Current research in many-valued logic:
a short survey

DANIELE MUNDICI
Department of Computer Science
University of Milan
Via Comelico 39-41
20135 Milan, Italy

mundici@mailserver.unimi.it

Introduction

The infinite-valued propositional calculus of Lukasiewicz and its associated al-
gebras, Chang’s MV-algebras, today find applications to the treatment of un-
certain information, and also have deep relationship with various mathematical
areas, such as desingularization of toric varieties, abelian lattice-ordered groups,
and the C*-algebras of quantum spin systems. The increased relevance of this
subject is witnessed by the growing number of projects (notably, the European
COST Action 15 on Many-valued logic for computer science applications) spe-
cial issues of journals in logic and computer science (including Studia Logica,
Journal of Logic, Language and Information, Mathware and Soft Computing,
Journal of Applied Nonclassical Logic) along with many textbooks, (e.g., the
expanded version of Gottwald’s book [32], Héjek’s book [35], the monographs
[17], [18], as well as the handbook chapter by Panti [59]) and several Ph. D.
theses (notably, [29], [38] ). The two papers [15), [16] give a self-contained intro-
duction to the completeness theorem and to the categorical equivalence between
MV-algebras and abelian lattice-ordered groups with strong unit. See [14] for a
compact technical survey of MV-algebras and their neighbours.

* %k ok k % %k %

Introduced in the late fifties by Chang (see [11]), after some years of quiescency,
today MV-algebras are thoroughly investigated by several groups of researchers.
An MV-algebra is a set equipped with an associative-commutative operation
@, with a neutral element 0, and with an involutive operation — such that
z & ~0 = ~0 and, characteristically,

(1) -(zoyey=-(yoz)dz
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These equations express some properties of the real unit interval [0, 1] equipped
with negation -z = 1 — z and truncated addition z ® y = min(1,z + y). For
instance, direct inspection shows that the left hand member of equation (1)
coincides with the maximum of = and y, whenever z,y € [0, 1], and hence the
equation expresses the commutativity of the max operation. The basic theorem
on MV-algebras, Chang’s completeness theorem, [9], [10] states that a formula
follows from the Lukasiewicz axioms iff it is valid in [0,1]. This is a general-
ization of the well known fact that the two element set {0,1} equipped with
the operations of involution and max generates the variety of boolean algebras.
The literature contains many distinct proofs, notably [13], [68] and [65]—the first
published proof of the completeness of the infinite-valued Lukasiewicz calculus.
Nevertheless, each of these proofs requires substantial background prerequisites
from such disparate areas as first order model theory, linear inequalities, free
abelian lattice-ordered groups, toric varieties. To the best of our knowledge the
first elementary proof is given in [15].

A second significant fact is that MV-algebras are categorically equivalent to
abelian lattice-ordered groups (for short, £-groups) with a distinguished strong
unit [42]. The functor I' realizing this equivalence takes any such a group G
with strong unit v and equips its unit interval [0, u] with the involution u — z
and with truncated addition u A (z + y), generalizing the transformation of
the additive real line R into the MV-algebra [0, 1]. Further, for any morphism
¥:{G,u) — (H,v) of £-groups with strong unit, the functor I' restricts ¥ to the
unit interval [0,u] C G.

A third major result is McNaughton's representation theorem stating that,
up to logical equivalence, formulas in n variables coincide with the totality
of continuous {0, 1]-valued piecewise linear functions f over [0,1]", where each
piece of f is a linear polynomial with integer coefficients. This is a generalization
of the well known fact that, up to logical equivalence, formulas in two-valued
logic are boolean functions. McNaughton proved this theorem in 1951 using a
nonconstructive reductio ad absurdum argument {36]. In the 1994 paper [48]
one can find a direct geometric proof, stressing the role of desingularization, an
important concept in the theory of toric varieties. The main ideas of this new
proof are sketched in the next section.

Normal forms and toric desingularizations

In many-valued logic, as well as in boolean logic, disjunctive normal forms
(DNF) play a fundamental role, both for automated deduction, and for a deeper
understanding of the algebra of formulas [46), [55]. Let ¢ = ¢(z1,...,z,) be a
formula in the infinite-valued calculus.

Since by Chang’s completeness theorem, the variety of MV-algebras is gener-
ated by the unit interval [0, 1], a routine construction shows that, as an element
of the free n-generated MV-algebra, the equivalence class of 1 can be identified
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with a piecewise linear (continuous) function p, each piece having integer coef-
ficients. This is the easy part of McNaughton’s theorem. To get the converse
direction, assuming the function p: [0,1]” — [0,1] to be piecewise linear with
integer coefficients, one proceeds in several steps as follows.

FIRST STEP. We can partition the n-cube [0,1]" into a complex C of con-
vex polyhedra with rational vertices such that, over any such polyhedron, the
function p is linear. Generalizing the familiar construction for 2-dimensional
polyhedra (where one adds a maximal set of diagonals) we can subdivide C into
a simplicial complex § without adding new vertices. Using Minkowski’s convex
body theorem, we can further subdivide S into a unimodular simplicial complex
T: in other words, for each n-simplex A in 7 writing in homogeneous integer
coordinates the vertices of A, we obtain an (n + 1) x (n + 1) integer valued
matrix Ma whose determinant is equal to 1.

SECOND STEP. One then constructs the family H(7T') of Schauder hats of 7. By
the Schauder hat of T at vertex w we mean the uniquely determined piecewise
linear continuous function h such that h(w) = 1/d (where d is the least common
denominator of the homogeneous integer coordinates of w), h(v) = 0 for every
vertex v of 7 other than w, and h coincides with a linear function ha over each
n-simplex A of 7. As an equivalent reformulation of the unimodularity property,
the coefficients of the linear polynomial representing hp are integers. An easy
lemma, first proved by McNaughton, and then simplified by Rose and Rosser,
yields a formula ¢ representing ha over A. A routine min-max argument
now shows that all Schauder hat functions are representable by formulas, and
therefore p can be expressed as a disjunction (sum) of Schauder hat formulas.
We naturally regard the formulas representing the functions in H (T) as the
basic constituents of a DNF reduction of p.

THIRD STEP. To grasp the connection with toric varieties, upon writing in ho-
mogeneous integer coordinates the vertices of each simplex A in T, we obtain a
complex ¥ of simplicial cones, also known as a fan. As one more equivalent refor-
mulation of the unimodularity of 7 we can say that ¥ is “regular”. By the well
known vocabulary of toric geometry [24, p. 329-330], (smooth) toric varieties
correspond to (regular) fans, and hence to (unimodular) simplicial complexes
of the above kind. It follows [50] that desingularizing a toric variety amounts
to subdividing a complex into a unimodular simplicial complex, precisely as
is done to compute DNF reductions of McNaughton functions. Our desingu-
larization algorithms, arising from DNF reduction algorithms in infinite-valued
logic, yield tight estimates of the Euler characteristic of desingularizations of
low-dimensional toric varieties [4]. Further, Panti [58] gives a geometric proof
of Chang’s completeness theorem using the De Concini-Procesi theorem on elim-
ination of points of indeterminacy (24, p. 252].
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Product, Probability, Partitions

Several results on “generalized conjunction connectives” (alias, T-norms) [8],
[35], [64] show that a significant portion of the expressive power needed for appli-
cations in fuzzy control and many-valued probability theory would be provided
by a logic incorporating a product connective jointly with Lukasiewicz disjunc-
tion and negation. In general, Lukasiewicz’s conjunction z @y = —{(—z & ~y)
does not yield such connective. Several people are actively involved in this line
of research (see, e.g., [41] [23] and [61]). A different approach is taken in [54],
using semisimple tensor products—the latter perhaps being the bare minimum
needed for if-then-else approximations of continuous {control) functions.

Introduced in [49] and [51], states are the MV-algebraic generalization of
finitely additive probability measures on boolean algebras. On the other hand,
countably infinitary operations are needed for the development of MV-algebraic
measure theory. Accordingly, o-complete MV-algebras and c-additive states
are systematically used in the book by Rie¢an and Neubrunn [64]. As shown by
Rieéan and his School, many important results of classical probability theory
based on o-complete boolean algebras and o-fields of sets have interesting MV-
algebraic generalizations. One more example can be found in [54].

While the theory of g-additive MV-algebraic states is fairly well understood,
random variables (alias, observables) still lack a definitive systematization in the
context of MV-algebras. A number of technical problems, also involving product
and infinite distributive laws are posed by the theory of continuous functions
of several (joint) MV-algebraic observables. (See [62] and [63] for interesting
positive results). A useful tool for understanding such observables is given by
the MV-algebraic generalization of the notion of boolean partition [51], [52]. An
MYV-partition in A is a multiset of linearly independent elements of A whose sum
equals 1. This definition makes sense, by referring to the underlying Z-module
structure of the unique ¢-group G with unit 1 given by I'(G, 1) = A. The joint
refinability of any two MV-algebraic partitions on an MV-algebra A depends on
the ultrasimplicial property of its associated £-group G, in the sense that every
finite set in G is contained in the monoid generated by some basis B C G¥, i.e.,
a set B of positive elements that are independent in the Z-module G. When
G is countable, an equivalent reformulation of this property is that G is the
limit of an ascending sequence of free abelian groups of finite rank with product
ordering, and one-one monotone homomorphisms. After some partial results of
Elliott, Handelman and others (see [44], [43], {53], [57] and references therein),
recently Marra [37] has proved that every abelian ¢-group is ultrasimplicial.
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MV-algebras and C*-algebraic infinite quantum
systems

See (31} for background on AF (approximately finite-dimensional) C*-algebras,
the operator algebras currently used for the mathematical description of infinite
quantum spin systems [47]. The same techniques giving DNF reductions for sets
of formulas in the infinite-valued calculus, together with Elliott’s classification
theory [21], yield a one-one correspondence between countable MV algebras and
AF C*-algebras whose (Grothendieck) Ko-group is lattice-ordered. Specifically,
using the above mentioned categorical equivalence T' between £-groups with
strong unit and MV-algebras, the composite functor 'Ky yields the required
correspondence.

To see how an AF C*-algebra is approximable by its finite-dimensional subal-
gebras one can work in an MV-algebraic (equivalently, in an ¢-group-theoretical)
framework, using the Schauder hat machinery developed for DNF reductions.
The properties of the composite functor 'Ky ensure that the free MV-algebra F
over countably many generators corresponds to a “free” f-group G with strong
unit, and also to a “free” AF C*-algebra U, inheriting from F all universal
properties. In particular, every AF C*-algebra with lattice-ordered Ky-group is
a quotient of U [42].

As one more application of the composite functor 'Ky, every AF C*-algebra
E with lattice-ordered Ko(FE) can be presented as a sequence of strings of
symbols—the Lindenbaum algebra of some theory © in the infinite-valued cal-
culus. From © one can uniquely recover E. The complexity of the decision
problem of © measures the complexity of E. While, as proved in [43], the tau-
tology problem for the infinite-valued calculus in co-NP complete, many AF
C*-algebras in the literature have polynomial time complexity.

As a final application, MV-algebraic states were introduced in [49], [51] as an
averaging tool for the truth-value of formulas in Lukasiewicz logic. They have
already been mentioned in connection with MV-algebraic probability theory. In
the functional analytical context, states turn out to be the logical counterpart
of AF C*-algebraic tracial states. States are also used in [26] for a probabilistic
approach to Ulam game.

Ulam game and coding with feedback

In Ulam game [68, p. 78] with L errors/lies two players, named Questioner and
Respondent, fix a search space S,, = {0,1,...,2" —1}. The Respondent chooses
a secret number = € Sy, and the Questioner must find = by asking the smallest
possible number of yes-no questions, knowing that the Respondent can lie at
most L times. As explained in [45], the following logical counterpart of Ulam’s
game provides a natural interpretation of formulas in infinite-valued logic: An
equation holds for arbitrary n and L, and for all possible conjunctions of answers

157



if and only if it is derivable in the infinite-valued calculus of Lukasiewicz. This
follows from Chang’s completeness theorem.

An equivalent description of Ulam’s game arises when the Respondent is not
aware of giving erroneous answers—that is, he is not lying, but his answers may
be distorted during transmission. There is no substantial difference between
such kind of Respondent and an artificial satellite that is transmitting bits b;
(the yes-no answers), some of which may be received as 1 —b; instead of b;, as a
result of distortion. In the present cooperative model, where decoding strategies
are also known to the satellite, the effect of a question is the same as sending
back to the satellite the actually received bit via a noiseless channel. Thus Ulam
game becomes an interesting chapter of Berlekamp’s theory of communication
with feedback [7].

In the nonadaptive case of Ulam game all questions are asked at the outset,
before receiving any answer. A moment’s reflection shows that in this case,
finding an optimal searching strategy amounts to finding an optimal L-error
correcting code—a, very difficult task in general. At the opposite extreme, let
us consider the case when questions are adaptively asked using the information
of the previous answers. Then for small L, optimal search strategies were dis-
covered already in the eighties (see e.g., [60], [20]). Later on, these results were
extended to all L in [66].

A promising new line of research is given by the investigation of searching
strategies with minimum adaptiveness. Joint work of Cicalese and the present
author [12] shows that, by asking all questions in two nonadaptive batches,
one at the very beginning of the game, and the other almost at the end, the
questioner can still guess the unknown number with as many questions as in
the fully adaptive case.
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