:=A,) = 371 o Inlt:=A,) N 32+ [oa]nlt: =A,) which is included in
3n+1[oyInlt: =Ape1] N S [ 00Nt =A 1) = 371 [o1A02]N(t: =Ageq] by induction
hypothesis.
(b) if de 37*1[o1A o7]nlt:=Ape1] = 32*1[o1Inlt: =A441) N 3 [oa]nlt:=A g ] but
de 3a+1[oyacaInlt:=A,) = 32+ [oyInlt:=A,) N 31 [oa]nlt:=A,] then, for i=1 or
i=2, de 3n*1[ojnlt:=Aps1] and dg 37*1[o,Inlt:=A4l. Using the induction hypothesis
we have that de An+1'.
« 0= 061V0O3: dual to the preceding case.
* O= 01—07!
3r+ifo oo nlt=Ap] =
31 oy Inlt:=Az+1] 271 3] 07 Inlt=Apeq] =
3] oy Inlt:=AL =21 3] o7 Inlt=Ayl
3r*l[oy—onlt:=ALl,
hence (&) holds, while (b) is vacuously true.
« O=}lks.0Oy:
In+i] us. o7 Inlti=Ael =
3o+ oy Inlt:=Aper,s:= 3] ps o1 Inlti=Apa]l =
Q41 oy Inlt:=Aper,s:= 3] ws. oy Inlt:=Apl
and
3a+1] us. oy Inlt:=A,) =
g1 oy Inlu=A,,s:= 32] us.op Inlu=ALl
(a) Follows from the induction hypothesis.
(b) If de 3a*1[ps. oyInlt:=Apeq) but de 371 ps. o1]nlt:=Apl, then the induction
hypothesis shows that de Aj4g.

« 0=Vs.071:
(a) For any BeP, 32+1[cyInlt:=A,.s:=B) < 32*1[oyInlt:=Ap41,5:=B] by the
induction hypothesis. Therefore de 37*1[cinlt:=Ap,s:=B] for all BeP and it is also
true that for all BeP de 32*1[o1]nlt: =A441.5:=B).
(b) Assume that de 3m*1[oynlt:=A+1,5:=B) for all BeP, but there is some B'e P such
that de¢ 3™1[oy]nlt: =A,,s:=B']. Then, by induction hypothesis we have that d€ Ap+y.

- o=3s.0y:

55



deapy =d-ae 371[ oy Inc 37 o2 In
using the induction hypothesis again, and Proposition 3.1.
If de31[ oy In =21 31[ 03 [N and ae 37-1[ o1 |n, 2ae 32 o1]m by induction
hypothesis, so d-a € 3] 62 [N and by induction hypothesis (d+a),-1€ 37-1[ 62 IM. The
result follows by observing that, using Proposition 3.1, (d+a),.y = dsea, so
dpe 371 oy In -7 371 oy In.

« O=01A0y:
31[ 61A0; In = S7[ci]n N S7[c2n =, S 1[oiIn N S or]n = ST [oyA0,]n,
using the induction hypothesis.
« 0=01VY07:
32 61voy In = S7[o1In L S1[oyIn =, S+ [o1In L 37 [oz]n = 37+ [0y Vo],
using the induction hypothesis.
« OSHL.Op:
The induction hypotheses make possible the application of Lemma 3.7 :

3n[ pwt.oy In=

81 oy Inle:=371] pe.oyInl », 321 64 Inle: =3[ pe.oy Inl =

3o+ pe.op In.
« OEVt.01:
Assume that de 37[Vi.o1]n and Ae P. Then, by induction hypothesis,
de 3m*1[o1]In[t:=A) and therefore de 37*!1[Vt.01]n, as AeP was arbitrary.
Conversely, if de 37*1[Vt.o1]n and Ae P, by induction hypothesis we have
dpe 3] In[t: =Al, and finally that d e 37[Vt.cy]n.
- o=3dt.oy: :
Assume that de 32[3t.01]n. Then, for some A€ P, de 37[oIn[t:=Al and by induction
hypothesis, de 32*1[c]nlt:=Al; therefore de 37*1[3t.0;]n. Conversely, if
de 32+1[o1]Inft:=A] for some AeP, by induction hypothesis we have that
dpe 37[o1Inlt: =Al, and finally that d,e 37[3t.o¢]n. 0

The preceding Lemma justifies the definition of the interpretation of a type by cumulating

the information given by its approximate interpretations.

3.9 Definition (Type Interpretations)
For every type G and type environment 1,
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Sl o In =per{deD | VaneN. d, e 31[ ¢ In}.

3.10 Proposition
(i) VneN. 32[ ¢ In < 3[ oln.
(i1) For any type ¢ and environment 71}, 3[ 6]0 is a profinite subset of D.

roof. ‘
(i) Easy, using Lemma 3.8.
(ii) Let <dD>,cny < S[ o]n be an increasing chain. We have for all ne N that
<(d(i)),,>,~€N c 37 6 In, so (U,d(i)),,e S1[ ¢ [N by the continuity of the mappings
(.)p, yielding the completeness of 3[ ¢ [n. If de 3] o In, then d,e 32[cln < 3[ o In
by (1). 0

This Proposition entails that, for any type G and environment M,
(SII 9] ]]n)n = SIIH o ]]T]v
for all n eN.

3.11 Lemma
For any type © and environment N:
S[ut. oln = S[oinl:= 3[put.oinl
Proof.
(<) de3[pnt. oln = VneN. de 31 c]nlt:= I2-1[ut.cjnl
(by Definition 3.5)
= VneN. de37[cinlt:
(by Lemma 3.6(a))
= VneN. dpe 37[cnlt: = 3[pt.olnl
= de3fonlt:= Sfunc.olnl.
(2) deS[olnlt:= 3[ut.clnl =
= VneN. de31[c]nlu:
= VneN. due37[c]nl:
= VneN. de32[pt.on
(by Lemma 3.6(b))
= de3[pt.oln. 0

1]

Sa[pt.oln]

3[unt.olnl
Snpt.olnl
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3.12 Lemma _
For any pair of types 0,7, any type variable t and any environment 1,
Slolt/tlIn = Slolnlt:=3[1Inl.
roof.
We show by induction on n that :
VaeN.37[oclt/t]ln = 32[cInlt:=3[tInl .
The basis is obvious, and the induction step is proved by induction on the complexity of
G, the only interesting case being that in which © = |Ls.0y, where s is not free in T. Then
(ns.olt/tl = us.(oylt/t]) = ws. G 1, where G = oqlt/t] .
8] us.G1 In = S7[oyle/tdInls: =321 wus. §¢ Inl =
= 3n[oiInle:=3[1]n, s:=32-1[pks. G4In

by induction hypothesis and because s € FV(1)

= 32[oInl: = Stin,

s:= 32-1[us. o Inlt: =3 [tInl ]

by induction hypothesis on n applied to (Us.c1)t/t]

= 30ps. oyInle := 3ftInl. O

3.13 Theorem (Properties of Type Interpretations)
The following conditions are satisfied, for any type environment 1:
(1) S[ ¢ In = (n(v));
(2)3[wIn=D;
BSfo—=1In=3{ocin—=3[ I
4 3[ortin=3[cInnSltin;
$)3[oviIn=3folnu3[tIn:
(6) 3 ut. oIn = Solpt. o/tdn;
(7) S[Vi.on = inf{3[ o Inlt:=Al | A e P};
(8) S[3t.0 In = sup{S[o Inlu:=All A e P).

Proof.
(1)de S[ ¢t In iff, for all neN, dye 372[ t In = (N(1t)),iff d € (M(2)).
(2) Analogous to the preceding case.
(3) Assume d € 3o — 1)1, so for all n
dse 371 o In—n 321 1 n.
If ae 3[oln, then ay ; € 31 1[o]n and
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dpeagge 31 tInc 3 t]n,
uniformly for all n eN. But 3 1 |7 is complete so
dea = Up(dpsr-ap) € 3[ 7 In,
showing that :
Slo->tIncSloln->3[ t]n.
Conversely, if d € SfoIn— 3[ 1 Inand a € 3721 6 [n ¢ [ 6 ]n, we have that
d-a € 3[ T ]In and (d+a),.1e 371 1 ]n, but now it is sufficient to observe that
(d+a),.1 = dyea to conclude that
dpe 32-1[ o n—2 321 1 [n.
Then d, € 37[oc — 11 for all ne N, yielding the conclusion.
(4) If de3[o A 1]n, then for any neN de 37[c A 1N = 32[o]n N S2[1In < Sloin
3[1In. Conversely, given de 3[c]n N S[t]n. for every neN dpe S2[cln N 32]1]n =
31[c A 1]n, therefore de 3[c A 1]n.
(5) If de 3o V 1)1, then for any neN de 37[c Vv 1]n = 32[c]n U 37[1jn < S{ocin v
3 [tln. Conversely, given de 3[o]ln U S[1ln, for every neN dye 37{c]n or
de 371N, so de32[c]n v 31[tIn and finally de 3[c A 1]n..
(6) From Lemmas 3.11, 3.12.
(7) de3[Vi.on & VneN.de 31 Vi.o]n = MNaep 37[cnlt:=Al
o VneN.VAeP. de 31 c]nl:=Al
< VneN.VAeP. deJfoinlt:=Al
< VAeP. de3[olnlt:=Al

< de mAep Sloinf:=Al

(8) (sup{3[ o Inlt:=Al | A € P})y = Urecpr 32[ 6 Inlt:=Al = 31[3t.6]n by

Proposition 3.3(v) and the remark following Proposition 3.10(ii). The result follows
immediately by observing that for any profinite subset A of D, de A if and only if d,e A,
for every neN. 0

The soundness of the typing rules of our type inference system can be shown quite
naturally, given the set-theoretic flavor of the type interpretations we have defined and

their closeness to the intuitions behind the rules for type constructors.
In the sequel, by a term environment we mean any function mapping term variables to
elements of D. The interpretation of the set of A-terms in the A-model D is defined as

usual, by induction on the structure of terms, by the clauses:
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- [xIp=p(x);
- [MN]p = [M]p-[N]p
. [Mx.M]p = F(f), where f(d) = [M]plx:=d],

observing that every such an f is a continuous function from D to itself.

3.15 Definition (Satisfaction)

Given a type environment 1| and a term environment p, the pair (n.p) satisfies a typing
statement M: 0, written {n,p) E M:o, if [M]pe 3[oln. Given a basis B, Mm.,p)E B if
(n,p) E x:T for all basic typing statements x: T € B. We write {n,p) : BFE M:0 when
(n,p) E B implies (M,p) = M:0, and B F M:0 when (m.p) : B E M:0 for all | and p.

3.16 Theorem (Soundness)
For any basis B, any A-term M and any type G:
if B+ M:o then B FE M:o.
Proof.
By a straightforward induction on the derivation of the statement B - M:c. We only
outline the proof in the case in Which the last rule applied in the derivation is:

B,xxc—M:1 BFN:3t.@

(3E) B MIN/x) T

where t¢ FV(B) U FV(1).

Assume that (n,p) E B, and observe that [MI[N/x}]p = [MIplx:=[N]p], for all A-
terms M, N. By induction hypothesis [N]pe 3 [3t.0ln, and therefore
(INIp)pe3a[3t.0ln = Uacr 3n[ognlt:=Al, so there exists Ce P such that

(IN1p) e 32[cInlt: =Cl. Now, (nlt:=C), plx: =([N]p)al) E B, x:0, and this entails that
IMIplx: =([N]p)ple S[tIn, because te FV(1). This argument works uniformly for all
ne N, and we can conclude that

[MIplx: =[N]p] = Upen [MIplx:=([N]p)al € 3tin,

using the continuity properties of the interpretation mapping for terms. 0
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Appendix: Proof of the Rank Lemma.

It suffices to show that, if D : B :- M:0 is a derivation ending with one occurrence of a
cut of rank r>2, in which all other cuts are ready, then D can be transformed into a
derivation D': B :- M:0 containing some occurrences of the original cut with lower rank
and possibly some new cuts of rank 2, while preserving the readiness of all other cuts.

Concerning the non-increasing property of D' wrt D, it’is established by routine
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calculations: we shall actually perform just in the first case we treat and in some other
relevant ones. Note that these calculations are parametric wrt ¥, hence it is actually an
arbitrary 1-uniform set of redex occurrences.

By Lemma 2.14(iii) we can assume that D does not contains ready cuts of the shape (f)
or (g).

We split the proof into two parts: in the first one we lower the right rank of the
considered cut, which is supposed to be > 1; in the second part we assume the right rank
to be 1 and we lower the left rank supposed to be > 1. Since all transformations we do

leave unchanged the left rank in part 1 and the right rank in part 2, this establishes the
thesis.

Part 1: right rank > 1.
We distinguish various cases according to the shape of the last rule above the right
premise of the cut. Note that Ax and © cannot occur because of right rank being >1. For

the same reason cases of rules of introducing type constructors to the right are

impossible.
Case - L:
_ B',u:t:-N:g B":-P:§
B,x:0:-M:p B', B" v i-—)‘[ N{vP/ul: o ~L
B, B ,B",v.g—ar.-\/I[N[\P/u]/x]:p cut

We can freely assume that u € FV(B, B") and u ¢ FV(M) ; hence we transform it into

B, x:0: M p B', -N: o
B,B, M[N/x] p__ U B":-P:%
B,B", B" v:E-1:- MIN/x][vP/ul:p

-L

Note that the new cuts in the figure above are legal since u € FV(B, B") and B, B', B”
is a basis. Finally u € FV(M) implies that MIN[vP/u}/x] = MIN/x]{vP/ul.

To verify the non-increasing property, suppose that the cut inference in the given
derivation D is generating an F-redex (otherwise the thesis is trivially true); then the
corresponding cut in the transformed derivation D' is generating an F-redex too. We

have immediately that the degre of occurrences of the cut-type do not change.
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Case XL (Xe{p,V,3,A,V}):

B,,y:1:-N:0 (i=1or2)
B,x:0:-M:p B',v:1' :-N:o
B,B',y:1 :- MIN/x}:p

XL

if y € FV(B), we transform it into

B,x:g:-M:p B;,y:1:-N:0
B,B.,y:1:- MIN/xl:p
B,B',y:1' :-MIN/xl:p

cut (i=1 or 2) .

XL

Otherwise B = B",y:T' for some B", since B, B', y:T' is a basis. Let w be any fresh
variable; define N' = N[w/y], so that by 2.14(ii) there exists a derivation of B",w: 1T :-
N':0 similar to the given subderivation of B', v: T :- N: 0. Hence we make the following

transformation

B, y:1',x:0:-M:p B;,w:T:-N"0 .

B;,B",y:1', w:T:- MIN"/x]:p L cut (i= 1 or2) A

B',B",y:1',w:T :-MI[N"/x):p © vt -yr ¥
B',B",y: 1" :- MIN'/xlly/wl:p cut

where MIN'/xlly/w] = MIN/x] since w € FV(M). Note that the last cut whose right
permise is an axiom is ready and surely it doesn't create any redex, hence its degree 1s 0.
The given transformations are sound; in fact B, B; is a basis since B, B' is a basis and
B; differs from B only for the type of y and v ¢ FV(B") by assumption.

In case (3L) it has to be true that t € FV(B,B")UFV(p): since the original instance of
the (3L) was correct by hypothesis we know that t € FV(B')UFV(0), hence it can

always be choosen such that t € FV(B)UFV(p). so that the restriction is met.

Case cut: in this case, by the hypothesis, the upper cut is ready. We must distinguish
subcases according to the shapes of Figure 2.
We can assume that x € FV(B, B', B") and z, vy, u € FV(B"').

S

(a)
B,z:¢€:-N:0 B :-R:v B",y:v:-Q: ¢
B,B',u:v=2¢:-NuR/z]:0o -L B":-Ay.Q:uv>¢ -R
B",x:0:-M:p B,B', B":-N[uR/zl[Ay.Q/ul: o cut

B.B .B", B :- MIN[UR/zI[Ay.Q/ul/x}:p cut
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can be replaced by:

B" x:0:-M:p B,z:§:-N:o
B,B"", z: & :- MIN/x]:p culpg . _R:v L B", y:v:-Q:§ SR
B.B.B",uvot . -MIN/xIuR/zl:p = Ay.Q:v—§
B,B',B", B :- MIN/xJ[uR/z][Ay.Q/ul:p cut .

Notice that MIN[uR/z}[Ay.Q/ul/x] = MIN/x][uR/z}[Ay.Q/u] since we can assume
x€FV(N) and u,z€FV(M).

(b), (c) and (d):

Bi,yzgi:—N:G(i=10r2)XL Q i (]..10:'2)
B,y:v:-N:o -Q:v
B", x:0:-M:p B. B NG %
B,B',B" .- MINIQ/vI/x]: p cut

where X€{WL,V,3,A,V}, can be replaced by:

B"', xto:-M:p B, y:&;:-

)
Wi (izlol'z)
B;,B",y:&;:-MIN/x]:p cut B;:-Q:&; .
B.B". vy v:-MIN/XIp AL g gy AR (=1or2)
B.B'., B .- MIN/~IQ/VI: p cut .

Notice that MIN{Q/v1/x] = MIN/x}[Q/v] since we can assume ygFV(M).

(e) we are given a figure of the shape

B;:-N:o (i=1o0r2)

B,y:1:-N:0 XL B',z:‘lf:-z:‘[AX
B", x:0:-M:p B,B'.z:1:-Nlzlyl:o cut ¢
B,B.B".z:1:- M[Nlz/yl/x):p cu

where z € FV(B)

or of the shape

B;:-N:o (i=lor2).

B,z:1,y:1:-N:¢o ‘L B',z:‘[:—z:‘[AX
B", x:0:-M:p B.B',z:1:-Nlz/yl:o cut
B.B.B", z.1.- MIN[z/yl/xlp cut -

In both cases we can assume thaty € FV(B") and y € FV(M).

We transform them into
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B",x:0:-M:p Bjlz/y):-Nlz/yl:a .
B™, Bilz/yl (- MIN[z/xI/n)p  cutli=tor2)

B", B, y:1:- MINI[z/yl/x]:p XL
and into
B", x:0:-M:p B;:-N:o . )
B B MIN/xlip __tt=iord) N
B",B,y:1:-MIN/x]:p B',zz1:-z:1 cut
B,B', B":- MIN/x]z/y):p
respectively.

Notice that there is a deduction of Bi[z/y], B':- Nlz/y): 0 similar to the given deduction
of Bj :- N:0 by Lemma 2.14 (i) and (ii). Moreover by the assumption y € FV(M):
MINI[z/yl/x] = MIN/x)[z/y].

Part 2: right rank =1 and left rank >1.
In this case the deduction will have the shape:
B;:-N;:o0(i=1or2)

B."M:p ([.Ule)B':-N:o"
B,B':- M[N/xl:p cut .

By the applicability of the cut, we must have x:0 € B; therefore if i=1 we must have

x:0 € By, because of the hypothesis about the rank. If i = 2 then either x: 6 € B, or
X:0 € B,, or both: just the third case will be considered, since the treatment of the first

two is similar and simpler

We distinguish various cases according to the last rule above the left premise of the cut.

Note that cases Ax and © are impossible because left rank > 1.

Case -»L: we are given either a figure of the shape
B,x:0,u:1:-M:p B', x:0:-P:§

B,B', viE->1,x:0:- M[vP/ul:p >L B":-N:¢o
B,B,B", v:E>1.:- MIVP/ullN/xl:p cut

or of the shape

B,x:0-1T,u:0:-M:p B, x:0-51:-P:C0 SL
B,B', x:6->1:-MIvP/ulip B":-N:o
B,B",B":- MIvP/ulIN/x):p cut .
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In both cases we can assume that u € FV(B', B") and u € FV(N).

We transform them into

B,u:t,xx0:-M:p B":-N:o tB',x:(T:—P:§ B":-N:O'cut
B,B", u:t:- MIN/xl:p cu B',B":-PIN/x]: &

B,B', B", v:€-1:- MIN/xI[vP[IN/x]/ul:p -L
and into
B,uog,x:0=1:-M:p B":-N:g=1 cut B',x:0-=1:-P:0 B":-N:O’-’fcut
B,B", u:0:- MIN/xJ:p B'.B":-PIN/xl:& 5L B*:-N:g=1T
B,B',B", z:0-1:- MIN/x][zPIN/x}/ul:p cTe cut
B.B",B", z:0- 1 :- MIN/xI[zP[N/x]/u]IN/z]):p

respectively, where z is a fresh variable.

Note that u ¢ FV(N) and z fresh imply MIN/x]J[vPIN/x]/u] = M[vP/ul[N/x] and
MIN/x][zPIN/x}/ulIN/z} = M[xP /ul[N/x].

Case = R:

B,xx0,y:1:-M:p SR
B,x:0:-Ay.M:1-5p B':-N:o ¢
B,B":-(Ay.M)IN/x): 1=p cut .

Clearly we can assume y € FV(N) and v € FV(B'). The derivation transforms into

B,y:t,x:0:-M:p B':-N:¢o
B,B',y:1:- MIN/xI]:p cut SR
B,B':-Ay.MI[N/x}:1-p

and, by the fact that y € FV(N), (Ay.M)}N/x] = Ay. MIN/x].

Case XL (Xe{pn,V,3,A,V}):

Bi,y:‘t,x:O':-I\/I:p),L
B,y:1,x:0:-M:p~”" B':-N:0O ¢
B,B',y: 1 :- MIN/xl:p cut .

If y € FV(B'), this derivation is transformed into

Bj,y:T,x:0:-M:p B':-N:o .
B;,B", y:1:- M[N/x]:p cut(i=1or2) .
B,B',y:1:- M[N/xI:p
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Otherwise we use the same renaming technique of the case XL in the first part of this

proof.

Case XR (X€{p,V,3,A,V}):

B;, x:0:-M:p(i=1 orz)xR
B,x:0:-M:1 B':-N:o .
B,B :- MIN/xJ: 1 cu

becomes

B;,x:0:-M:p B':-N: )
l );Bi B':—I\‘Z[N/x]:p cht(;:lorZ)
B,B':-MIN/xl:1

Case cut: in this case by hypothesis the upper cut is ready. We must distinguish subcases

AR

according to the shapes of Figure 2. There is no loss of generality in assuming that y ¢
FV(N) and y ¢ FV(B'™").

(a)

B, x:0,2:%:- Mprc-RULB\Guv-Q§ SR
B,B',x:0,y:02&:-MI[yR/zl:p B". x:0:-Au.Q: v & .
B,B',B", x:0:- M[yR/z)[7u.Q/yl:p ct'g._N:o

B.B".B". B :- MyR/z]l7.u.Q/yIIN/xI:p cut

is replaced by:

B ,z E:-M:pB"':-N:¢o utB',x:O':—R:'t.)B“':-.\I:G . B'.x:o0,u:v:-Q:EB":-N:¢g t
2:E: M[N/x]p BB -RINAv Y BT BT wvi-OINALE T o
B,B' "y v & Ml'leHyR[N/x]/z]p B", B":-Au.QIN/x]:vo%

B.B', B", B" :- MIN/XI[YRIN/x1/zIAu. QIN/xT/yTp cut

Notice that MIyR/z][Au.Q/y}HN/x] =MIN/x][yRIN/x}/z)[Au.QIN/x]/y].

(b), (c) and (d):

B;, x:0,y:&;:- M: p(x_lorz)xL B, x:0:-P:&; (j=10r2))(R
B,x:0,y:v:-M:p B'.x:0:-P:v
B,B',x:0:- M[P/v]:p ' B._N:ig
B,B,B":- M[P/VIIN/xI:p cut

where X€{W,V,3,A,V}, can be replaced by
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Bj, x:0,y:§;:-M:pB":-N:0 N.xvo:-P:§iB"-N:o
B, B",y:&;:-M[N/x]:p ” Bi. B": - PIN/x]: &; TR
B, B", y:v :- MIN/x}:p - B',B":-P[N/x]:v cut

B, B', B":- MIN/\I[PIN/xI/v):p :

cut(i=lor2) cut (j=1or2)

Notice that M[P/ylIN/x} = MIN/x][PIN/x}/y].

Finally in case (e) we are given a figure of the shape

B;,x:0:-M:p(i=1lor2)

B,y:T,x:0:-M:p AL B',z:T:-z:TAX ¢

B,B',z:1,x:6:-Mlz/yl:p cu B"':—N:O'cut
B,B',B", z:1:- Mlz/yl[N/x):p
or of the shape
Bi,x:0:-M:p(i=1lor2)

B,y:o,x:0:-M:p XL B‘,x:o:-x:ch .
B,B', x:0:-Mlx/v]:p it g"._N:o ut
B,B', B" :- MIx/vIIN/xl:p cut .

We transform them into

Bilz/yl, x:0:-Mlz/vl:p B":-N:g .
B;lz/yl, B":- MIlz/y]IN/x]:p cu

B,B", y:1:- Mlz/vlIN/x}:p XL
and into
B, x:0:-M:p B":-N:o
B;,B":- MIN/x]:p C”‘XL
B, B",y:0:- MIN/x]}:p B":-N:o .
B,B',B":- MIN/XIIN/yIp cu
respéctively.

Notice that in the second case the newly generated cut is ready, since by hypothesis the
right rank of the current cut was 1. Moreover, the degree of this new cut is the degree of

the lower cut of the original figure.

Notice that in alf transformations the degrees of cuts do not increase, and the degrees of

newly generated cuts is either the same as that of the old cuts or 0. 8]
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COMPACIDAD Y COMPACTIFICACION EN
TEORIA DE MODELOS

José Carlos Cifuentes Visquez
Universidade Estadual de Campinas, Brasil.

INTRODUCCION

La finalidad de este articulo es doble: primero, dar una caracterizaciéon de la com-
pacidad de una logica abstracta (model - theoretic logic) en términos de la convergencia
de familias de estructuras via ultrafiltros definidos en esas familias, donde los limites cor-
respondientes de cada familia generalizan debilmente los ultraproductos de la familia; y
segundo, construir una compactificacién (topoldgica) de cada espacio de estructuras, la
cual permitira definir una nueva seméntica para la légica original que sea (logicamente)
compacta.

Los espacios de estructuras con la topologia elemental definida por la légica subya-
cente son espacios cero-dimensionales, ie. admiten una base de clopens (abiertos-
cerrados), y la compactificacién construida es tal que preserva la cero-dimensionalidad
de estos espacios. En este caso, la compacidad topoldgica y la compacidad logica coinci-
den.

El método seguido es puramente topoldgico y permite aplicarlo a cualquier espacio
cero-dimensional, inclusive cuando la coleccion de puntos que subyace al espacio es una
clase propia, ie. un espacio “grande”, que es el caso de los espacios de estructuras que nos
interesa; en este caso, los abiertos de la topologia son en general clases propias. Sin em-
bargo, restringiremos nuestro estudio al caso en que la topologia es “pequena”, ie. cuando
la coleccidn de abiertos puede ser parametrizada por un conjunto, o lo que es lo mismo,
tratandose de espacios de estructuras, cuando la légica es “pequenia”, ie. la coleccién de
enunciados o formulas cerradas correspondiente a cada tipo de similaridad es un conjunto,
ya que en este caso la teoria de conjuntos que permite nuestras construcciones puede ser
debidamente fundamentada. En particular, la compacidad de un espacio grande con una
topologia pequernia involucra solo cubrimientos pequenos de abiertos.

CARACTERIZACION DE LA COMPACIDAD
Sea I > L,, una légica abstracta regular (cf. [E] pag. 31), y para cada tipo de

similaridad 7 sean St” la coleccién de estructuras de tipo 7 y L” la coleccién de enunciados
de L de tipo 7.
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Supondremos que L es una légica pequefia (small logic), ie. para cada tipo 7, L” es
un conjunto.

La topologia elemental sobre St™ es cero-dimensional y estad dada por la siguiente
base de clopens: { Mod(p)/ € L7}, la cual es una coleccién pequefia de clases en St”
(ie. una coleccién de clases parametrizada por un conjunto) cerrada para intersecciones
finitas y complementos.

Esta topologia admite una estructura uniforme que la genera (cf. [K] cap. 6) dada
por la siguiente base de uniformidad: {Us/® es upn subconjunto finito de L}, donde
para cada ®,Us = {(A,B) € 5t x St"/A =¢ B}, siendo =¢ la relacién de equivalencia
elemental con respecto a la coleccién @ de enunciados (cf. [Cal).

Es ficil ver que la base de uniformidad dada tiene la siguiente propiedad para cu-
alquier tipo 7(aqui U, abrevia Uj,): para cada ¢, U,[A] = {B € S5t"/(A,B) € Uy} =

Mod(p), si A=
{ Mod(~), si A i ¢,

(los U,[A] son el correspondiente a las “bolas” de un espacic seudométrico). Esta propie-
dad garantiza que el espacio uniforme resultante es totalmente acotado (totally bounded)
o precompacto (ie. dado ¢, el conjunto de las bolas U,[A] que cubren St es finito), y
que esta base de uniformidad genera la topologia elemental del espacio.

En la teoria general de espacios uniformes se tiene la siguiente caracterizacién, valida
también para espacios grandes con bases pequefias de uniformidad (cf. [K] pag. 198):

COMPACIDAD = COMPLETITUD DE CAUCHY + ACOTACION TOTAL,

donde la completitud de Cauchy es definida en términos de la convergencia de toda red
de Cauchy (las redes son definidas sobre conjuntos). Por lo tanto, para los espacios de
estructuras St” son equivalentes Compacidad y Completitud de Cauchy.

A continuacién daremos una caracterizacién de la compacidad topoldgica de cada
espacio St7, ie., dada la cero-dimensionalidad del espacio, de la compacidad logica de
cada L7, en términos de una versién abstracta del Teorema de Ultraproductos de Los.
Esta serd equivalente a la completitud de Cauchy de esos espacios, mostrando asi que el
teorema de L. os es un teorema de completitud topoldgica.

DEFINICION 1.

1.1 Sea {A;}ic; una familia de estructuras en St” y U un ultrafiltro sobre I. Definimos
limy A; como la coleccién de las estructuras A € St7 tal que para todo ¢ € L7 existe
X € U tal que para todo i € X,(A4,A;) € U,; o equivalentemente, si para todo
o, {telf/(AA)elU,} el.

1.2 Sea (D, <) un “conjunto” dirigido. Una red (net) en St™ es cualquier familia de es-
tructuras {A;}ien.
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1.3 Una red {A;}icp es de Cauchy si para todo ¢ € L7 existe k € D tal que para todo
i,j > k7 (AiaAj) € utp'

1.4 Sea {A;}icp una red en St”. Definimos lim; A; como la coleccién de las estructuras
A € St™ tal que para todo ¢ € L” existe k € D tal que para todo 1 > k, (A, A;) € U,.

1.5 Un ultrafiltro U sobre un conjunto dirigido D es llamado libre (free ultrafilter) si con-
tiene todos los subconjuntos Y, = {t € D/i > k} con k € D. (La nocién de ultrafiltro
libre sobre un conjunto dirigido generaliza la de ultrafiltro no-principal en w; observese
que la coleccién {Yj}xep tiene la propiedad de interseccién finita).

OBSERVACION 1. Debido a la cero-dimensionalidad de los espacios St7, la coleccién
limy A; puede ser definida de la siguiente manera (cf. [F-M-S] pag. 223): A € limy A; si
y solo si para todo ¢ € L7,

A€ Mod(p) < {1t € I/A; € Mod(p)} € U.

Asi, toda estructura A € limy A; satisface la propiedad fundamental, dada por el teorema
de L os, que el ultraproducto Iy A; satisface en el caso L = Ly

Se sigue de la observacién anterior que limy A; = N{Mod(¢)/{: € I/A:i €
Mod(y)} € U}.

El siguiente lema es esencial para la demostracién de nuestra caracterizaciéon de la
compacidad y es debido fundamentalmerite a D. Mundici y A. M. Sette (cf. [M-S-C] pag.
7). La importancia que él tiene para la interpretacién de la convergencia en los espacios
de estructuras sugiere darle un nombre, y aqui lo llamaremos “Lema de Convergencia”.

LEMA DE CONVERGENCIA. Si {A;};cs es una red de Cauchy en St y U es un
ultrafiltro libre sobre D, entonces, lim; A; = limy A;. En particular, limy A; no depende
del ultrafiltro libre U. '

DEMOSTRACION.

a) Sean 4 € lim; A; y p € L7, entonces existe k € D tal que para todo ¢ > k, (A, A) €U,
ie., Yy C {s € I/(A, A;) € U,}, luego, como U es libre, {i € I/(A, A;) € U,} € U, por
lo tanto, A € limy A;.

b) Sean A € limy A; y ¢ € L7, entonces existe X, € U tal que para todo : € X, (A, A;) €

U,. Por otro lado, como la red {A;};ep es de Cauchy, existe k, € D tal que para todo
ivj > kwa (‘AHAJ) € u<p'

Consideremos Z = X, NY;,, entonces Z € U por ser U libre, en particular, Z # ¢.
Sea k € Z cualquiera. :
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AFIRMACION. Para todo i > k, (A4, A;) € U,

En efecto, si i > k, entonces, como k € X, tenemos que (A, Ar) € U,. Ademds,
como 1,k > k, tenemos que (A, A;) € Uy, luego, (A, A;) € U, oU, C U, (pues cada U,
estd definido en términos de una relacién de equivalencia).

Esto prueba que A € lim; A; g

PROPOSICION 1. Para cada tipo 7 son equivalentes:

i)  Para toda familia {4;}ic; en St" y todo ultrafiltro U sobre I,limy A; # ¢.
ii) Para toda red de Cauchy {A;};cp en St™ y todo ultrafiltro libre U sobre
D, hrnU .A,' ‘-}é ¢
iii) El espacio St es completo, ie. para toda red de Cauchy {A;}iep,lim; A; # ¢.
iv) El espacio St” es compacto.

DEMOSTRACION.

(i —ii):  Trivial.

(ii — iii): Es consecuencia inmediata del lema de convergencia.

(iii — iv): Es inmediato por ser St” un espacio uniforme totalmente acotado.

(iv = i):  Sea {A;}ics una familia en St y U un ultrafiltro sobre I. Por la
observacién (1), limy A; se expresa como la interseccién de
la siguiente familia de cerrados con la propiedad de interseccién finita:
{ Mod(p)/{: € I/ A; € Mod(p)} € U}. Por lo tanto, como- 5t" es
compacto, imy A; # ¢. g

COROLARIO. Sea L > L, una lgica abstracta regular pequeiia, entonces son equi-
valentes:

i) L es compacta.
ii) Para todo tipo 7, toda familia {A;};c; en St” y todo ultrafiltro U sobre
LlmyAi# ¢. m

La afirmacién (ii) del corolario anterior es una versién abstracta y una generalizacién
para légicas compactas del teorema de ultraproductos de £os. Ella siempre es valida en
L.., pues en este caso IIy.A; € limy A;. Para otras l6gicas compactas diferentes de L,
se puede plantear aqui el interesante problema de la “construccién”, para cada familia
{A;}ier y cada ultrafiltro U sobre I, de una estructura A € limy A;.

COMPACTIFICACION DE St
Para cada 7 definimos CSt™ = {(K,U)/K C St” es un “conjunto” y U es un

ultrafiltro sobre K}, y para cada ¢ € L” definimos Mod™(¢) = {(K,U) € CSt"/{A €
K/ Ak ¢} € U} = {(K,U) € CSt"/K N Mod(p) € U}.
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Mod*(¢) es la coleccién de “Modelos Generalizados” de ¢. De este punto de vista
podemos definir la “verdad” (truth) de ¢ en (K,U) como

(K,U) Fe & (K,U) € Mod*(¢) @ {A€eK/AEp}leU & KN Mod(p) €U, ,

por lo tanto, (K,U) se comporta como un ultraproducto de K médulo U. De hecho, si
L = L., entonces para todo ¢, (K,U) |l¢ & uK E ¢, ie. (K,U) = lyK (= denota
la relacién de equivalencia elemental de L).

La coleccion { Mod*(¢)/e € L7} tiene las siguientes propiedades:

i)  Mod*(¢) N Mod*(0) = Mod™(¢ A ¥)
1)  Mod*(¢)¢ = Mod*(—¢)
i) (St7)* = CSt.
Por lo tanto, es una base de clopens para una topologia pequena cero-dimensional
en C'St”, que es cerrada para intersecciones finitas y complementos.

Consideremos la aplicacién h : St™ — C'St™ dada por h(A) = ({A}, {{A}}).

Puede probarse facilmente lo siguiente:
a) h es inyectiva.

b) para todo A € St” y todo ¢ € L™ : h(A) |F¢ & A = ¢, por lo tanto, la seméntica de
CSt" extiende la seméntica de St (es importante observar que el lenguaje L™ no ha
cambiado al extender la semantica).

c) Mod*(¢) N A[St"] = h[Mod(¢)], lo que implica que h es un homeomorfismo de St
sobre h[St7], ie. St™ puede ser considerado como un subespacio de C' St".

En lo que sigue identificaremos A[St7] con St” y h(A) con A.
PROPOSICION 2. St™ es un subespacio denso de CSt7.

DEMOSTRACION. Sea ¢ € L” tal que Mod*(p) # ¢, entonces existe (K,U) €
Mod*(y), ie. {A € K/A = ¢} € U, en particular, como U es un filtro propio, existe
A € K tal que A |= ¢, ie. (por (b)) A |-¢, luego, A € Mod*(¢) u

La compacidad légica de L7 con respecto a la seméntica extendida C'St” puede ser
formulada de la siguiente manera: sea 5 C L7 tal que todo subconjunto finito de 3 tiene
modelo generalizado (ie. en C'St”), entonces Y tiene modelo generalizado.

La cero-dimensionalidad de C'St” implica que la compacidad légica de L™ es equiva-
lente a la compacidad topoldgica de CSt™.

PROPOSICION 3. C'St™ es compacto.
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DEMOSTRACION. Sea { Mod*(¢;)}ies una coleccién (pequeiia, ie. I es un conjunto)
de cerrados béasicos de C'St™ con la propiedad de interseccién finita.

Sea J = P,(I) (partes finitas de I) y para cada A € J “elegimos” (Ka,Ua) €
ﬂ MOd*(Lp,').
€A

Aqui esta siendo usado un axioma de eleccién para clases pequenas.

Consideremos K = ﬂ K el cual es un conjunto. Construiremos un ultrafiltro W

AeJ
sobre K de tal modo que (K, W) € () Mod*(i;).
el

AFIRMACION 1. {K N Mod(g;)}icr es una coleccién de subconjuntos de K que tiene

la propiedad de interseccién finita.

En efecto, sea A € J, entonces, como (Ka,Ua) € ﬂ Mod™(¢;) tenemos que para
€A
cada i € A, Ka N Mod(p;) € Ua, luego, Ka N Mod(Ajea i) € Ua, en particular, existe
A€ Ka C K tal que A E Ajea ¢i-

Sea. W un ultrafiltro sobre K que contiene la familia {K N Mod(y;) }ier-

AFIRMACION 2. (K,W) € [ Mod*(¢;).
i€l

En efecto, sea : € I, entonces K N Mod(p;) € W, ie. por definicién, (K,W) €

Mod™(y;).

En consecuencia, C'St” es compacto g

PROPOSICION 4. Si St" es compacto, entonces para todo (K,U) € CSt™ existe
A € S5t7 tal que A = (K,U), ie. para todo ¢ € L', A | ¢ & (K,U) |~p. Ademds,

podemos escoger A € K, donde K es la clausura de K en St7.

DE_NIOS_TRACION. Sea (K,U) € S5t y consideremos la siguienté familia de cerrados
de K : {K N Mod(e)/(K,U) |}

AFIRMACION. La familia dada tiene la propiedad de interseccién finita.

En efecto, sean ¢y, ..., ¢, tales que (K,U) |Fwi,i = 1,...,n, entonces KN Mod(¢q) €
U,..., KN Mod(y,) € U, luego, (K N Mod(p1)) N...N (K N Mod(¢,)) € U, en particular
es # ¢.

En consecuencia, como St” es compacto, también K es compacto, por lo tanto, existe

A € N{K N Mod(¢)/(K,U) ¢} = K NN{Mod(p)/(K,U) ||-¢}, ie. existe A € K tal
que para todo ¢ € L7, (K,U) |F¢ = A E ¢, luego, considerando las negaciones, tenemos
(KU)Feeo ARy n

Hemos conseguido entonces compactificar la logica L extendiendo la semantica. Mas
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atin, hemos obtenido una compactificacidn topoldgica del espacio St”. Sin embargo, si St”
es compacto, CSt™ no se reduce a St™ pues este iltimo no es Hausdorff (ver proposicién
8, definicién 2 y observacién 4 mas adelante).

UNA APLICACION

En el paragrafo anterior se ha demostrado que toda légica (regular y pequefia) admite
una semantica compacta que extiende la semantica usual.

La compacidad (légica) de la nueva semantica, al igual que la compacidad de la
légica elemental, es importante por sus consecuencias, no solo porque permite garantizar
la existencia de ciertos “modelos” satisfaciendo determinadas propiedades, sino por su
poder en el analisis de la expresabilidad de las teorias matematicas.

A continuacién veremos un pequefio ejemplo de este analisis.

Sea x un cardinal infinito y consideremos la 1égica infinitaria L = L..(Q«) donde
Q. es el cuantificador cardinal cuya interpretacién en una estructura A = < A,... >
es la siguiente: A | (Q.z)p(z) & |{a € A/A | ¢la]}| > & (Q. es denotado a veces
por @, siendo a el ordinal tal que k = R,). L permite conjunciones, disyunciones y
cuantificaciones universales y existenciales de longitud < & (cf. [B-S] cap. 13 y 14).

En L puede ser expresado el hecho que un conjunto A tenga |A| < «; en efecto,
Al < k & A E -(Q«z)(z = z). Por otro lado, para cualquier A < &, puede ser
expresado también el hecho que |A| > X de la siguiente manera: sea 32* el enunciado
(3zo)...(3z,)... /\ (2o # ) con 7 < A, entonces, se verifica que |[A| > A & A | 32*,

a<lfB<A

Puede observarse facilmente que si A es un conjunto (ie. A € St%, donde ¢ es el
tipo de similaridad vacio, o sea, el tinico simbolo de relacion permitido en las estructuras
de St* es la igualdad =), entonces, |[A| > A para todo A < « implica |A| > &, lo que
esta obviamente en contradicién con |A| < k. Sin embargo, mostraremos que el conjunto
de enunciados ¥ = {32*/X < k} U {~(Q«z)(z = z)} es no-contradictorio del punto de
vista semdntico, ie. existe algin modelo generalizado de 3°. De hecho, la existencia queda
garantizada por la compacidad de C'St® pues todo subconjunto finito de 5 tiene modelo
en St%. En lo que sigue construiremos un modelo concreto de 3".

Consideremos el espacio St y para cada A < & escojemos Ay € St® tal que |A)| = A.
Sea K = {A)/X < k} (se observa que |K| = k). Obviamente, para cualquier ultrafiltro
U sobre K tenemos que (K,U) |--(Q.z)(z = z) pues {A € K/A | ~(Qxz)(z = 2)} =
{A€e K/|Al<k}=K€eU.

Construiremos ahora un ultrafiltro U sobre K tal que para todo A < &, (K, U) |32

Para cada A < &, sea M) = {A € K/|A| > A}, entonces, la familia { M)} <« tiene la
propiedad de interseccién finita, pues si A, ..., A, < &, tenemos que A € M), N...NM,_ &
|A| > méx (X, ..., A,), y como max (A, ..., A,) < &, existe A € My, N...N M,,.
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Es mas, si « es regular, ie. para toda familia de cardinales {a,},<) con A < £ y cada
a, < k se tiene que sup, ., , < k, entonces, la familia {M)} <. tiene la propiedad de
k-interseccién, ie. | M,, # ¢ para toda familia de cardinales {a,},<» como la descrita

n<A
antes. En este caso, el filtro generado por la familia es k-completo.

Sea U un ultrafiltro que contiene la familia {M)},<« (de hecho U es no- pr1nc1pal)
entonces para todo A < k,(K,U) |F32* pues {A € K/AE 32} = {A € K/|A| > \} =
M, eU.

Luego, (K, U) es el modelo generalizado que hace compatibles los conceptos de “tener
cardinalidad > X para todo A < k” y “tener cardinalidad < «”. En el caso particular de
ser k = Ng, son compatibles los conceptos de “ser arbitrariamente grande” y “ser finito”.

DISCUSION SOBRE LA COMPACIDAD DE CSt"

Ya hemos visto que la coleccion { Mod*(¢)/¢ € L7} es una base de clopens para
el espacio C'St™, por lo tanto, podemos adaptar la definicién (1.1), en su versién cero-
dimensional, al espacio C'St", y definir para una familia {(K;,U;)}ier y un ultrafiltro U
sobre I : (M, W) € limy(K;,U;) si y solo si para todo ¢ € L7,

(M, W) € Mod*(p) & {i € I/(K;,Ui) € Mod*(9)} € U,
’ (AeM/AE ) eW e {icI/{Ac KJAE o} €U} €U,

0 aun, escrita en términos de las familias M = {A;};cs, K; = {Ai;};eu., con ultrafiltros
W en J y U; en J; respectivamente, tenemos

GellAjEoyewSB icI/{je /A, = o) eU}eU.

Ahora, la proposicién (1), adaptada al caso del espacio CSt”, junto con la proposicién
(3), tienen como consecuencia para cualquier 1égica L que, para cada familia {(K;, U)}ier
en C5t" y cada ultrafiltro U sobre I, limy(K;, U;) # ¢, ie. existe (M, W) € CSt” satisfa-
ciendo la equivalencia (*). Esto puede ser considerado como el correspondiente Teorema
de Los para los espacios C'St”. El problema de la construccién del par (M, W) para
cualquier 16gica L queda aqui sugerido.

PROPOSICION 5. Si L es compacta, entonces, para todo 7, toda familia {(K;, U }ier
en CSt7, con K; = {Ai;}jes, vy Ui ultrafiltro sobre J;, existe A € St” tal que para todo
pelL

Akgo iel/ljel)A; E )€U} el
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DEMOSTRACION. Es consecuencia inmediata de la discusién anterior y de la propo-
sicién (4) g

En L, esta estructura A puede ser realizada explicitamente como el ultraproducto

Hu(HU...A,'j).

OBSERVACION 2. Si (K,U) € CSt", entonces considerando K como una familia
en C'St™ cuyos elementos estan parametrizados por ellos mismos, es facil probar que
limy K = cl{(K,U)} (c! denota la clausura en CSt™). En particular, (K, U) € limy K, lo
que refuerza la interpretacién de (K, U) como un ultraproducto generalizado de K médulo

U.
PROPIEDAD DE EXTENSION

Sean < X,B > y < Y,C > dos espacios cero-dimensionales con B y C bases de
clopens de X e Y respectivamente, cerradas para intersecciones finitas y complementos.
Sea f : X — Y una funcién, decimos que f es s-continua (strongly continuous) si para
todo W € C, f~'[W] € B. Obviamente toda funcién s-continua es continua. También,
decimos que f es s-abierta si para todo V € B, f[V] € C.

Son ejemplos de funciones s-continuas los siguientes:

1. h: St™ — CSt” es s-continua ya que para todo ¢ € L tenemos h~![Mod*(y)] =
Mod*(¢) N St” = Mod(¢p).

2. Denotando con St"(L) el espacio St” con la topologia elemental dada por L tenemos
que, si Ly < L, (ie. para cada ¢ € L] existe ¢ € L] tal que Mod,(p) = Mody, (¢))
entonces, la identidad I : St"(L;) — St"(L,) es s-continua. En particular, si L; < L,
y Ly < L, entonces la identidad I mencionada es un homeomorfismo que preserva las
bases. Un tal homeomorfismo, ie. una funcién biyectiva s-continua y s-abierta, sera
llamado “s-homeomorfismo”.

PROPOSICION 6. Sean < X,B > un espacio cero-dimensional compacto con B una
base de clopens cerrada para intersecciones finitas y complementos, y f : St” — X una

funcién s-continua (St es considerado con la base dada anteriormente),entonces existe
F:CSt" — X s-continua tal que F[St” = f.

DEMOSTRACION. Sea (K,U) € CSt" y consideremos la coleccién M = {VeB/
KnflV]eU}.

AFIRMACION 1. 3 es una coleccién de cerrados de X con la propiedad de interseccion
finita.
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En efecto, obviamente M consta de cerrados pues B es una base de clopens. Ahora,
si V4,..., Vo, € M, entonces, KN f~{Vj],..., KN f71[V,] € U, luego, KN f~1{ViNn..nV,] =
(KN vihn..n(Knf~1V,]) € U, en particular, f~1[ViN...0V,] # ¢, ie. ViN...NV, # ¢.

En consecuencia, como X es compacto, para cada (K,U) € CSt" tenemos que
NV eB/Kn f1V]eU} # é.

Definimos F(K,U) € ({V € B/K n f'[V] € U} en forma arbitraria con la
unica siguiente restriccién: si (K,U) = ({A},{{A}}) con A € St” se observa que
MV € B/IKn f[V] e U} = N{V € B/f(A) € V} = {f(A)}, luego, exigiendo que
F({A},{{A}}) = f(A) tenemos que F[St™ = f.

AFIRMACION 2. Para todo V € B, F-'[V] = (f~'[V])".

Observemos primero que como f es s-continua, para cada V € B existe ¢ € L” tal
que f71[V] = Mod(y), luego, (f~1[V])* significa Mod*(¢p).

Sea (K,U) € F~![V], entonces, F(K,U) € V, por otro lado, F(K,U) € ({W €
B/K n f~'[W] € U}. Supongamos que (K,U) ¢ (f~![V])* = Mod*(y), entonces,
(K,U) € Mod*(~y), ie. K N Mod(~¢) € U, pero Mod(=g) = f~[VF] y V¢ € B,
luego, K N f~1[V¢] = K N Mod(~¢) € U, ie. para W = V¢ tenemos que (K,U) € W,
una contradiccién, por lo tanto, (K,U) € (f~}V])*.

Sea (K,U) € (f~'[V])* = Mod"(¢p), entonces, KN Mod(p) € U,ie. KNf~V] e U,
luego, como F(K,U) € N{W € B/K n f~'[W] € U} tenemos que F(K,U) € V, ie.
(K,U) € F7{V].

En consecuencia, F' es s-continua g

COROLARIO. Sean L; < L; con L; compacta, entonces, para todo tipo 7,5t"(L,) es
un retracto s-continuo de C'St™(Lz), ie. existe F' : CSt™(Ly) — St7(L,) s-continuo tal que
F[St"(Ly) = I (la identidad). F' es lamado también un retracto.

DEMOSTRACION. Consideremos la identidad I : St™(Ly) — St"(L;) que, como ya

vimos, es s-continua. Entonces, como -St"(L;) es compacto cero-dimensional, por la pro-
piedad de extensién (proposicién 6) existe F' : C'St"(Ly) — St"(Ly) s-continua tal que
F[St™(Ly) = I, ie. St"(Ly) es trivialmente un retracto s-continuo de CSt™(L;)

OBSERVACION 3. La s-continuidad de la F construida en el corolario anterior se
puede expresar, siguiendo la afirmacién (2) de la proposicién (6), de la siguiente manera:

para todo ¢ € L] existe ¢ € Lj tal que F~'[Mody, (¢)] = Mod}, ().

A continuacién analizaremos la relacién estructural intima que existe entre los espa-
cios CSt” y St en el caso de ser L una légica compacta.

PROPOSICION 7. Sea L una légica compacta y para cualquier 7 consideremos el
retracto F' :< CSt",B > — < St7,C >, dado por el corolario anterior, donde B y C son
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las bases elementales de clopens respectivas. Entonces:

a)
b)

La aplicacién G : B — C definida por G(M) = F[M] es una biyeccidn.

Sea {M;}ier C B, si f{M;} denota una combinacién booleana arbitraria de los M;
(incluyendo uniones e intersecciones infinitas) entonces, F[B{M;}] = B{F[M;]} (en
particular, G es un isomorfismo de dlgebras de Boole que preserva algunas uniones e
intersecciones infinitas).

Fle{(K,U)}] = {F(K,U)} (cl denota la clausura en C'St" y la barra en St7).

F es una aplicacion propia s-abierta, ie. es s-abierta, cerrada y si K C St” es compacto,
entonces F7'[K] es compacto en CSt".

CSt™ y St7 tienen la topologia inducida y co-inducida por F' respectivamente.

DEMOSTRACION. Consideremos B = { Mod™()/p € L™} y C = { Mod(p)/¢ € L7}.

a)

G esta definida de la siguiente manera: si M € B, entonces M = Mod*(¢) con
@ € L7, luego G(M) = F[Mod”(¢)], pero, por la afirmacién (2) de la proposicién (6),
Mod*(¢) = F~![Mod(y)], entonces, como F es sobre, F[Mod*(¢)] = Mod(yp), ie.
G(Mod*()) = Mod(y).

Sean ¢,y € L7 tales que G(Mod™(p)) = G(Mod™(¢)), entonces, Mod(p) =
Mod(%), luego, Mod*(¢) = Mod*(¢), ie. G es inyectiva. Por lo tanto, G es una

biyeccién ya que es obviamente sobre.

Basta probar que F' conmuta con los complementos y las intersecciones arbitrarias.
El caso de los complementos es trivial pues las mismas bases B y C son cerradas con
respecto a esa operacion. Por la misma razén F conmuta con cualquier interseccién
finita.

Veamos el caso de una interseccion arbitraria: sea { Mod™(¢;)}ier € B, enton-
ces [|Mod*(p:) = [F[Mod(y;)] = F~'[() Mod(y;)], luego, F[[|Mod*(p:)] =
iel iel el el
() Mod(y;) por ser F sobre, ie. F[[|Mod*(¢;)] = [JF[Mod"(¢;)].
iel i€l iel
Es consecuencia inmediata de (b) pues la clausura ¢l es una interseccién de cerrados
basicos.

Es inmediato que F' es s-abierta pues en (a) fue verificado que para el caso de los

abiertos basicos, F[Mod*(¢)] = Mod(y).

81



El hecho de ser F cerrada es consecuencia de (b) ya que todo cerrado es inter-
seccién de cerrados basicos, ie. de abiertos basicos pues los espacios considerados son
cero-dimensionales.

Sea K C St™ compacto y supongamos que F~![K] C | JMod*(¢;), entonces,

i€l
K = F[F'K])] C F[|JMod*(¢;)] = | JF[Mod"(¢;)] = | Mod(:), luego, como K es
i€l iel i€l
compacto, existen 7,...,i, € I tales que K C | ] Mod(g;, ), por lo tanto, F K] C
k=1

U F[Mod(;,)] = |J Mod*(¢4,), ie. F7'{K] es compacto.
k=1 k=1

:) Basta probar que C'St” y St” tienen como base la inducida y co-inducida por F' res-
pectivamente.

En efecto, como para todo ¢ € L™ tenemos que F~'[Mod(p)] = Mod*(p), en-
tonces: B = {Mod*(p)/p € L'} = {F~[Mod(¢)]/e € L7 siendo que Mod(p) €
C} = {F'[M]/M € C} = BASE INDUCIDA POR F, y C = {Mod(p)/¢ €
L™} = {Mod(p)/F~'[Mod(p)] = Mod*(¢) € B} = {M/F~'[M] € B} = BASE
CO-INDUCIDA POR F g

La parte (e) de la proposicién anterior dice que St™ es un cociente de C'St™ (siempre
en el caso compacto), y el siguiente corolario da el cociente explicitamente.

COROLARIO. Definiendo en C'St” la relacién de equivalencia determinada por F, ie.
(K,U) ~p (M,W) & F(K,U) = F(M,W), tenemos que el espacio cociente C'5t"/F es
s-homeomorfo a St".

DEMOSTRACION. Denotando con [K, U] la clase de equivalencia de (K, U) en CSt7,
podemos definir la aplicacién F': CSt™/F — St™ por F([K,U)) = F(K,U) y obviamente
es una biyeccion.

Finalmente, a partir de las relaciones encontradas en la proposicién anterior, puede
probarse facilmente que para todo ¢ € L™:

F~'[Mod(¢)] = 7[ Mod*(¢)]

y s
Flx[Mod™(¢)]] = Mod(e)

donde 7 : CSt™ — CSt7/F es la proyeccién canédnica, lo que demuestra que F' es continua
e abierta, es mas, F' eg.un s-homeomorfismo g
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Desde el punto de vista légico podemos obtener ain una mejor descripcién de la
relacién entre CSt™ y St en el caso compacto. Primero observemos que la propiedad:
F~1{Mod(y)] = Mod*(y) para todo ¢, dada en la afirmacién (2) de la proposicién (6),
expresa lo siguiente: para todo ¢ € L7, (K,U) € Mod*(p) & F(K,U) € Mod(p); y dado
que F es sobre tenemos que: para todo ¢ € L7

(K,U) € Mod*(¢) & F(K,U) € F[Mod*(¢)].

Consideremos estructuras topoldgicas < X,B > y < Y,C > siendo B y C bases de
abiertos, y una aplicacién f : X — Y sobreyectiva, s-continua y s-abierta tal que para
todo a € X y para todo A € B:

ac A® fla)e flA].

Se observa facilmente que la condicién (A) exigida, es equivalente a: para todo A €
B, A = f~![f[A]], ie. cada A € B es saturado con respecto a f. Una funcién f satisfaciendo
las condiciones dadas en el parrafo anterior sera llamada “q-homeomorfismo” (ie. quasi-
homeomorfismo, ya que f serfa inyectiva si y solo si para todo B C X,B = f~'[f[B]])
(cf. [C] parag. 1.4.4).

El retracto F' : CSt™ — St es un g-homeomorfismo. Es mas, se puede demostrar
facilmente, adaptando la demostracién de la proposicién (7), que todo gq-homeomorfismo
cumple las propiedades enunciadas en dicha proposicién.

Para todo par de cardinales k > A > w, sea L_, el lenguaje formal que tiene como
simbolos primitivos: variables zq, 21, ...,Zq4,-..,@ < K, para elementos de X (respectiva-

mente Y), Vo, Vi,..., Va, ..., < &, para elementos de B (respectivamente C), el simbolo
de pertenencia “€” que relaciona elementos de X con elementos de B (ie. z; € V), y el
simbolo de igualdad “=” entre elementos de B (ie. V; = V). Este lenguaje permite con-

junciones y disyunciones infinitas de longitud < &, y cuantificacién universal y existencial
infinita de longitud < A, pero no permite la igualdad entre elementos de X.

En este lenguaje podemos expresar, por ejemplo, el hecho de ser B base de una
topologia, asi como el hecho de ser X un espacio con base enumerable, o de ser un espacio
normal o regular. Sin embargo, la propiedad de ser Hausdorff no es expresable porque
involucra la igualdad entre elementos de X.

En la siguiente proposicién & y V denotan secuencias finitas o infinitas de variables.

PROPOSICION 8. Sea f :< X,B > — < Y,C > un g-homeomorfismo. Si o(, ‘7) es

una férmula de L7,, entonces para toda secuencia @ de elementos de X y A de elementos
de B tenemos:

< X,B >k old, A & < Y,C >k olf(@), fIA];
en particular, < X, B > =p- < Y,C >.
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DEMOSTRACION. La demostracién es por induccién sobre la complejidad de la

féormula ¢.

Caso 1.

Caso 2.

Caso 3.

Caso 4.

Caso 5.

Si ¢ es atémica de la forma z; € V;: _
< X,B>E (z; € V;)[a,A] & a € A & (por la condicidn (A))f(a) € fIA] &
<Y,C > (z: € V))[f(a), fA]]

Si ¢ es atémica de la forma V; =V} :
< X,B >k (V; = V})[A,B] & A = B & (por la proposicién (7a)) f[A] =
fIBl & <Y,C>E (V; = V))[f[A], f[B]].

Sip es i o Aicr i con |I] < &: es trivial.

Si (&, V) es (32)9(2,&, V) :

-

< X,B >k (39)¢[d, A] < existe b € X tal que < X,B >k 1[)[ b,d, A] & (por
hipdtesis inductiva) existe b € X tal que < Y,C >k y[f(b), f(d), flA]] &
(por ser f sobre) existe & (= f(b)) € Y tal que < Y,C >E ¢[¢, f(a), f [f_l']] &

<Y,C >k (32)lf(@), fIA]].

Si (&, V) es (3W)P(3, V, W) :

< X,B >k (3W)y[a, A‘] & existe B € B tal que < X,B >k ¢[d,4,B] &

(por hipétesis inductiva) existe B € B tal que < Y,C >k 4[f(a), f[A], f[B]] &

(por la proposicidn (7a)) existe C(= [E]) € C tal que < Y,C >k
¥[f(@), fIALC] & < Y,C >k GW)9Lf(@), 4] m

Una consecuencia inmediata de la proposicion anterior es que, si f: X — Y es un
q-homeomorfismo, entonces, X es compacto (normal, regular) si y solo si Y es compacto
(normal, regular).

EL COCIENTE MODULO EQUIVALENCIA ELEMENTAL

Un ejemplo genérico de q-homeomorfismos se da en la siguiente proposicién.

PROPOSICION 9. Sea X un espacio topologico. Definimos sobre X la siguiente re-
lacién de equivalencia: ¢ = y < {z} = {y}, donde la barra denota la clausura en X.
Entonces, si X/ = es el espacio cociente respectivo (llamado “espacio de Kolmogoroff de
X™), la proyeccién canénica 7 : X — X/ = es un q-homeomorfismo.

DEMOSTRACION. Obviamente, considerando los espacios con sus topologias totales
como bases, 7 es sobre y s-continua. Si probamos que todo abierto A de X es saturado
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con respecto a m, ie. 77! [x[A]] = A, serd inmediato que 7 es s-abierta y ademas satisface
la condicién (A).

Basta probar que 7~![r[A]] C A. Sea z € m~'[r[A]], entonces, 7(z) € 7[A], luego
existe z € A tal que 7(z) = 7(2), ie. {m} = {z}. Si z ¢ A, entonces, ¢ € A° (que es
cerrado), luego, {z} = {2} C Ac = A°, ie. z € A lo cual es una contradiccién, por lo

tanto,z € A g

En teoria de modelos tenemos que, si A,B € St"(L) entonces, con respecto a la
topologia elemental, {A} = {B} & A =, B, por lo tanto, la proyeccién = : St"(L) —
St™(L)/ =L es un g-homeomorfismo; es més, es un q-homeomorfismo con respecto a las
bases elementales. En particular, St"(L) es compacto si y solo si St"(L)/ =L es compacto.

Anéloga descripcién puede hacerse con respecto al espacio CSt™(L). Aqui, (K,U) =t
(M, W) significa que para todo ¢ € L™, (K,U) |-¢ & (M, W) |l-¢. Luego, la proyeccion
7 : CSt™(L) — CSt"(L)] =y, es un g-homeomorfismo (con respecto a las bases elementa-
les). En este caso, ambos espacios son compactos.

Por ejemplo, en general tenemos que, si A € K C St"(L) y Uy es el ultrafiltro
principal sobre K generado por A, ie. Ug = {M C K/ A € M}, entonces A =1 (K,U4)
(recordar que A esta siendo identificado con el par ({A},{{A}})). En efecto, si ¢ € L7,
entonces, (K,Ux) |Fp & {Be K/BEplelUs e Ac{Be K/BE v} & A . Por
lo tanto, dado que todo ultrafiltro sobre un conjunto finito es principal, en CSt”(L)\St"(L)
solo interesan, en esencia, los pares (K, U) con K infinito y U no-principal sobre K.

Esta ltima observacién motiva la siguiente modificacién en nuestra construccion de
una compactificacién de los espacios de estructuras St”.

DEFINICION 2. Sea F(St7) = {(K,U)/K C St" es un “conjunto” infinito y U un
ultrafiltro no-principal sobre K}.

Definimos, C'St” = St U F(5t7) y para cada ¢ € L™, Mod'(¢) = Mod(p) U
{(K,U) € F(St")/K N Mod(y) € U}.

El nuevo espacio C’St™ es una compactificacién reducida de St” y, aunque con pro-
piedades analogas a la compactificacién C'St", tiene la siguiente importante ventaja.

OBSERVACION 4. La propiedad que define los pares (K,U) en Mod'(p), ie.
“K N Mod(yp) € U”, es equivalente a “existe A € U con A € Mod(g)”, por lo tanto, para
cada ¢ € L7, Mod'(¢) = Mod(p) U {(K,U) € F(St")/ existe A € U con A C Mod(p)}.
Desde este punto de vista, la compactificacién C’St” puede ser entendida como una com-
pactificacién tipo Wallman para St”, que ademas la generaliza, pues una compactificacién
de Wallman exigiria fijar K = St” en todos los pares (K, U), lo cual no es permitido en la
teorfa de conjuntos que fundamenta nuestras construcciones. Por otro lado, dejar libre K,
siendo atin un conjunto, es mas conveniente para las necesidades de la teoria de modelos,
COmo ya Vvimos.
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Volviendo a los cocientes médulo equivalencia elemental, y para finalizar, debemos
observar que si L no es una légica compacta, entonces, en general, CSt"/ = no es home-
omorfo a St"/ =. Sin embargo, si L es compacta, entonces, probaremos en la proposicién
(10) siguiente que, para todo tipo 7,C'St"/ = es homeomorfo a St"/ =. Es més, el home-
omorfismo construido seré un s-homeomorfismo.

LEMA. Si St es compacto, entonces, con respecto al retracto F : CSt™ — St™ tenemos
lo siguiente: (K,U) = (M,W) & F(K,U) = F(M,W).

DEMOSTRACION.

Supongamos (K,U) = (M, W), entonces, para todo ¢ € L™, (K,U) | & (M, W)
|-, ie. KN Mod(y) € U & M N Mod(p) € W.

Probaremos que F(K,U) = F(M,W). Sea ¢ € L7 tal que F(K,U) [ o,
ie. F(K,U) € Mod(yp), entonces, K N Mod(¢) € U, pues si no, tendriamos que
K N Mod(~¢) € U, luego F(K,U) € Mod(~¢) ya que, por construccién, F(K,U) €
N{ Mod(3)/K N Mod(%) € U}, una contradiccién. Tenemos entonces que M N Mod(yp) €
W, por lo tanto, como F(M, W) € N{Mod(¢))/M N Mod(y)) € W}, F(M,W) € Mod(p),
ie. F(M,W) E .

Analogamente se prueba que F(M,W) E ¢ implica F(K,U) k= ¢.

Supongamos que F(K,U) = F(M,W), entonces, para todo ¢ € L",F(K,U) €
Mod(yp) < F(M,W) € Mod(p). :
Probaremos que (K,U) = (M,W). Sea ¢ € L tal que (K,U) | —p, ie.
K N Mod(p) € U, entonces, F(K,U) € Mod(yp) pues, por construccién, F(K,U) €
N{ Mod(#)/ KN Mod(¢) € U}, luego, F(M,W) € Mod(¢p), de ahi MN Mod(y) € W pues
si no tendriamos que M N Mod(—¢) € W, y como F(M, W) € N{ Mod(s))/MN Mod () €
W}, tendriamos que F'(M, W) € Mod(—¢), una contradiccién. Por lo tanto, (M, W) |-¢.
Analogamente se prueba que (M, W) | implica (K,U) |¢ o

PROPOSICION 10. Para cualquier logica L y cualquier tipo 7 tenemos: para ser St”
compacto es necesario y suficiente que C'St”/ = sea homeomorfo a St7/ =.

DEMOSTRACION.
SUFICIENCIA. Si CSt"/ = es homeomorfo a St"/ =, entonces St”/ = es compacto,
luego, como la proyeccién 7 : St™ — St"/ = es un g-homeomorfismo, también es com-

pacto St”.

NECESIDAD. Supongamos 517 compacto, y consideremos el retracto F : CSt™ — St7
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y la proyeccién = : St™ — St7/ =.

F induce la aplicacién F' : CSt"/ = — St"/ = dada por F'([K, U)) = n(F(K,U)),
donde [K, U] denota la clase de equivalencia de (K, U) en CSt7).

Es facil ver que F” esté bien definida pues, por el lema anterior, (K,U)=(M,W) =
F(K,U) = F(M,W). Por otro lado, la otra implicacién dada por el lema, ie. F(K,U) =
F(M,W) = (K,U) = (M,W), garantiza que F' es inyectiva. Por lo tanto, F' es una
biyeccién ya que es obviamente sobreyectiva.

AFIRMACION. F”’ es continua y abierta.

En realidad probaremos que F' es s-continua y s-abierta. Para esto tenemos que
explicitar las bases de CSt™/ =y St"/ = respectivamente.

Consideremos las proyecciones canénicas m : St7 — St7 | =y m : CSt7T —
CSt"/ = ; como ellas son q-homeomorfismos, es facil de verificar que las colecciones
{m[Mod(¢))/e € L7} y {m[Mod™(p)]/¢ € L™} son bases (de clopens) de St"/ =y
CSt™ | = respectivamente.

A partir de ahi es de rutina demostrar que para todo p € L7,

(F')"Hm[ Mod(p)]] = mo[ Mod™(¢)]
y
(F")[my[Mod™()]] = m[ Mod(p)]

(siendo ambas equivalentes por ser F”’ una biyeccién). Esto termina la demostracion g
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A Note on Polarized Partitions

Jimena Llopis

Abstract

It is not known wether the polarized partition property

is equivalent to the partition property w — (w)“.

In this paper we prove several facts that suggest that this equivalence is not
true. We prove that the existence of a rapid filter implies that there is a function
f : [w]” — 2 which does not have an homogeneous set, but whose associated function
f' : w* — 2 has an homogeneous set. We also define two notions of “strong”
homogeneous set for functions from w“ to 2 and prove the equivalence between the
corresponding polarized partition property

and the partition property w — (w)“. ]

For the second notion of strong product partition relation, we prove the following:
[ w ] 2 ]
w
w

is equivalent to w —xy (w)*.

d
»
=N N

L - L. B

This second notion of strong partition relation still captures some product struc-
ture (as opposed to the first notion), and it narrows down the original question (in
some sense) to the more natural one:

Is w — (w)¥ equivalent to w —xy (w)“?

It is easy to see that it is equivalent to w —y (w)”; however, we believe that if
the Y varies with the X (as in w —xy (w)¥), the equivalence will not hold. One
path to follow would be to study the consistency of rapid filters with the partition
relation (' > xy (w)“.
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‘1 Some Definitions

We will recall the definitions of the partition properties mentioned above.

1. w — (w)* means that for every function f : [w]* — 2 there is an infinite subset X
of w such that for every Y in [X]“ f(Y) is constant.

w 2

2. 1Y o 2 means that for every function f : w* — 2 there are sets H;(i < w)

such that card(H;) > 2 and the image of the product of the H;’s is constant.
3. Consider an increasing function f : w — w. We will denote by h; the following
function:
hy:w’ — w*
hs(@)(3) = al (0)).
And if H is a subset of w*, Hy = {h¢(a): a € H}.
Let F': w* — 2. A subset H of w* is called a strong homogeneous set for F iff:
(a2) H is an homogeneous set for F' (ie. H is the product of sets H;,7 < w; each H;
of cardinality at least 2 and F” H = constant).
(b) For every increasing function f : w — w, F”H ¢ is constant and equal to F” H.
(c) H is unbounded (je. U H; is an unbounded subset of w).
w 2

. " 2 i
Then the polarized partition S means that for every function

F : w* — 2, there exists a strong-1 homogeneous set for F.

- . - -

w 2
w 1
w 2
4. The partition relation | . | —? | 2 | means that for every function F : (w)* — 2
1

there is a set H (product of the H;’s) such that:

(a) H is homogeneous for F.
(b) There are infinitely many i’s such that card(H;) = 2, and infinitely many i’s
with card(H;) = 1.

(c) If @ is an increasing sequence (element of (w)*) and it is such that for every
a(i) € Hj for some j, and « intersects each H;; then F(a) is constant (and
has the same value as the elements of H).
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5. The partition relation w —xy (w)* defines the following property: For every func-
tion F : [w]¥ — 2 there exists sets X and Y such that:

(a) X,Y and X — Y are elements of [w]”.
(b) For every set Z containing Y and contained in X, F° (Z) = F(X).

We call X a Y-homogeneous set for F'.

6. The partition relation w —y (w)* means that for every function F (as above) there
is an X that is Y-homogeneous for F'.

7. Let F be a filter on w, we say that F is a rapid filter if it contains the Frechet filter
and:

for every increasing function f : w — w there is an element S of the filter such that

for all n in w card([0, f(n)]NS) < n.

2 Some Theorems

w 2

w 112

Theorem 1 - = w— (W)Y

PROOF:

(<) The same argument used in [1] (for the corresponding implication in the “weak”
polarized partition case) works in this case.

(=) Given G : [w]¥ — 2 define G’ : w* — 2 as follows:

G'(a) = {G(Aa) if o is increasing

0 otherwise

where we denote by A, the image of a.

Take H' =[] H; a homogeneous for G'.

Let h;° < h;! be elements of H;. Since H' is unbounded, there exists a function
f : w — w such that H} contains an increasing B.

We claim that the set H = Ag = {hs;' : 1 < w} is homogeneous for G.

Proposition 1 Let F be a rapid filter on w. Consider the following function G : (w)* — 2

Gla) = {1 if a is increasing and U(a(2n),a(2n + 1)] is in F
0 otherwise

Then G does not have a strong homogeneous set.

PROOF:
Suppose that H' is a strong homogeneous set for G. Consider G’ the restriction of G to
the increasing sequences of w*(incr(w*)). Identify [w] with incr(w®) and consider G’ as
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a function from [w]“ to 2. Take B, Ay and H exactly as in the proof of theorem 1; then H
is homogeneous for G’ : [w]* — 2. But we know that G’ does not have an homogeneous
set (see [4] or [5]).

Theorem 2 Let F' be a rapid filter. The function G defined in proposition 1 has an
homogeneous set. Moreover it has an homogeneous set contained in incr(w®).

Lemma 1 Let F be a rapid filter on w. There is a subset of w with increasing enumeration
{a;}icw such that:

1. ao >0

2. |((12,’_1,(12,')' Z 2 fOT‘ all z <w

3. U(azi, aziy1] is in F
PRroOF: Start with by > 0 and b;1y = b; + 3 and consider the set X’ = {b;};c,,. If X’ does
not have property 3, repeat the argument of [4] and find a subset X = {a;}ic,, of X’ that
satisfies property 3. Obviously X satisfies properties 1 and 2.

PROOF OF THEOREM 2: Consider the set X given in Lemma 1 (X = {a;}:<,). Construct
the set H' = {k;};<. as follows:

1. hg < ag (such hq exists because of property 1 of the lemma)
and for ¢ > 0 put:

2. h2(25)+1 = a2q and
h2(2i+1) = Q241

3. Finally take hyeiy1)41 and hoiys) such that:

agit1 < haizn)+1 < Raaiza) < gy
For this use property 2 of the lemma.

Take H = H{h,‘, h,‘+1}

For any sequence < ¢g,¢;,... > in H we have that:

[aziy @gi41] C [cai, C2iga]
And therefore H is a homogeneous set for G and G"H = 1.

3 Remarks

1. All the arguments of section 2 can be carried with unbounded filters instead of rapid
filters.

2. Tt is known that a rapid filter is unbounded but it is consistent to have unbounded
filters and no rapid filter. (see [3] for 1) and 2))
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3. The original question would then be solved if we solve the problem the consistency
of the “weak” polarized partition property and the existence of unbounded filters

on w.
T [ 2]
" 2
w 1
Theorem 3 The partition relation —2% | 2| is equivalent to the partition
' 2
1

w —>X’y (U))w .
PRrROOF:

(—): Let f: [w]* — 2, consider f as a function from the increasing part of (w)”. In this
sense let H be strong-2 homogeneous for f. If H is the product of H;, then let Y be the
union of the H;’s such that card(H;) =1 and X be the union of all H;’s.

(«): Using similar arguments it is easy to see.
Proposition 2 (Di Prisco): w — (w)¥ is equivalent to w —y (w)”.

PROOF:
(—): This direction is clear.
(«): Let F: [w]* — 2. Want to find Z homogeneous for F'.
Define G : [w]¥ — 2 as follows:
Let g : w — w — Y be a bijection. Then for each S € [w]* define:
G(S) = F(¢g7”(S —Y)) if S —Y is infinite; and G(S) = 0 otherwise.
Let X be Y-homogeneous for G and define Z = ¢g7'”(X —Y); then it is easy to cheak
that H is homogeneous for F'.
Using the same type of argument, the following proposition is not hard to prove:

Proposition 3 w — (w)¥ is equivalent to For allY, (w —y (w)*).
REMARKS:

1. We obtain as a curious corollary the following: if there is some Y such that
w —y (w)¥, then the same is true for all Y.

2. Another approach to solving the original question would be to adress the following
one:

Is w — (w)* equivalent to w —xy (w)* ?
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La Théorie de la Valuation en Question

N. C. A. da Costa and J. Y. Béziau!

“Nous sommes donc conduits a identifier la valeur
de vérité d’une proposition avec sa dénotation. Par
valeur de vérité d’une proposition, j’entends le fait
qu’elle est vraie ou fausse. Il n’y a pas d’autre
valeur de vérité.”

G. Frege

Dans un article récent [9] nous avons donné un exposé de la théorie de la valua-
tion présentant les principaux résultats qui s’y rattachent. Nous voudrions ici parler du
développement de cette théorie, de son lien avec d’autres théories, de I’orogine des con-
cepts fondamentaux qu’elle emploie, afin d’éclaircir sa signification, de la motiver et de la
situer au sein de la logique actuelle.

De la Logique Paraconsistante & la Théorie de la Valuation.
Bivalence avant tout. ‘
Complétude par Saturation.

Santé par Calcul Abstrait.

Espace Logique.

Décidabilité par Table de Vérité.

La Théorie de la Valuation au sein de la Métalogique.

NP gk e

1 De la Logique Paraconsistante a la Théorie de la
Valuation

Le premier d’entre nous développa a la fin des années cinquante une hiérarchie de systemes
de logiques paraconsistantes (connue sous lappellation Cn, 1 < n < w), a I’époque
le terme “paraconsistant” n’existait pas, l'on parlait de systemes formels inconsistants
[5]. L’idée était de distinguer deux concepts habituellement confondus car équivalent au
niveau classique, celui de consistance et celui de non-trivialité. On appelait “systeme
formel inconsistant” un systéme pouvant servir de base aux théories inconsistantes et
non-triviales.

1Titulaire d’une bourse Lavoisier du ministére des affaires étrangéres du gouvernement francais durant
ce travail.
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Il s’agissait de systemes formels au sens ot ces logiques étaient présentées sous forme de
systémes axiomatiques de style hilbertien. La question de trouver une sémantique pour ces
systémes resta longtemps ouverte et ’on peut dire que c’est lors de 1’établissement d’une
sémantique pour C1, qui fut faite en 1976 par le premier d’entre nous en collaboration avec
E.H. Alves [7][8], que prit vraiment naissance la théorie de la valuation; ce qui explique le
fait que dans la monographie de N. Grana [13] on trouve en annexe 'exposition de cette
sémantique.

On ferait cependant erreur si Pon pensait que la théorie de la valuation est intrinséque-
ment liée 3 la logique paraconsistante. Ainsi les méthodes utilisées pour créer une
sémantique pour ces systémes peuvent étre utilisées avec de légeres modifications pour
élaborer des sémantiques pour des systémes paracomplets, non-alethiques, modales, in-
tuitionnistes, etc ... [2][4][14][15]{16][19]. En fait un nouveau regard était porté sur la
sémantique.

2 Bivalence avant tout

Quelle est 1’originalité de la sémantique de C17

La sémantique de C1 est constituée par un ensemble d’applications de ’ensemble des
formules de cette logique dans un ensemble & deux valeurs, le vrai et le faux, symbolisées
par 1 et 0. On apelle bivaluations de telles applications. La notion de conséquence
sémantique est définie sans surprise: une formule F est conséquence d’une théorie T (i.e.
un ensemble de formules) si et seulement si toute bivaluation qui donne la valeur 1 a
toutes les formules de T donne également la valeur 1 & F. Cette sémantique semble a
priori orthodoxe. Pour préciser sa spécificité considérons les données suivantes.

These de Frege: la dénotation d’une proposition est soit le vraie, soit le faux.
Principe de bivalence: une formule est vraie si et seulement si elle n’est pas fausse.

Principe d’analycité: la valeur d’une formule complexe depend uniquement de la valeur
de ses composantes.

Principe de verifonctionnalité: la valeur d’une formule complexe est fonction (au sens
mathématique du terme) de la valeur de ses composantes.

Principe de substitutionnalité: la valeur d’une formule n’est pas altérée par la substitution /
a une de ses composantes d’une formule qui est équivalente a cette composante.

Le principe de bivalence est la mise en application de la these de Frege. On appelera
sémantique bivalente une sémantique vérifiant ce principe. Une question se pose: en quoi
cette notion de sémantique bivalente est-elle restrictive? Le second d’entre nous a donné
dans [3] un résultat tendant & prouver qu’elle ne ’est en rien. Notamment une logique qui
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a une sémantique a plus de deux valeurs a également une sémantique bivalente, comme
I’avait déja remarqué Suszko [26].

La sémantique de C1 est bivalente mais ne vérifie aucun des autres principes, cela
ne l'empéche pas d’étre tout & fait intuitive. Le premier d’entre nous a remarqué [9][13]
que si une logique a une sémantique bivalente vérifonctionnelle c’est en quelque sorte une
sous-logique de la logique classique. L’idée de vérifonctionnalité est donc trop restreinte
pour servir de base & moins que 'on ne soit classiciste. Généralement ’on ne requerra que
I’exigence de bivalence. Signalons au passage plusieurs faits remarquables: une logique
peut trés bien avoir une sémantique bivalente analytique non-vérifonctionelle et non-
substitutionnelle [2][4]. Une logique qui a une sémantique non-substitutionnelle peut tres
bien étre étudiée d’un point de vue algébrique (cf les algebres de Curry [6]10]).

Une des idées maitresses de la théorie de la valuation est que le concept de bivalence
suffit @ lui seul a fonder la notion de sémantique.

Une question se pose: étant donnée une logique, comment obtenir une sémantique
bivalente? Y a-t-il une méthode générale? Dans le cas de la logique propositionnelle clas-
sique la sémantique est en fait constituée par les fonctions caractéristiques des ensembles
maximaux non-triviaux de formules (on appellera survaluations de telles bivaluations).
On constate que dans le cas de C1 il en est de méme. Ce résultat est-il ou non lié a des
caractéristiques propres a ces logiques? | par exemple le fait que dans I’'une comme dans
lautre de ces logiques il y ait une négation classique ou bien une implication classique?,
ou alors ce résultat ne dépend-il que de propriétés beaucoup plus générales, comme la
monotonie? Le probleme est de distinguer Paccidentel et 'universel.

I1s’agit de déterminer la classe des logiques pour lesquelles ’ensemble des survaluations
constitue une sémantique adéquate. Ces logiques sont-elles les seules a posséder une
sémantique bivalente, ou y en a-t-il d’autres?, mais alors quelle est leur sémantique et
peut-on encore parler de “logique”, n’étend-on pas trop, dans ce cas, le concept de logique?

3 Completude par Saturation

Por répondre a ces questions il faut un peu se pencher sur la preuve du théoreme de
complétude. On veut démontrer étant donnée une logique £ et 57 la relation de conséquen-
ce sémantique induite par I’emsemble des survaluations que si Tk F alors T bz F.
Considérons la contraposé: si TF [z F alors T - /37 F. Ce que nous voulons montrer
c’est que si F n’est pas déductible de T alors il existe b telle que b(T) = 1 et b(F)=0,
autrement dit:
(L4) Si T+ /# F alors il existe une extension maximale non-triviale T de T telle F¢

T.
Compacité

On pourrait penser que le fait que notre logique £ soit compacte est une condition suff-
isante pour démontrer L.4. Mais qu’appelons-nous exactement “compacité”? En logique
classique il y a plusieurs formulations équivalentes de la compacité, notamment ce que
nous appellerons compacité déductive (CD) et compacité limitative (CL).
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(CD) Si F est déductible de T alors elle est déductible d’une sous-théorie finie de T.

(CL) Si T est triviale alors il existe une sous-théorie finie de T qu’il I'est.

Ces deux formes de la compacité ne sont pas nécessairement équivalentes. Ni CD,
ni CL ne suffisent pour démontrer L4, ni les deux & la fois. On peut méme montrer
que le fait que la logique soit finie (concerne un nombre finie de formules) n’est pas une
condition suffisante pour démontrer L4 (tout cela est démontré dans [3]). Par contre on
peut démontrer deux résultats remarquables.

Le premier est connu sous le nom de théoréme de Lindenbaum, 'idée essentielle étant
due & A.Lindenbaum, et il peut s’énoncer ainsi: CL = L3, ou L3 est le principe suivant:

(L3) Si T est non-triviale, T a une extension maximale.

Ce résultat ne suffit cependant pas, car les deux formes de la complétude:

T+ /zF = T+ /% F

T est non-triviale = T a un modéle

ne sont pas nécessairement équivalentes. Il y a des logiques vérifiant L3 qui ne vérifient
pas L4 (se reporter a [3]).
Le second résultat est une variante du théoréme de Lindenbaum, due probablement a
G. Asser [1], et peut s’énoncer comme suit: CD = L2, ot L2 est le principe suivant:
(L2) Si T F /z F alors il existe une extension T’ de T telle T’ - /7 F et telle que si G
¢ T alors T' , G F£ F.

C’est ce résultat qui va s’avérer fondamental.
Saturation et Valuation

Disons qu’une théorie T est F-saturée lorsque F n’est pas déductible de T et lorsque
F est déductible de toute extension stricte de T. Le théoreme de Lindenbaum- Asser, nous
dit donc que pour que T ait une extension F-saturée il suffit que F ne soit pas déductible
de T.

On dira que T est saturée lorsqu’il existe F telle que T soit F-saturée. Cette terminolo-
gie différe de celle employée par Asser (“vollstandig in bezug auf”) et ses continuateurs
(“relatively maximal”). En fait ce concept de saturation et la forme du théoreme de Lin-
dembaum qui lui est propre ont été redécouvert. La nouveauté c’est qu’ils jouent un réle
fondamental auquel on ne semble pas avoir préte attention auparavant.

On peut facilement montrer qu’une théorie est maximale si et seulement si elle est
F-saturée pour toute F qui n’est pas déductible d’elle. Donc toute théorie maximale
est saturée. Mais toute théorie saturée est-elle maximale? En logique classique c’est
effectivement le cas et 'on peut méme démontrer qu’une condition suffisante pour que
ces deux concepts coincident dans une logique est qu’elle posséde une négation ou une
implication classique [9][21]. Mais il y a des logiques dans lesquelles il existe des théories
saturées non-maximales, comme par exemple la logique positive intuitionniste.

Sion a une logiqué dans laquelle toute théorie saturée est maximale, alors une condition
suffisante pour que I’on ait complétude avec les survaluations est la compacité déductive.
Cependant dans le cas contraire, le théoréme de Lindenbaum-Asser ne garantit pas la
complétude sous cette condition. On peut méme démontrer qu’il ne peut le faire. Le
second d’entre nous a en effet démontré que la sémantique de la valuation (i.e. constituée
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par les fonctions caractéristiques des théories saturées) est minimale [3]. Dans le cas ot
il y a des théories saturées non-mazimales, la sémantique de la survaluation est donc
incompléte.

Un des problémes qui restait posé concernant la sémantique de la hiérarchie Cn était
de trouver une sémantique por Cw. En fait Cw est une extension de la logique positive
intuitionniste qui n’a ni implication classique, ni négation classique et dans laquelle il y
a des théories saturées non-maximales. Cherchant une sémantique adéquate pour Cw, ce
concept de saturation est donc apparu comme décisif (la sémantique de Cw a été étudiée
par A. Loparic [14][16]); on I'a utilisé également pour donner une sémantique bivalente
aux logiques modales [15]{16].

Qu’une logique déductivement compacte ait ou non des théories saturées non-maxima-
les, elle possede une sémantique bivalente. Les valuations de par leur minimalité s’imposent
comme un concept central.

Si la logique n’est pas déductivement compacte peut-on prouver le théoréme de Linden-
baum-Asser? Ce n’est pas une condition nécessaire [3] mais sans la compacité déductive
comment s’y prendre? En fait on voit facilement qu’au lieu de considérer la sémantique de
la valuation on peut tout simplement considérer la sémantique dont les bivaluations sont
les fonctions caractéristiques des théories closes (une théorie est dite close lorsque toute
formule qui en est déductible lui appartient, la cléture d’une théorie cIT est I’ensemble des
formules qui en sont déductibles). C’est ce que I'on appelera la sémantique de l’évaluation.
Mais quelle est la classe des logiques ainsi déterminées, n’est-elle pas trop vaste?

4 Santé par Calcul Abstrait

Calcul de Hilbert Abstrait

Nous sommes restés vague sur la notion de logique. En fait la théorie de la valuation
a pris comme point de départ la notion de “calcul”. C’est une généralisation des calculs
hilbertiens. On donne une définition ne faisant pas intervenir la spécificité du langage.
Un calcul de Hilbert abstrait C est une paire {F;R) oli F est un ensemble de formules et
ol R est un ensemble de régles, une regle R étant une paire (T;F) dont le premier membre
T est un ensemble de formules dites prémisses de la regle et dont le second membre F est
une formule dite conclusion de la regle. A partir de ces notions on définit une relation
sur P(F)XF par I’entremise du concept de démonstration. F est démontrable dans T si
et seulement si il existe une suite fini ou infini de formules telle que F en fasse partie et
que chacun des termes de la suite appartienne & T ou soit la conclusion d’une regle dont
les prémisses la précedent.

Santé

Appelons révaluation, une bivaluation respectant les régles d’un calcul de Hilbert. La
sémantique de la révaluation est saine (“sound”) , c’est méme la sémantique la plus large
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que ’on puisse considérer, elle contient toute sémantique saine. En fait on montre qu’elle
coincide avec la sémantique de I’évaluation [3][9].

La Théorie de la Valuation comme Théorie des Calculs de Hilbert Abstraits

Appelons logique £ une paire (F;}) ol F est un ensemble d’objets et I une relation sur
P(F)XF.

On peut voir qu’une logique a une sémantique bivalente si et seulement si c’est un
calcul de Hilbert abstrait [9]. De ce point de vue la théorie de la valuation est la théorie
des calculs de Hilbert abstraits.

Cependant la classe des logiques correspondant aux calculs de Hilbert abstraits peut
également étre définie sans faire intervenir la notion de calcul, par exemple comme étant
la classe des logiques vérifiant les lois de monotonie, de coupure et d’identité ou encore
par un opérateur de conséquence [3]. Toutefois le concept de calcul reste fondamental
pour la théorie de la valuation.

L’idée de calcul repose avant tout sur la notion de démonstration et ’on peut prétendre
qu’elle garde sa valeur méme dans le cas o1 ’on passe & I'infini.

On peut alors facilement étudier la logique du premier ordre et d’ordre supérieure
de méme que la logique propositionnelle quantifiée du point de vue de la théorie de la
valuation. On remarquera notamment qu’un calcul admettant des démonstrations infinies
peut tres bien étre déductivement compacte [9].

Calcul de Gentzen Abstrait

On peut également vouloir prendre comme notion de base la notion de calcul de
Gentzen abstrait. Dans ces calculs, les régles sont des relations entre bithéories (ie.
paires de théories): les prémisses sont un ensemble de bithéories et la conclusion une
bithéorie; quant aux démonstrations ce sont des suites de bithéories: une démonstration
de F dans T est une suite de bithéories dont fait partie (T;F) et dont chacune est la
conclusion d’une régle dont les prémisses la précédent.

Les calculs de Hilbert sont des cas particuliers de calcul de Gentzen [9]. La théorie
de la valuation semble de ce point de vue immergée dans une théorie métalogique plus
générale.

5 La Théorie de la Valuation comme Théorie des
Espaces Logiques
La théorie de la valuation apparait dans un certain sens fortement lide & celle de cal-

cul mais de par son caractére polymorphique elle permet également d’autres approches
meétalogiques, dont 1’'une a un caractére topologique.
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Il est clair qu’a chaque bivaluation b on peut faire correspondre une théorie Th dont
les éléments sont exactement les formules qui prennent la valeur 1 avec b. On peut donc
se passer de considérer une famille d’applications de I'ensemble des formules dans {0,1} et
considérer plutdét une famille de théories, comme la famille des théories closes, la famille
des théories saturées, etc... Ainsi au lieu d’introduire des notions sémantiques on aura
des notions qui ont une allure plutét topologique. On considérera par exemple I’ Espace
Logique < F;T > ou T est 'ensemble des théories vérifiant: T=CIT, TCT’ = CITCCIT".
Considérer cet espace logique ou la sémantique bivalente constituée par les fonctions
caractéristiques des théories closes revient au méme. Pour reprendre une distinction
philosophique classique, nous dirons en droit, cela revient au méme, en fait ces approches
nous orientent dans des directions de recherche différentes, nous ne penserons pas de la
méme fagon si 'on opte pour 'une ou pour 'autre de ces notions.

En tous les cas la théorie de la valuation, au sens ou elle privilégie la notion de
bivalence, ouvre la voie vers cette possible analyse.

6 Décidabilité par Table de Vérité

La théorie de la valuation permet de présenter le probleme de la décidabilité de fagon
assez simple. Grosso modo une logique est décidable si et seulement si elle 'est par la
méthode des tables de vérité [9][13]. La notion de table de vérité en question ici est
une généralisation de celle habituelle. La premiere ligne de la table est constituée d’un
ensemble de formule, la sphére de la formule F que 'on veut décider. En ce qui concerne
les autres lignes de la table chacune d’entre elles est la restriction d’une bivaluation a la
sphére de F et pour toute bivaluation, il existe une ligne de la table qui coincide avec la
restriction de cette bivaluation a la sphére de F (pour plus de détails voir [2][9][13][17][19]).

Dans bien des esprits la notion de table de vérité est inexorablement associée a celle de
vérifonctionnalité. La méthode utilisée ici dissocie cependant ces deux notions. D’autre
part cette notion de sphére d’une formule illustre un autre divorce, celui de 'analycité
et de la vérifonctionnalité. La sphere d’une formule F apparait comme 'ensemble des
formules dont dépend F. Si la sphere de F est ’ensemble des sous-formules de F, la valeur
de vérité de F ne dépend donc que de la valeur de ses composantes méme dans le cas ou
la logique n’est pas vérifonctionnelle (des exemples se trouvent dans [2] et [4]).

7 La Théorie de la Valuation au sein de la Métalogique

La théorie de la valuation fait partie de ce que 'on peut appeler la métalogique au
sens d’une étude générale des systémes logiques. Elle apporte un nouveau jour sur deux
problémes centraux de la métalogique: la complétude et la décidabilité.

Il y a plusieurs fagons et plusieurs méthodes pour traiter de la métalogique [24][25].
L’une des plus célebres est celle, initiée par Tarski [27], utilisant la notion d’opérateur
de conséquence comme notion de base. Une autre méthode [11][22] consiste & mettre
en avant plutot la notion de démonstration. On peut partir encore de concepts plutot
algébriques (10}, topologico-algébriques [23], algébrico-sémantiques comme dans le cas
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de 'approche matricielle [20][28][29], ou topologico-sémantiques [12]. La théorie de la
valuation se trouve a la croisée de plusieurs chemins.

Ces méthodes sont différentes et elles conviennent plus ou moins bien suivant le but
recherché, que 1’on veuille par exemple appliquer des résultats et des concepts d’autres
parties des mathématiques ('approche en terme d’opérateur de conséquence permet d’em-
ployer des concepts topologiques), que ’on veuille étudier une classe de logiques partic-
ulieres (les calculs de Gentzen sont peu propices A étudier des logiques non-associatives et
la théorie de la valuation ne semblent guére pouvoir s’appliquer aux logiques linéaires) ou
que l'on veuille étudier certains problemes métalogiques spécifiques (étudier la question
de la décidabilité ne requiert par nécessairement les mémes outils que ceux employés pour
explorer la question de la complétude).

Cependant ce qui fait P'unité de la métalogique c’est que toutes les méthodes em-
ployées sont plus ou moins orientées vers 1’abstrait, généralisation oblige. Au sein de la
métalogique l'on peut distinguer un domaine appelé Logique Abstraite. La la nature des
objets de la logique n’est plus prise en compte, seule importe la structure du systeme.

Certaines méthodes de la métalogique sont entiérement abstraites, d’autres consistent
a €tablir des liens entre la logique abstraite et la logique “concréte”. Par exemple dans la
théorie de la valuation les notions de calcul et de table de vérité servent 3 appliquer les
méthodes purement abstraites de cette théorie & la logique concréte.
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COMMENTARII DE BELLO INFINITORUM
Adversus unam non sanctam Cantorianam
consuetudinem

Jorge Alfreso Roetti

Abstract

One of the main characteristics of any Cantorian-fashioned set theory - the pro-
liferation of infinites, specially the cardinal ones - is in this paper revisited. It
begins with a short history of the question, the main tenet of Cantor’s position and
some of the set-theoretical difficulties arising from this kind of theories. Critical
approaches and solutions are discussed, specially the constructive solutions of Paul
Lorenzen. The gist of the difficulties in a Cantorian-fashioned set theory inheres in
the opposition between enumerable and non-enumerable, which is conceived there
as an absolute opposition, namely an opposition which is independent of the
language in which such predicates are asserted. From another point of view a
constructivist like Lorenzen builds up a fragment of set theory with neat predicative
means as a toolkit for his critical reconstruction of mathematics. When he meets
with a non-enumerable set in a specified symbolic system, then he asserts the men-
tioned set is non-enumerable only with regard to (i.e. in relation to) the utilized
symbolic system. Of course this is not a quibble. In point of fact Lorenzen gives
a “layerwise” construction of symbolic systems and proves a number of theorems
which assure the existence of a “linguistic layer” in which the former non-enumerable
set turns into an enumerable one. Than means that there is always a one-to-one
mapping between any non-enumerable set (in a specified symbolic language) and
the set of natural numbers, certainly in another specified symbolic language of a
higher ordinal lever. Finally the author proposes a recursive function whose limit
for n — w can be considered as an example of a one-to-one mapping of the intended
kind. The ontological trend of the paper in constructivistic. “Cantor’s paradise” be-
comes sometimes hellish. A counsel of ontological (and epistemological) prudence,
important not only for philosophers, but also for logicians and mathematicians,
states: entia non sunt multiplicanda praeter necessitatem.
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COMMENTARII DE BELLO INFINITORUM

(Adversus unam non sanctam Cantorianam consuetudinem)

Jorge Alfredo Roetti

“T] y a deux Labyrinthes fameux, ol nostre raison s’égare bien souvent:
I'un regarde la grande Question du Libre et du Necessaire, surtout dans
la production et dans l'origine du Mal; I'autre consiste dans la discussion
de la continuité, et des indivisibles, qui en paroissent les Ele’ments, et ou
doit entrer la consideration de I'infini. Le premier embarasse presque tout
le genre humain, I'autre n’exerce que les Philosophes.” LEIBNIZ 1

El laberinto del infinito surge ya entre los griegos. Zenén ataca a los adversarios
de Parménides con los recursos de la adicién y la divisiéon “infinita” de segmentos y
de tiempos. Pero usa un método inadecuado. Su laberinto es otro, que no menciona
Leibniz en el epigrafe citado y que también aprisiona a la mente humana: el de la
oposicién ser-cambio. Las paradojas de Zendén no demuestran la imposibilidad del
movimiento, pero las criticas, desde Aristételes hasta Hobbes y que culminan con
Stuart Mill? , también yerran su objetivo (como también la de Russell, muy elogiada
por Borges pero igualmente initil®).

Las “soluciones” mateméticas al estilo de Stuart Mill se limitan a decir que la
flecha alcanza su objetivo y Aquiles a la tortuga porque las series correspondientes
son convergentes e iguales en tiempo finito, pero no refutan a Zendén porque no
advierten que éste usé un mal método para un buen problema. Refutan el mal
método: Zenén yerra porque, o bien no sabia que series infinitas podian tener limite
finito o bien consideraba convergente la serie espacial y divergente la serie temporal.
En ambos casos se equivocaba. La cuestién realmente discutida era que cambio y
* tiempo implicaban contradiccién y que ésta (conforme a los Eléatas y muchos otros)
es incompatible con el ser, tesis sumamente controvertida.

Més all4 de los hallazgos de Eudoxo, Euclides y Arquimedes y sus usos del método
de exhaucién (aniquilar la diferencia®*), la historia moderna del infinito (todavia po-
tencial) comienza con Galileo, quien por primera vez muestra que las “colecciones”
infinitas tienen al menos una parte propia que se puede poner en correspondencia bi-
univoca con el todo; con ello deja de ser verdad inconcusa la octava nocién comin del
libro primero de los Elementos de Euclides: “El todo es mayor que la parte” (incluso
para infinitos potenciales)®. Leibniz cambia la perspectiva en una carta a Bernoulli

[43

en la que escribe: “el ... conjunto de todos los nimeros trae consigo una contradic-

»8  La “contradiccién” se refiere a la
incompatibilidad entre la mencionada nocién comin y una coleccién infinita actual.
Sin embargo, como sabemos, esa incompatibilidad ya se da entre la citada nocién y el

infinito potencial. Bolzano veré en ello una “paradoja del infinito” ", Finalmente serd
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Dedekind quien utilice esta propiedad para definir afirmativamente a los conjuntos
infinitos de cualquier indole®, lo que usualmente se expresa asf:

M es infinito VNVf.(N C M AN #M A f : N — M Af es biyectiva).

La principal dificultad que fatigaba al anélisis matematico no era empero la de lo
infinitamente grande, sino la de lo infinitamente pequefio in actu, desde los indivisibles
de Cavalieri, hasta los infinitésimos del anélisis prearitmetizado. En una célebre carta
a Schumacher de 1831 dice Gauss: “Pero en lo que concierne a su demostracién yo
protesto ante todo contra el uso de una magnitud infinita (unendliche Grosse) como
una magnitud completa, lo que en matematica jamds estd permitido. El infinito es

s6lo una facon de parler con la cual en realidad se habla de limites.” o

Pero la “gloria” en la tarea de eliminar los infinitésimos more arithmetico cor-
responders a Cauchy y especialmente a Weierstrass, preludiados por D’Alembert en
178410, Hilbert sefiala que la aritmetizacién del analisis de Weierstrass da por vez
primera “un fundamento firme” a éste. 11 (El regreso de los infinitésimos con el “non-
standard analysis” de Abraham Robinson se encontraba atin lejano.) Sin embargo,
aunque Hilbert coincide con Gauss en que “el infinito, en el sentido de lo infinitamente
pequeiio y de lo infinitamente grande puede, en el caso de los procesos de limite del
célculo infinitesimal, mostrarse como una mera fagn de parler'?, pues el analisis sélo
trata con el infinito potencial'®, cuando se presenta en las formas de inferencia que
tratan de “todos los ntimeros que tienen una cierta propiedad” o afirman que existen
nimeros reales que tienen una cierta propiedad” 14 s decir, “como totalidad real-
mente dada, completa y cerrada” 15 (procedimiento vastamente utilizado por Weier-
strass), constituye un problema “que no ha sido ain completamente clarificado.” 16
La afirmacién de Hilbert es muy posterior a la aparicién de la teorfa cantoriana (es
de 1925). Cantor afirmaba el infinito actual, con un énfasis antes jamas escuchado,
y producia ademés un universo infinito de diversos infinitos cardinales y ordinales.
Hilbert bautizé a ese universo como el “paraiso de Cantor”. La caracteritica més
importante de esta proliferacién de infinitos actuales, en lo que concierne a los cardi-
nales, es que dos cardinales transfinitos diferentes, como Ry, y Rpim (n>0ym>0)
no son meramente desiguales respecto del lenguaje en que se expresan esas entidades,
sino que se consideran absolutamente desiguales, con independencia del lenguaje (en
menor medida esto se repite con los ordinales: los transfinitos menores que w® (o 2*)
son absolutamente enumerables (abzéhlbar)).

Las soluciones a las antinomias que asolaron a la primitiva teoria cantoriana fueron
varias. Diversas axiomatizaciones (desde Zermelo 1908) cumplieron exitosamente esa
misién. Pero una condicién esencial de la fundamentacién ,“el requisito esencial de
nuestro procedimiento” 7 - una prueba de consistencia absoluta de la teoria de con-
juntos transfinitos - (por la complejidad de la teorfa) no se satisfizo plenamente (y esta
condicién puede considerarse esencial para poder predicar “existencia matematica” a
una entidad simbdlica, segin el mismo programa hilbertiano).
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El programa de Hilbert fue llamado formalismo. Hilbert aseguraba que “nadie
sera capaz de expulsarnos del paraiso que Cantor ha creado para nosotros” 18 y para
ello se proponia probar la consistencia de los procedimientos demostrativos que in-
cluyen totalidades infinitas actuales mediante (1) la construccién de un lenguaje en
suppositio materialis, privado de significados (inhaltlose Sprache), que sea intuitiva-
mente manejable como sistema de figuras materiales y (2) en el cual toda prueba
y toda construcciéon de figuras se realice mediante procedimientos finitos, aunque
(3) alguna interpretacién de dichas figuras admita entidades infinitas actuales. Ese
finitistno metamatematico es el que le permitiria permanecer en el paraiso de Cantor.
Por ello no debe sorprender el aspecto aparentemente paradojal del siguiente pasaje
de Hilbert: “El infinito no se manifiesta en ninguna parte: ni estd presente en la
naturaleza, ni es admisible como un fundamento de nuestro pensar racional - una
notable armonia entre ser y pensar. Nosotros logramos una conviccidon que se opone
a los esfuerzos originarios de Frege y Dedekind, la conviccidén de que, si ha de ser
posible el conocimiento cientifico, ciertas representaciones intuitivas e intuiciones son
indispensables; la mera légica no basta. FEl derecho a operar con el infinito sélo se
puede garantizar por medio de lo finito.” *°

Hilbert rechazaba el infinito en la naturaleza de modo algo ingenuo®, pero

aportaba una aguda critica a la primera antinomia kantiana.?' Luego afirmaba un
finitismo estricto en el orden del pensar que acompanaba con un fragmento de sabor
parmenideo-hegeliano y que prima facie parece incompatible con su anterior afirma-
cién de que jamas seremos expulsados del paraiso de Cantor. La solucién es simple:
en su metamatematica el finitismo estricto se ejerce sobre figuras no interpretadas,
aunque alguna interpretacién pueda validar enunciados sobre entidades infinitas de
ese paraiso. El fragmento de sabor kantiano también encuentra explicacién: las rep-
resentaciones de que habla ya no son las de la experiencia en las “formas puras del
tiempo y el espacio”, sino las de las figuras del lenguaje no interpretado y sus reglas
de manipulacién, aspecto intuitivo que excede a la mera légica y que es necesario
para la construccién de la ciencia.

El finitismo hilbertiano no logra plenamente su propésito. Por ejemplo, cree
demostrar la hipétesis del continuo de Cantor, pero la demostracién es defectuosa:
habra que esperar hasta Cohen (1963) para conocer de su independencia. Ademés la
demostracién de la consistencia absoluta de una teorfa tan compleja est4 mas alld del
alcance de su finitismo estricto. Por otra parte el paraiso transfinito es mas bien un
infierno para el intuicionista de estricta observancia. Para éste sélo existe un concepto
admisible de infinito: el de “infinito potencial”, e.d. el que se construye paso a paso
en la “forma pura del tiempo”, ya por adicién, ya por divisién - nunca se da el infinito
completo o “actual” (e.d. real). Asi sélo queda lugar para una tnica cardinalidad
infinita potencial: la de la sucesién fundamental (Grundzahlen) 1, 2,..., n,... Como en
Hilbert, los ejemplos basicos de infinitud son siempre dos: el de la sucesién “natural”
y el de los puntos de un segmento continuo de recta o, por isomorfismo, el conjunto de
los nimeros reales. Pero tanto la teoria cantoriana ingenua cuanto la mayoria de sus
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reconstrucciones criticas pretendian demostrar que no existia biyeccion entre la suce-
sién “natural” enumerable y el conjunto de los reales - o el segmento continuo [0,1].
Si ‘k’ indica la “cardinalidad”, “potencia” o “numero de elementos” de un conjunto,
‘w’ el conjunto de los naturales y ‘c’ el de los reales o del continuo, la tesis cantoriana,
presuntamente demostrada por reduccién al absurdo mediante el segundo método
diagonal, afirma que k(w) < k(c). Asi, para una teoria de conjuntos de cufio cantori-
ano, ya inicialmente existen dos infinitos cardinales inconmensurables. Puesto que la
cardinalidad del continuo es 2¥(w), de la desigualdad anterior resulta 2%(w) > k(w),
resultado que se generaliza inmediatamente, generando un conjunto infinito de cardi-
nales transfinitos desiguales crecientes. ?* Tales desigualdades ser4n ademds absolutas
en las teorias de conjuntos de cufio cantoriano, no relativas al lenguaje en que se con-

% rechazan esos resultados

struyen esos teoremas. Los intuicionistas, con Brouwer
mostrando defectos en las demostraciones de los teoremas criticos: en particular el
que niega la existencia de cualquier biyeccién entre un conjunto infinito y su conjunto
de partes. Kronecker la rechazaba porque rehusaba existencia matematica a los con-
juntos de partes - o conjuntos potencia - de los conjuntos infinitos. Contrario sensu
Ernesto Zermelo (1908), en la primera reconstruccién exitosa de la desvencijada teoria
cantoriana ingenua, admite axiomaticamente la existencia de dicho conjunto en su
axioma IV (Axiom der Potenzmenge): “Para todo conjunto M existe otro conjunto
U (M), el conjunto potencia de M, que contiene como elementos precisamente a todos
los subconjuntos de M.” % En la axiomatica conjuntista de von Neumann-Bernays-
Godel se soslaya inicialmente la dificultad admitiendo que para cada conjunto M
existe una clase de sus subconjuntos {N : N C M}, pero no se asegura que dicha
clase sea representable por un conjunto (puede ser una clase “propia” o “uitima,”).

Sin embargo luego se introduce un “Potenzmengenaxiom” semejante al de Zermelo. 2°
A

El axioma que asegura la existencia del conjunto potencia es “naif”’, pues equivale
a suponer acriticamente que, si se nos da un conjunto de objetos, también se nos
da el conjunto de todas las formas de enunciado sobre esos objetos. Tal conjunto
habitualmente no es construible. Lo construible es a lo sumo un conjunto infinito
potencial (recursivo o no) de enunciados y formas de enunciado sobre los objetos de un

conjunto. Por ello dicho axioma amplia acriticamente el universo de los conjuntos. 26

Bernays estd plenamente conciente de ello cuando afirma que: “La representaciéon
utilizada al operar con el conjunto de partes, de que los subconjuntos de un conjunto
constituyen en su totalidad un objeto matematico, no estd dada por cierto sin mas
con el concepto de subconjunto, y en primer lugar ello no es algo evidente, cuando
se considera el paso de un conjunto a su conjunto de partes como una simple op-
eracién iterable a voluntad, por ejemplo analoga con aquella del paso de un nimero
al siguiente.” %7

La critica de Lorenzen va mas allad: “Por ello ya el ” conjunto potencia” del con-
junto de todos los nimeros naturales, que aparece de modo decisivo en el analisis
moderno (allf tiene incluso la potencia del continuo), carece de todo sentido definido
en la matematica operativa. Cuando se habla de todos los conjuntos de nimeros
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naturales se debe dar la capa (lingiifstica) en que estos conjuntos deben ser represen-
tados mediante formas de enunciados. Cuanto més alta la capa, tanto mas conjuntos
hay.” 28

Se debe recordar también que la demostracién del asi llamado “teorema de Can-
tor” k(M) < k(U(M)) recurre a un uso ingenuo del axioma de separacién al afirmar la
existencia del conjunto Z = {7 : = & F(z)}, donde F es una hipotética funcién biyec-
tiva entre M y U(M). El procedimiento es notoriamente impredicativo y equivalente
al segundo método diagonal?®, es decir, un procedimiento que constructivamente sélo
se justifica en casos especiales, como cuando se lo torna predicativo por construccion
sucesiva de capas lingtisticas.

Es leal reconocer que los estupendos edificios tedricos que - comenzando con el de
Zermelo - axiomatizaron la teoria cantoriana evitando las antinomias descubiertas a
partir de la de Burali-Forti, dieron carta de ciudadanfa matematica al “arenarius” de
los infinitos actuales. Pero también hay que advertir que dichas teorias axiomaticas
difieren en muchos de sus resultados: sus clases de consecuencias no coinciden. Asf
en ZF es teorema {z : 2 = z} = @ (por inexistencia del conjunto universal), en tanto
que en el sistema de von Neumann es teorema {z : z = z} = V, es decir la clase
universal. Igualmente en ZF es teorema §§ = 0, en tanto que en von Neumannn §=V.
Al respecto comenta Suppes: “La diferencia radical entre D=0y 0 ="V enfatiza el
cardcter ligeramente artificial de toda forma de teorfa axiomética de conjuntos.” 30
Otros autores son més severos: por ejemplo Lorenzen>! y, recientemente y desde
una perspectiva epistemoldgica diferente (mereologia con légica clasica subyacente),
Richard Martin nos dice que “hemos sido capaces de mantenernos completamente
alejados de la teorfa de conjuntos con sus evidentemente incurables dolores de cabeza
ontolégicos y axiomaticos. Tampoco se deberia olvidar que estos dolores de cabeza
son congénitos y son heredados por todos los miembros contemporaneos del clan
conjuntista - teorfa modal, teorfa de modelos, teoria de las categorias y semejantes.” 32
A la luz de las dificultades consideradas, especialmente las relativas a la existencia
de cardinales transfinitos absolutamente irreducibles a la enumerabilidad, desde sus
comienzos ha parecido deseable desarrollar una versién de teoria de conjuntos que
de algiin modo no admitiera sino una sola cardinalidad transfinita (enumerable). La
proliferacién lingiiistica de cardinales transfinitos sobreviviria como un procedimiento
notacional inocuo. Varios intentos se han realizado. Uno es el llamado “camino
heroico” mereolégico de Lesniewski y Martin 3, en el cual se prescinde de los conjuntos
e incluso se pueden eliminar las clases virtuales en favor de los objetos mereolégicos
fundamentales. Otro de los caminos, que comienza con Kronecker y los pre- y semi-
intuicionistas y llega al constructivismo contemporineo, como el de Lorenzen, apela a
la critica de los axiomas y las reglas de deduccién de las diversas teorias de conjuntos
de cufio cantoriano. En su faz mds técnica se puede hacer arrancar esta linea con
los teoremas de Lowenheim de 1915. Este autor demuestra, en primer lugar, para la
16gica cuantificacional monddica que, si una férmula A tiene n predicadores distintos
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y es valida en un dominio D de al menos 2 n individuos, entonces es valida en todo
dominio no-vacio de cualquier cardinalidad:

si F=p(on) A, entonces |=p A, para todo D # 0.

Generalizando este resultado para predicadores n-ddicos y dominios transfinitos
se obtiene: “Si una férmula es vélida en un dominio infinito enumerable, entonces es
vélida en todo dominio no vacio.” > Skolem contrapone este resultado y lo generaliza
para un conjunto infinito enumerable de férmulas usando su método de las formas
normales prenexas (en las que todo generalizador precede a todo particularizador) y
el axioma de eleccién. Sea ‘F,,’ un conjunto enumerable de férmulas, ‘D’ un dominio
de objetos ‘I’ una funcién interpretacién y ‘(D,I)’ un modelo de F,,. El teorema de
Skolem se expresa de la siguiente manera: “Si el conjunto de férmulas F,, tiene un
modelo (D, {), entonces F,, tiene un modelo enumerable (D', I') tal que (D', ') es
un submodelo de (D, I).” % Desde entonces se comenzé a hablar de la “paradoja de
Loewenheim- Skolem”. Dicho teorema es paradojal solo bajo el supuesto de que la
distincién entre conjuntos infinitos enumerables y no-enumerables sea una distincion
absoluta. Como ademés la teoria de conjuntos cantoriana se puede axiomatizar en el
célculo de predicados de primer orden, el teorema de Loewenheim-Skolem viene a de-
cir que, si la teorfa de conjuntos cantoriana tiene un modelo, entonces también tiene
un modelo enumerable. Esto muestra otra vez el cardcter relativo de la distincién
enumerable - no-enumerable, como bien lo sefialara Oskar Becker. *® Este resultado
parecia vedado por la “prueba” de la “no-enumerabilidad” del conjunto c de los reales,
realizada por Cantor mediante el segundo procedimiento diagonal. Pero, ademas de
no ser predicativo ni constructivo (no permite construir un conjunto de decimales
con la potencia del continuo) 37 lo que inicialmente parece probar ese método di-
agonal es que la tarea de “acomodar” a todos los niimeros reales en la “primera
clase numérica ordinal” es irrealizable mediante ese método; pero de ninguna manera
prueba la no-enumerabilidad del conjunto de los reales. La conclusion que de ello
saca Becker es que “el soberbio edificio de la teoria de conjuntos de Cantor. .. parece
manifestarse como una fantasmagoria, como un cierto espejismo que se desvanece al
acercarse a él.” ®® Lorenzen da un nuevo paso en esta critica de la distincién enumer-
able - no-enumerable absoluta, mediante una construccién “en capas” de entidades,
con métodos estrictamente predicativos.3® Una vez elaborada la légica constructiva
se edifica un “lenguaje elemental” para la matematica operativa entendida como “un
operar esquemético con figuras”. Los 4tomos de ese lenguaje son (1) 4tomos de objeto
ai,...,an, (2) variables de objeto 7y, ..., T, (3) simbolos de relacién, (4) particulas
l6gicas y (5) operadores de abstraccién para conjuntos, relaciones, descripciones y
funciones respectivamente. Se define paso a paso qué son términos, enunciados pri-
mos, enunciados, formas de enunciado, etc. Para alcanzar “conjuntos de conjuntos”,
“funciones sobre conjuntos”, etc., se reitera el proceso de construccién del lenguaje
elemental. La “capa lingiiistica 0” consta de 4tomos y variables de objeto. La “capa
1” consta de figuras compuestas por 4tomos de las especies (1) a (5). En la segunda
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capa se introducen nuevos atomos y variables, cuyos dominios de variabilidad (fini-
tos) se encuentran en la primera capa. Luego se da un procedimiento efectivo para
traducir cada expresién o conjunto de la capa n al lenguaje de la capa n + 1. Esto
permite prescindir de subindices y considerar a las capas inferiores como subconjun-
tos de las superiores. ‘X € Sy’ significa que X es una figura de la capa 0, ‘X € S’
que X es una figura de la enésima capa. Se define

X €S, & Vn(X € S,)(con n € w),

es decir, X es una figura de la capa w si y s6lo si existe un n natural tal que X es
una figura de la enésima capa. S, 1 sera el lenguaje elemental sobre figuras de todas
la capas finitas. El proceso se continua ad libitum hasta algin ordinal determinado
de la segunda clase numérica. Alli se recuerda que, para el andlisis matemaético sélo
se requiere superar la capa w.%’ Cada conjunto finito de objetos bésicos es repre-
sentable en la primera capa. En la segunda es representable el conjunto de todos los
conjuntos finitos de objetos basicos. Para alcanzar el conjunto infinito maés simple,
como {a, {a}, {{a}},.. .}, se requiere legar a la capa S,+1. En las capas superiores
no solo son representables nuevos conjuntos de conjuntos, sino nuevos objetos bédsicos
de capas superiores, com¢ muestia el ejemplo de conjunto infinito citado. Uno de los
resultados fundamentales de estas Svrachkonstruktionen es que todas las capas son
enumerables en el sentido de que existe una biyeccion sobre el conjunto de los enteros
positivos. La biyeccién entre S; v una capa enumerable es representable ya en Siyq.
Ese teorema se demuestra por un procedimiento de goedelizacién.* Un corolario es
que en matematica constructiva no existen conjuntos absolutamente “transenumer-
ables”: los conjuntos no-enumerables hasta la capa S t ya son enumerables en Sy, ;.
Luego, todo conjunto es enumerable en una capa lingiiistica apropiada.*? Asi muchos
resultados pierden su cardcter paradojal: el teorema de Lowenheim-Skolem se torna
natural. El teorema cantoriano de que el coujunto c¢ de los reales tiene cardinalidad
2“ no enumerable es correcto en la capa lingiiistica S, ., (en la que se desarrolla el
procedimiento diagomnal), pero 2“ se torna enumerable en una capa superior, etc., etc.
La demostracién de la relatividad de los conceptos de enumerable y no-enumerable
es constructiva, como la de la “enumerabilidad”, en una capa superior, de todo con-
junto no-enumerable en una capa lingiistica determinada. Lo que Lorenzen no da
es la construccion de una biyeccidén concreta entre w y ¢. Estrictamente hablando
sus pruebas son de “existencia débil”, por lo tanto precedidas de una doble negacién.
Lo que queda firme es la no-conclusividad de los teoremas cantorianos criticos y sus -
derivados, la relatividad de la distincién enumerable - no-enumerable y la existencia
débil de la “enumerabilidad” de todo conjunto no-enumerable en una capa lingiiistica
adecuada. Bajo circunstancias que se especificardn se podria considerar que el limite
paran — w de la siguiente funcién recursiva ilustraria el aspecto de un ejemplo (entre
otros) de biyeccién entre Ny y ¢ con existencia fuerte:

20 =1
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2"+ k=142 +k(1<n;0<k < 2%k,m,n €w).

Es obvio que en un sistema cantoriano, como ZF, el limite paran — w del miembro
izquierdo es 2%, pues k es menor que 2 y es finito. Para el miembro derecho, por
definicién de exponenciacién para ordinales- limite y de nimero- v, es posible deducir:

e=Jr=1+J2"<1+ > 20 <2

new new ncw

Recordando otro famoso teorema de ZF para ordinales limites tene- mos: U(A) =
A (donde A es un ordinal limite).** La cuestién decisiva es aqui cuél es el ordinal
limite. Con 1+ 3, 2™ podemos proceder de dos maneras diferentes, de las cuales
resultardn para el limite dos expresiones cardinales linguisticamente diferentes:

(1) O bien procedemos de la manera usual en los sistemas cantorianos, conforme
a la cual dicha sucesién converge hacia 2*, con lo cual, considerando U(A) = A,
tenemos el resultado esperado:

lim 14+ Y 2™ =2 (e.d. 2%,

n—ow
m<n

con total beneplacito del clan cantoriano.

(2) O bien, aferrandonos al principio de permanencia de las leyes formales de Han-
kel, apelamos a un teorema elemental e intuitivamente razonable de las sucesiones
? ?
que dice que “si una sucesion infinita s,, (convergente o divergente) tiene un limite s,

toda subsucesién infinita t,, tiene el mismo limite” *°, con lo cual podemos recordar
que
th=14 ) 2™
m<n
es una sucesiéon cuyo rango toma los valores 1, 2, 4, 8, ..., es decir, es una

subsucesion de aquella cuyo rango es el conjunto w de los naturales. Aplicando
U(A) = A aw y el citado teorema para subsucesiones tenemos:

lim 14 ) 2™ =R

n—w
m<n

De todo lo anterior surge la paradoja alephy = 2%PR0, que puede implicar modifi-
caciones en la base de la teoria de conjuntos, a fin de conservar la vigencia transfinita
del principio de permanencia de las leyes formales, pero que no comete los vicios de
las pseudodemostré'\;biones de los teoremas cantorianos criticos, relativos a las cardi-
nalidades transfinitas absolutas. Se trataria de una antinomia si nos encontraramos
en una teoria cantoriana en la cual los conceptos de enumerable y no-enumerable
son absolutos. En cambio en una teoria en la que las cardinalidades transfinitas
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son relativas a la capa lingiiistica en que se expresan, sélo se conserva su caricter
paradojal. 4" Adoptar el primere o el segundo de los procedimientos arriba menciona-
dos tiene mucho de decisién tedrica. La segunda decisién, que recurriendo al principio
de conservacion de Hankel conserva la validez de los teoremas de sucesiones para la
segunda clase ordinal, puede ser objetable bajo el supuesto cantoriano del caracter
absoluto de las cardinalidades transfinitas, pero no lo es una vez que se ha demostrado
que las cardinalidades transfinitas son relativas a la capa lingliistica en que discurra la
argumentacion, es decir, la construccion de la entidad. Alguien podria objetar que el
término limite de la sumatoria anterior, es decir lim,,_,,, 2", es 2% y que por lo tanto la
sumatoria que lo contiene no puede tener un limite menor. Pero aqui se debe recordar
uno de los resultados més curiosos en esta materia es, como recuerda Lorenzen, que
“... esta enumerabilitad v transenumerabilidad relativas se distinguen de los concep-
tos absolutos de la teoria de conjuntos cantoriana ante todo en que un subconjunto
de un conjunto enumerable S; no siempre es enumerable.” 4 Esto es algo de lo que
se oculta en el recurso al principio de permanencia de Hankel que aplicaramos maés
arriba respecto de la extensién de la validez de teoremas de la teoria de sucesiones
a la segunda clase ordinal. Sin embargo las demostraciones de Lorenzen del caracter
relativo a la capa lingiiistica de los predicados ’enumerablé v 'no-enumerablé y de que
toda cardinalidad no enumerable es reducible a una enumerable en una capa lingiis-
tica adecuada, permiten justificar plenamente la validez de la extension del principio
de conservacion de Hankel para teoremas de la teoria de sucesiones a fragmentos de
la segunda clase ordinal. La reconstruccién lorenziana de (un fragmento necesario
para la elaboracién de la matemética constructiva de) la teoria de conjuntos resulta
entonces una modificacién adecuada de las teorias cantorianas que no requiere de la
proliferaciéon de cardinales transfinitos absolutamente “incoimensurables” y que per-
mite la conservacién de principios y teoremas “intuitivamente razonables”, como los
mencionados més arriba, para fragmentos de la segunda clase ordinal. Los anteriores
resultados de los trabajos de Lorenzen y otros han tenidd importantes consecuencias.
Una de ellas tiene que ver con ¢l problema tarskiano de los cardinales inaccesibles.
El dnico cardinal absolutamente inaccesible que merece conservarse es Ng u w. Los
restantes se podrian conservar como una proliferacion notacional inocua, no absoluta,
sino relativa a la capa lingiiistica, de entidades de una teoria de conjuntos demasi-
ado vasta y no constructiva que es, segn expresién de Lorenzen, un “fragmento de
literatura fantéstica”. El propdsito de estas lineas ha sido fundamentalmente comen-
tar un prejuicio cantoriano: el del caracter absoluto de la distincién enumerable-no
enumerable, insistiendo en que se trata de una distincién relativa al lenguaje en que
se expresa tal distincién y enfatizando la posibilidad de permanecer siempre en el
ambito de lo enumerable, recordando también el cardcter esencialmente “barroco” y
platénico de las teorias absolutas de cardinales transfinitos. Frente a ello ;no seria
m4s facil no modificar nada de lo acostumbrado?%’ (Y conservar las teorfas de cufio
cantoriano.) Muchos filésofos, a los que me uno, y muchos mateméticos (construc-
tivistas) constestarian a esta pregunta postulando un principio de tolerancia como el
siguiente: Concédase, a quienes ello les plazca, que sostengan y desarrollen sus teorfas
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de cardinales transfinitos no enumerables crecientes y de cardinales inaccesibles, en
tanto eviten la trivializacién de sus teorias. Pero, luego de haberse demostrado la
relatividad de la distincién enumerable-no enumerable y la reducibilidad de lo tl-
timo a lo primero, permitasenos a los filésofos (y a los matematicos constructivos)
permanecer en el reino de lo enumerable, suficiente en lo tedrico, predicativamente
construido (como se demuestra) y acorde con una antigua regla de economfia (y pru-
dencia) ontoldgica y epistemolégica del “venerabilis inceptor (invictissimae scholae
nominalium)”, Guilllermo de Ockham: Entia non sunt multiplicanda praeter neces-
sitatem.

Bahia Blanca, 14 de julio de 1992.
*CONICET, Universidad Nacional del Sur.

Addendum Lukasiewicz dice: “Hay en mateméaticas modos de inferencia - entre
otros el llamado “método de la diagonal” en teoria de conjuntos - que se basan en
esas tesis no aceptadas en los sistemas trivalentes e infinito-valentes. Seria intere-
sante indagar si los teoremas matematicos basados en el método diagonal se pueden
demostrar sin tesis proposicionales como éstas.” (“Observaciones filoséficas sobre los
sistemas polivalentes”, en Estudios de légica y filosofia, Madrid, 1970, p. 82. Las
“leyes” a que se refiere Lukasiewicz son:

(-p — ) = p,

(p — —p) — —w,

(p—q) — ((p~—g) — ),
(p — g A—g) — -p,

(p — (¢ « =q)) — —p, etc.
Notas

1. Leibniz, Teodicea, GP, vi, 29.

2. El propio Borges se hace eco de esta historia. Cf. “La perpetua carrera de
Aquiles y la tortuga”, Borges [4], 244-245.

3. Cf. Borges [4], 246-247, Russell [20], caps. 10-11 y [21], 109,113, 115, 136-149.
4. Recuérdese por ejemplo [19], vol. i, p. 670.

5. Galilei [8], viii: Discorsi e dimostrazioni matematiche intorno a due nuove
scienze, p. 79.

6. Leibniz, Mathematische Schriften iii, 536. Cf. Weyl [26], 52.
7. Bolzano, Paradoxien des Unendlichen, parr. 20. Cf. Weyl [26], 52.

8. Dedekind, Was sind und was sollen die Zahlen? (1887). Cf. Weyl [26], 52.
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10.

11.
12.
13.
14.

15.

17.
18.
19.
20.
21.

22.
23.
24.

25.

26.

Cf. Dauben [6], 120.

D’Alembert sefiala en la Encyclopédie que “la théorie de la limite est la base de
la vraie métaphysique du calcul differentiel. Il ne s’agit point, comme ont le dit

‘ordinairement, des quantités infiniment petites; il s’agit uniquement de limites

des quantités finies.“ A su vez Cauchy usa el concepto de limite de D’Alembert
para definir la derivada de una funcién como hoy se usa en el analisis “standard”,
como limite de incrementos finitos.

Hilbert [10], 369.
Hilbert [10], 370.
Hilbert [10], 373.
Hilbert [10], 369-370.

Hilbert [10], 369.

. Hilbert [10], 369.

Hilbert [10], 383.
Hilbert [10], 376.
Hilbert [10], 392.
Hilbert [10], 371-372.

Hilbert [10], 372.

2k(w) 2k(w)

..(m veces)'. ..(n veces)'.

Es decir: 2% < 2? (conm,n Ewym < n).
Importantes precursores son Kronecker, Poincaré, Borel, etc.
Zermelo [27], 203.

Cf. von Neumann [25], 401 y Bernays [2], 10, 11, 117 y 130. Al introducir este
axioma se puede evitar casi totalmente el tratar con clases. Cf. Bernays [2], p.

132.

Lorenzen [13], 165: “Der Vorwurf der “Naivitat”, der der modernen Mathe-
matik haufig gemacht wird, griindet sich wesentlich gerade darauf, daB fir die
moderne Mathematik mit einer Klasse von Objekten allemal auch unproblema-
tisch und eindeutig die Klasse aller Aussagen iiber diese Objekte gegeben ist.
Diese unbewiesene Voraussetzung wirkt sich in der CANTORschen Mengen-
lehre so aus, da8 fiir jede Menge M die Potenzmenge von M “existiert”.”
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217.

28.
29.
30.
31.
32.
33.
34.
35.
36.
37.
38.
39.

40.

41.
42.
43.
44.

45.

Cf. Lorenzen [14], 227: “Die im Operieren mit der Potenzmenge verwendete
Vorstellung, daB die Teilmengen einer Menge in ihrer Gesamtheit ein mathe-
matisches Objekt bilden, ist freilich nicht ohne weiteres mit dem Begriff der
Teilmenge, der seinerseits unproblematisch ist, gegeben, und erst recht ist es
nicht etwas Selbstverstandliches, wenn der Ubergang von einer Menge zu ihrer
Potenzmenge wie eine simple beliebig iterierbare Operation, analog etwa zu
derjenigen des Ubergangs von einer Zahl zur nachsten, betrachtet wird.”

Lorenzen [13], 193.

Cf. Beth [3}, 369 y Kuratowski [12], 73.

Suppes [24], 41, da Costa [5], 91-92, Solovay [23].
Lorenzen [15], 159, 160, 161, 165 y 167-168.
Martin [17], 211; el subrayado es mio.

Martin [17], cap. xil: “On Mereology and the Heroic Course”.
Lowenheim [16], 228-251.

Skolem [22}, 252-263.

Becker [1], cap. 4, parr. 7.

Ipse, ibidem.

Ipse, ibidem y da Costa [5}, 89 y 91.

Lorenzen [13], 165-194 y [15], 160 y 168.

Pues la capa w + 1 es la primera que permite construir conjuntos infinitos a
partir de sistemas finitos de 4tomos, lo que no acontece en ninguna capa S, con
n < w. Cf. Lorenzen [13], 189.

Lorenzen [13], 191-192.
Ipse [13], 193.
Cf. p.ej. Monk [18], 107ss.

Cf. p.ej. Suppes [24], 196, Th. 3. (Obviamente para ordinales finitos vale
U(A') = A. V. idem, 134, Th. 14.)

Cf. p.ej. Dietdonné [7], 55-56, prop. (3.13.5) y (3.13.10) y Rey Pastor [19],
tomo I, 270-271.

117




























































































































































































































































