COMBINATORIAL SUMS AND
SERIES FOR THE RIEMANN-HURWITZ FUNCTION (I1)

PABLO A. PANZONE

ABSTRACT. This paper deals with several combinatorial sums. These sums give,
in the limit case, formulae for the Riemann-Hurwitz function among others. As an
example we quote the following formula for Euler’s constant ¥:

S
= 2n(2n— 1)an—1\ 2 1

N=1n=2N 41
oo 2N (2n)

Z Z(__l)n+1 n

ot 2n(2n — 1)4n=1(2"+m) (27

@71+ )

1
4

Our method of proof is a generalization of Apéry’s proof ([1]).

§0 INTRODUCTION

We show below a method by which several interesting combinatorial sums can be

given. The method gives identities involving sums of type Ef:’zl ('n-:T)i’ 22,:1 %,

and therefore letting N — oo, sums for the Riemann-Hurwitz function (here i €
N).
The author explored in [9] some of these sums in the case N = co. For example
it is proved there that
1T 15¢x 1 S 1
0 =2 =T ot
n=1T ( n )

n=1 n=1T (2’1’L - 1)(27?)2

We also recall Apéry’s formulae ((3) = DD (;31);:1 which was used by him in

his striking proof of the irrationality of ¢(3).

This paper is organized as follows: theorem 1 is our main theorem, corollary 1 is
an (almost) immediate consequence of theorem 1.

We remark two interesting features of these series or combinatorial identities: first,

simply by differentiating them with respect to = we obtain new identities. Second,

the convergence is fast.
Typeset by ApS-TEX
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For an eager reader we recommend to read first the proof of a) below were
the method is explained and then jump to the proof of any other formulae. The
method is a generalization of Apéry’s method [1].

§1 SOME FORMULAE

Recall the following notation (z)p =1 and (z)p, = (z +n — 1)(z +n — 2)...z. We

define ¢(z, k) = (z+k)(z+k—1)...(xz—k+1). Observe that ¥(n+z,n) = L:‘*—L
Our main result is

Theorem 1. The following formulae hold:

a)
N (=)~ N 2n—2)! 1
Yonmt tar = Lonet Tt n>{ n+ 5T - Z}+

N (2n—2) N+z 1
+,§(_1)+ 4"—1w<N+x,n>{ 2 +1}

>

b)
—1)n—1
Zn——l (n-za:)
= Zn:l ( 1)" 1(’!1 1)!2.(2n—2)!{(2n+m)2 _ (n_;z.)2 _ ("';'33) B (2n_23n2)}+

P2 (n+tz,n)
N L (=D -2)((N+2)2 (N+z) (2n-3n2)
2 )N ¢2(N+m,n){ 5t T3 }
c)

£ A(n, ) — K255+ 50k — 195K + 866k — 334k 4 120k°) _
W= 4(3 — 16k -+ 16k2)

_ k(2 ~ 20k + T0K* — 95K° + 44k4)n+ (1 — 10k + 10k? + 100k — 190k* + 88k5)n? B
6 — 32k + 32k2 4(—3 + 16k — 16k2)
_ 3 1 2y,,4 5 6
_5(k—1)kn°®  5(—1 -2k +2k*)n N 3n + ™ then
(3 — 4k) 4(3 — 4k) 68k ' 6-8k

al (2n — 2)16

(n-{—m Z(zln— HYpt(n + z,n)

{(n +z)(2n + z)* — A(n + z, n)}-l-

n=1

N (2n — 2)16
:‘:1 (n = 4)'¢4<N Faymy AN+ o)

—

.+_

vl
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d)

N o(pmt
Lin=t (oie) =
—o)3 : ndz)d

= ZTI:I:I(-I)n_l 24(n—1)(7(l2;r11)!22)122(n+$’n) {(TL + x)(2n + -T)2 - L—;—) - %(’n + 1‘)2—
~3(n+2)(n — n?) - (Lt6n=6n?) }+

N
+ 3 (-1)¥L (2n—2)P (N +z)°

— 24n=1) (n — 1)2992(N + z,n) 2

NV

- n — 6n?
%(N-l-x)z-*-g(N—l—x)(n—nz)—f-( 1+68 6 )}

>4
=N

e)
k(=3 + 30k — 110k2 + 155k3 — 74k4)
If Aln, k) = 6(5 — 36k + 36k2)
(L= 10k + 102 + 160k® — 310* + 148K°)n  5(1 k), , 5(~1— 2k + 2K%)n3
6(—5 + 36k — 36k2) 5 — 6k 3(5 — 6k)
5

5nt L

2(5—6k) ' 5— 6k
n— n—2)16(3n—3)!

Tes ey = Y (1) it {n 4 2)n 4 5

N n — 2)16(3n — 3)!
_A(n—’rx,n)} +n§1(~1) s 1()!3(6n16)!¢3(N+m,n)A(N+$’n)

vl

then

f)
N _l)n—l _
Zn:l ((n+.1:)2 -

n—2)13 ndz)
= E i {n  a)en 0 - B (g agi

2 3
_3(1 —- n)n(n + $)2 . (_1 +6n— 67’12) (n;—x) N n(—3+18n—234n +21n )}+

n n—2)13 N+z)*
+ ¥ (-1) +N.1,,§”(Nf;,n){< T2 (N + )3+

2 3
+3(1 = n)n(N + )% + (—1 + 6n — 6n2) (N;—z) + n(—3+18n—234n +21n )}

g)

If (5) = (“LFME)M(k - 1)... M(1)(); (60) = (1) where M(k) is
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a1 (k) + k8 og(k)

az(k) — 3k*  ay(k) + k8
Bt (n, k) are the polynomials and rational functions defined in 10) of the Appen-
dix, then

the 2 X 2 matrix ( ) and o;(k), 1 =1,. Bi(n,k),

o 1 1

> (e ) -
i": ~1)""P(n — 1)
;
Z

((2n +2)® - Bl(n+z, n)) +

¥3(n + z,n)
N w;znlfin —) . <(2n +2)°(n+2)* — Bf(n + x,n))+
N
(=)N-'P(n - 1)
+nz=:1 Y3(N + z,n) BI(N +z,n)+
N
(=)' Q(n ~1)
+nz=:1 SWtan) B Vtan)

h)

N _ N n—1(12—(=z=9)H)..((n=1)*—(z—»)?) } (2n+2)
2= T = Lome (—1)n 1 y)d):(n(-{(—'r::,n)) £=2) {((n+;)+

+(2n gn+z+1)+ y)}+

w1 (= (@-9)) ... (n =12 = (z - y)?)
+Z(‘l) 1 V(N +x,n)
1 N+zx a:r—y)
i2(1—2n)+(1—2n)“ on }

~~

o~

”l

Proof of a) First we deduce a ‘mother’ formula from which others will be
derived. This is, 1 =1,2,...

1 by...bg B
(1.1) i (2(z+ay)...(x+ag)F

i{: Okt zt + g r lag + -+ ¢ ztat ™t +at — b
(z(x + ay)...(z+ag)) 1 k 1 k kK

This follows by writting Ay = A +a1) (w Fan) Ag = 2 where the left of
(1.1) is Ag — Ak and each summand on the right is Ax_1 — Ag.
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Substitute in (1.1 ) = by (n+x)?, a; by —k? and K = n— 1. The value of by, will
be given later depending on each formula.Thus we get

(1.2) 1 _ bl .. .bn__l =

(n+ z)% ‘((n+x)¢(n+$’”“ 1))z

e (o)

where ¢(z, k) (:r+k)(x+k 1).. ( k); Eg:l %70 and we understand bi...bg—1 =
1if k=1. Now let i =2 in (1.2), by = k*, multiply (1.2) by (n+z) and add from
n = 1to N. This gives

N (n—1)14
an(k—l 43— 2%2(n+ )| =
;;¢<n+xk (( - W) -

.

(k1) | Anbefrentutare | "]
Now let (*) e, 1 (z) := TR (recall Y(z,k) = (z+k)(z+k—
1)...(z —k+1)). Then €, () — €,—1,5(z) = the bracket of (1.3). Thus the last

double sum of (1.3) is equal to

N n-—1 N

(1.4) Z Z €nk(T) — €n—1k(z) = ZGN,k(x) - Z €k k()
n=1 k=1 k=1

k=1

and therefore

al 1 N n? 5 n+2n+z)+2(n+z)2) (n— 1)
g(nm)a:;{(nmﬁinﬂ" 41— 2n) }1/)2(n+a:n)
(1.5)

N (n—1)1 [2(N+m)2+2(N+a:)+n T 92_]

4(1-2n)
PY2(N +z,n)

N

n=1
Ny o
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From this we get formula (1.0). To show this verify that if 0 < = < 1 then

N N N
(n — 1)14 (n— 1) 1 1
(1.6) — < e =0 =5
L PN e < v~ 2 (i = O
and thus the bracket of (1.5) tends to zero as N tends to infinity. Putting z =0
in (1.5) we get (1.0) after some elementary simplification.
A more systematic way to find expressions like €n,k(z) is needed, so we put

things in a more clear and abstract view.
Let n, k be variables, j an integer, p(n, k) a function and A(n, k) a solution of

(1.7) A(n,k)(n — k)? — A(n — 1,k)(n + k)’ = p(n, k)

then if we define

_ Aln+z,k)
(1.8) en k() = Bi(n k)
then
p(n+z,k)
(19) en,k(x) —_ fn—-l,k(x) = m)—

In the Appendix we have put several functions p(n, k) with the corresponding
solutions A(n, k) of (1.7). The A’s stand for solutions of type (1.7) and the B’s
stand for solutions of the equation

(1.10) B(n,k)(n — k) + B(n — 1,k)(n + k)’ = p(n, k)

where if we define

— {__1\n—1 B(n+$’k)
(1.11) fak(z) =(-1) _—¢j(n T2 k)
then
(1.12) Fog(T) = fr1a(z) = (—1)n1 p(n +z,k)

#(n+x,k)

Moreover we see that the equation is linear, i.e., if A(n, k) is a solution of (1.7)
and A(n, k) is a solution of A(n, k)(n — k)Y — A(n — 1,k)(n+ k) = g(n, k), then
A(n, k) := r(k) A(n, k) +s(k).A(n, k) satisfies A(n, k) (n—k) ~A(n—1,k)(n+k) =
r(k)p(n, k)+s(k)q(n, k) . Therefore, for example, if one finds solutions of (1.7) with
p(n, k) equal to 1, n, n?, ... | then one has , by linearity, the solution for any p(n, k),
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a polynomial in n with coefficients functions of k. As with A(n,k), the same
discussion of linearity applies for solutions of (1.10) i.e., for the B(n,k)’s. One
should remark that the particular formula (*) above is obtained using solutions
4) and 6) of the Appendix.

Now we prove a) of theorem 1. In (1.2) let i = 1, by = k(%——k), multiply (1.2) by
(n+z)(—1)"! and add from n = 1 to N. This gives by ...by_; = (—1)’“‘1(—2{%—_%)!
and '

N N
(_1)n—1 n—1. by...b,_1 .
,;1 (n+2) —;(_1) 1¢(n+x,n—1) N
N n-1 ( 1 n—1 . 9 k
(1.13) =g§ O k) : k_l{(n+x) —5}

Thusv = fnk (%)= fn—1,k(z) if we define fp, k() as (1.11) with j = 1, B(n, k) =
by...bx—1.B1(n,k) and By(n,k) is 2) of the Appendix. Thus (1.13) is equal to
Yonet Sobot frk (%) = fac1k(@) = Chly Fvk(®) — Caoy fek(z). This gives a)
after some rearrengement.

The proofs of the remaining formulae of theorem 1 follow these lines. B

Proof of b) Let in (1.2) i = 2, by = 4k3(k — 1) (thus by ...bk—1 = (2k —
2)!(k — 1)!2); multiply (1.2) by (=1)"~!(n + z)? and add from n = 1 to N. This
gives

N
( 1)" 1 ( ln lbl n 1
;(n—i—x Z ¢2n+mn—l) h

(1.14)

N n—l n lb bk )
ZZ (b?(n—l}m ) {(n+w)4—2k2(n+x)2+2k3—3k4}
n=1 k=1

>y

“v”

Let fnr(z) as (1.11) with j = 2, B(n,k) = by ...bg_1.B2(n, k), Ba(n,k) is 5)
of the Appendix. Thus the bracket of (1.14) is equal to fy x(z) — fn_1,4(z) and
(1.14) is equal to S~ | fyx(z) — Zi\’:l Jr,k(z). In this way we get formula b). B

5 1.5

Proof of c) Let i = 4, in (1.2). Multiply it by (n + )3, b = %‘%k—i%r)

(and thus by ...bp_; = %) and add from n =1 to N. We get

N

1 by
Z(n—l—a:)3 Zq&“(n—}—xn )(n+:c)

N n—-1 bi...bgp_y
D om=1 2 k=1 Fnt k)

{(n +2)° — 4k*(n + 2)7 + 6k*(n + 2)° — 4k8(n + z)3+

S

~”
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+(’C8 - bk)(n + .’E)}
Now letz:, k(z) as (1.8) with j = 4, A(n, k) = by ...bg_146(n, k) with Ag(n, k)
defined in 11) of Appendix. Now the above bracket is = €n,k(Z) — €n—1,1(7).

Thus the above double sum transforms into 375 w1 EN,k(T) — Eljcv:l €k k(). In this
way we get formula c). W

Proof of d) Let ¢ = 2 in (1.2), multiply it by (—1)""!(n + «)3 and add from
n=1to N.

Thus
N
( 1 -l n— n 1("’L+.’17) _
Z (n+:c) Z( 2 1¢2(n+mn—1)
N n-1 b b
S Yt gt { o — 2242 + k) 00 )
n=1 k=1 ! "

~"

Let by = A0 (thus by .. by = w%.—) and using (1.11)

far(@) = (=116, .. by, %% with Bs(n, k) defined in 7) of the Appendix.
Then the above bracket is equal to f, x(z) — fn_14(z). Proceeding as before we
getd). @

Proof of e) Let i = 3 in (1.2). Multiply it by (n + )* and add from n — 1 to

N. Thus

N N

1 by...bp_1 B

;("4’1”)2 ;¢3(n+x,n—l)(n+z)*
(1.15)

N n-1 b

n=1k=1 J

Let b = % (thus by ...bg—y = (—1)F1 ((2:_—12))!136-.((63::63))!!) and using

(1.8) €n(z) = by ... bg_;. %3%}:% with As(n, k) defined in 8) of the Appendix.
Thus the above bracket is = €nk(T) — €n—1,4(z). In this way we get e). B

Proof of f) In the same way as we derived (1.15) but multiplying everything
by (=1)""Y(n + 2)4, we get
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N

( 1n 1 et bn 1 _
Z(n-i—m nz(_) ¢3(n+:1: n—l)(n+m)_

1

N n-1 (=1)""1by ... bk_l{(n + )" — 3k%(n+ )5 + 3k*(n + x)3 + (—k8 — b)(n + x)}

2.2 #(n + 3, k)

4

n=1k=1_

Let b, = 8(1 — 2k)3.&% (thus by ...be_; = (—1)¥~1(2k — 2)1) and (using (1.11))
Jag(z) = (=1)""1b, .. .bk_l%};ﬁ%; By(n, k) is 9) of the Appendix. This gives
f). m

Proof of g) Let in (1.2) ¢ = 3, multiply it by (—1)"'(n + )3, put pi instead
of b (pr to be especified later) and add from n = 1 to N. To this formula add
the following: in (1.2) let ¢ = 3, multiply it by (—1)""(n + z)% put ¢ insted of
by, and add from n =1 to N. All this gives

d n—1 1 n 1((n+$)ZQI~'-Qn—-1 +p1-°'p'n,—l) _
2 (e ) - o e )

{pl v D1 ((n +2)8 — 8k*(n + 2)* 4+ 3k*(n + )% + (—kS - Pk))

v

v

+q1 ... Q-1 <(n +2)% = 3k*(n+ )8 + 3k (n + 2)* + (k% — q)(n + :c)2> }

- )

-~

But = frk(T) — fn1,k(z) if (using (1.11)) we take f, x(z) =

n—1
= -d)%—(;l%%—k-{pl Pr—1BE(n +z,k) + g1 ... g1 B (n + z,k)}, where B(n, k),

Bi!(n,k) and a;(k),...,a4(k) are given in 10) of the Appendix, and Dk, Qk are
such that they satisfy

() 1. pr-1.01(k) +q1 ... gr—1.03(k) =1 ... pg—1(—k® — )

(i) p1...pk—1.00(k)+q1 ... qr_1.04(k) = p1 ... pe—1.3k*+q1 . .. Qr—1-(—k®—qz)

Everything works if px, gr # 0 for all k (recall py...px—1 =q1...qu—1 = 1 if
k =1). We rewrite i) ii). Let P(k) = p1...pr; Q(k) = qi ...q, then i) ii) are
equivalent to

() = (e, e ) (B
=Mk 1))

117



and P(0) = Q(0) = 1. So (5{)) = (~1)*M (k).M(k 1) ... M(1)(}) and we need
to prove P(k), Q(k) # 0 for all k (this implies pg, gx # O for all k). To prove this
last assertion observe that

RIS TG T YO
(k) = 21 | 21Ba(k) 64 39784(k)
Rt T o

and |B;(k)| < 1 for i = 1,...,4 and all 1 < k (this can be proved easily but
tediously, we omit details). Let the open quadrants of the plane be counted
clockwise i.e. (J) with ¢ > 0, d > 0 is the first quadrant, (§) withe>0,d<0is
the second quadrant, etc. Then using the fact that ((1)), (_01) are transformed to
the fourth open quadrant by —M (k) if 4 < k, we see that —M (k) transforms the
second open quadrant into the fourth open quadrant and viceversa if 4 < k.

One checks that P(k),Q(k) # 0 for 1 < k < 4 and that P(4) > 0,Q(4) < 0
respectively. Thus P(k),Q(k) # 0 for all k. B

Proof of h) In (1.2) put i = 1, multiply by %%:;, put bx = (z — y)? — k? and
add from n = 1 to N. Thus

N n-—1
'n 1 bl---bk—l
E E :E 2
(n+a:(n+y (n+ ('n,+a: n—1) nzlkzlfb(n+x,k)(n+ ’ yz

(ﬂli_zk)'*'ﬁj‘F(z"y)(“'z%é))
Let €n k(z,y) = by ...bg_;. P oy (that is, we have used so-

lutions 0),1),Ao(n, k),A1(n, k) of the Appendix and (1.8)). Thus = €nk(T,y)—
€n—1,k(,y). From this one gets h). W

Corollary 1.
A) In formulae a), b), ), d), e), h) one can substitute N by co and the formulae
remain true if the sums underbracketed are suppressed. For example for a)

oo oo

- @n-2)1 3 1
n+:v 24" Ly(n + z, n)(2 §$_Z)

n=l1

B) If f(z,n) = 3 + 2+ n;; x+1 , ¥ is Euler’s constant and I'(z) is the gamma
function then

weotg(nr) = % + Z(_l)n—l(_x)n(x)n< fl@,n)  f(-=,n) )

(T)2nt1  (—2)2nt1

and
'z +1) Iy Coe@n
TetD) *Z @angy @™
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C)

. 1 3n 1
1_722 Z 2n(2n—1)4""1<_2——2)+

N=1n=2N41
co 2V (2n) 1
+ (_1)n+1 n ~ (2N—1 + _)
D e e T TR
D)
0 aly 1 3n 1
n
S E )
1\/'2::1 n:§+1 2n(2n —1)4n-1\ 2 4
oo aV+1 (2n) 1
+S NSy n oV 1 }_
Igl { \; T nn = 1y (T ) )
o0 2N (Zn) 1
- N{ (-1)" n — (2N_1 + = }
Ng ; 2n(2n — 1)4n=1 (374 (3) 4
E) % o % - lng2 = Zf:l(%)n—I (6n+1)(672:5)2(!67;—5)...4(32ﬂ - ﬁ)

oo - n 5n%—1
F) Catalan =1+ 15> (%,)2?53)7 P (@n 1) (dnT1)2

oo —on n2 'n3
G)¢B) = % anl (;ln) ¢ iagn—j)? ;

H) If p(n, N) = 5(—34n® + 21n* — 6n2(N2 + N — 3) + n(—3 4 6N + 6N?) +
N(-1+42N2? + N3)) then

N - - N n )
et ;%<(—1>” T+ 1(%:3—2)7) =Y GV gna(zn_l()a(nma(z)sp(”’N )

D¢(2) = 353202, (=) ( (5] Gtnoen® s lian?)

e
J) Let S;(n) = 23221 ]i, then

<(3) = g E;O(_l)n—l g(ngy();n n3(271—1)5 ((1 - 2n)2n(1 —6n — 8n2 + 112”3)81(”2)*

— 1-10n—80n241240n% —4240n*4-4288n° ))

12
and

2n)2 e —2n)2n(1—6n—8n2 73
¢(5) = _6% Z?(*l)n_l(g—(ﬁ()ﬂn;&n—ll)ﬁ<2(l 2n) n(31(62711§3 +112 )(—2751(71)3—

2751 (n)Sa(n) — 653(n)) + 1—10n—80n2+1gé&n_3_l—)4240n4+4288n5 (27851 (n)? + 95,(n)) —

36n(5 — 351 + 54n2) S, (n) + 2(5 — 65n + 146n2)>
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Proof of A) We prove A) only for formula e). For the other formulae the
proofs are very similar and we omit them. We will use proposition 1 which is given
below. Let 0 < z < 1. If we denote the formula underbracketed of e) we have

2n—2)%(3n—3)! 2n—2)1%(3n—3)!
|v| 61N5 Zn—l (n— 1§'3(6n)6)'d}3(1\;+x n) = clN5 Zn—l (n (1)'3(61)1 (6)'1/)3()N n)

5 (2n— 2)'6(311.—3)' N syl 1
CIN Zn-l (n 1)'9(6’!1 6)'(N+n) (N)3 P C]_N Zn:l g::g)(lg::g (N+n)3(N)3 6

SN YL, (——53?\7)3—— with a < 64, using the fact that (**) ~ 47, (37) ~

21" as n — 0o. Now use proposition 1 to show that the last formula tends to
4
Z€ero.
» From this A) follows for 0 < z < 1. By analytic continuation it follows for all
x.H
Proof of B) Recall the well-known expansions

1 — 1 =
t - ) I R S
meotg(nz) = +f§(z+n n) T w(ngln(n-!-x)Jr;n(n—m))
n#0

I'(z +1) 1 1 ~ 1
I'(z+1) = Z(m—}—l a:+m+1)_—_7+ Zn(n+:c)

and use formula h) of theorem 1 with y = 0 and A) of this corollary.l
Proof of C) and D) We have if M is even (%—F FHE+-+ ﬁ)—

—2< +4+---+ﬁ>—(%*%+% ----- ﬁ) = 0. Thus we get M/12+1+M/12+2+
"'+ﬁ=l——+3 4+---— . Put M = 2" and add the above equality for
N =1,2,..., Ny getting (recall log2 =1-

2No

1 1 1 1 1
Z_1=(1-2 4 _Z
2.3 (1 2>+(1 3 t371
1

7

=1

1 1 1 1
=Noldog2—| - — -+ .. . |- —-2
og <3 i ) (5 5+

Thus

+
I S S
) \2Ne 1 oMoy T

1 o0 o0 1)n 1
7—1=limNo_,oo(ZZ—Nolog2) -

i=1 N=1n==2N41
(1.16)
oo 2V _1\n—-1
-y ¥ G
N=1 n=2N_41
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Also from a) of theorem 1 one has putting z = 0

D A N C i

n=No n=1 —
3 o 2n
: o (o) N

B ) —1)ntN n N 1

n;vo 2n(2n — 1)4n-1 ( 2 4) +;( ) (o — )41 (N5 (M) (5 +3
(1.17)

= n
- il(—l)nﬂv"—l (2n) (No -1 + 1)

n=1 2n(2n — 1)4n—1 (No—nl-;-n) (N(';n—l) 3 1

Thus letting N — oo we get

f’: (-1)n1 {‘; 1 ( 3n 1)
_— = _ _1 —— — — -—
Ny L ni—}\dlo 2n(2n — 1)4» 2 4
(1.18)

ot (*) No—-1 1

— ; (*1)n+No_12n(2n — 1)4n~1 (No~THny (No -1y ( 7 T Z)

Now use (1.17) in the last formula of (1.16) for the sum underbracketed to get
D).Use (1.18) for the other sum underbracketed of (1.16) to get c).m

Proof of E) ... J) All these formulae are evaluations of the formulae of
theorem 1 with N = oo (except H). E) is a) with z = 1. F) is b) with 2 = 3. G)
is ¢) with z = 0. H) is f) with = 0. I) is e) with = = 0. To get J) differentiate
e) one and three times and put z = 0. Wl

Proposition 1. Let m = 1,2,3,... and 0 < a < 4 then there exists a constant
¢ = c¢(a,m) depending only on o and m such that

N ™™ . log™ N
> (Y™ () ™ pzm S CNZm

n=1
if2 < N.

Proof: Let a, n(a) = Zwﬂ%%w From the fact that if ¢, x(c) > 0,

Eﬁlzl an N(a)™ < (Zf:’zl an,n(@))™, it is enough to prove the above proposition
for m = 1. We do this first in a weak form, ie., we prove first that Zf:r:l an,N(a) <
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c(a)log N, with ¢(a) depending only on «. Using the integral representation of
the beta function one has
N

Z(—N)(NT Z/ / tN (1 —t1)" 1y (1 — to)" Latdtidts =

n=1

o(1—t1)(1—tg) N

N N— 11— ( t
- af() fo t t 1. (1(1 tlf)(l ta) )
2

a! l—tl ?
a(l—t1)+7‘2

1 o) N
1-—m 1
N+1 N 2
«a t1(1—t¢ / dTQ)dt
/0 (1 ( 1)) ( o 1—15 (a(l—t1) + )N 1 1
We separate this last integral [;° = fol + f;°. But
oo 2 N (e ?] N
1—-7y dry / 1—13 dr
< R <caN+e
/1 /1 l—m T2N+1+ 2 1—m7 7'2N+1 ' 2

with ¢; and ¢y independient of N. Thus

! had aNt1
aN+1/ (tl(l — tl))N(/ .. .d’l’2>dt1 < ———4N (CIN + (;2)
0 1

because the maximun of ¢1(1 — ¢;) is in ¢; = 1/2.
Thus it remains to estimate

N+1/ t1(1 - ) ! drydt, =
/ (ta 1—7'2 (a(l — 1) + )N+ 2
N
:aN+1/ 1—7'2 (/1( th(1—1) ) 1 dh)deé
0 1——’7’2 0 a(l——t1)+7'2 (a(l—t1)+72)

1 N
gaN“/ L-m ( _t(l-t) ) log(l+T2)d2__
0 t1€0,1]a(l —t1) + 7 a

dt dts. Integrating first in ¢ and making the
(e mp = ﬂl;t;)zﬂ—ﬁl) one has

change of variable t; =

But the maximun of #(_1;%’)6 fort; € [0,1]isgivenatt; = 22 <1+%~—, /1+ %) .

N N
— — 2 . - .
Thus (tlnez%a:l ]—(ti(_—ltl)"’%ﬁ> =X [ v 1+T2 1) ] if T = 2. If in the last integral

of (1.19) one makes the change of variable T = & > and puts 3 J— =14m+--+

7'2N ! one gets

N-1 N i
VITTE -1)? j
:aE:/ log(l-{—Tg).[( +T22 )] 24T, <
1=

= [t log(1+ T
La Z o’ —g(Tszszg < ez(a)logN
3=0 2
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for N > 2 and c3(a) depending on a only. All this gives SN ann(@) < c(a)logN
for N > 2. Now we prove the ’strong’ form of proposition 1 for m = 1. Let a, 8
two numbers such 0 < a < B < 4, v := 3(< 1) and Ny = nearest integer to

—L?ogg—Nj. Thus using the weaker form we get

N No N

Z an,N(a) = Z an n(a) + Z an N(B) A" <

n=1 n=1 n=Ng+1

No Np

logN
< ann(@) +¢(B)logNy™H < 3 an (@) + ()
n=1 n=1
. [ af{n— 2 . .
Using the fact that aZ’i’l’:’I\(I(i) = (N_szl)tgv+n) <1ifl1<n< Nyand N is

big enough, one sees that a, y(c) is decreasing in n for 1 < n < Ny if N is great

enough. Thus

Noa logN

No
Zan,N(a) < Noayv(a) = ——— < c,;(oz).——2
1 N(N+1) N

This proves proposition 1.8
Final Remarks.

Note that formula e) of theorem 1 with N = oo is the most rapidly convergent
series of all stated formulae.

APPENDIX .
0)j=1, p(n, k) =1, Ap(n, k) = ~o%
1) j=1 k) = Ay k)= "
i=1 plnk)=n, W R = a2k T 12k

2)j=1, p(n, k) =n? —k/2, Bi(n,k)=mn/2+1/4

2

- _ .2 _on n
3)i=1, p(n, k) = n?, Az(n’k)_2(1—-k‘)+2(l—k)
i 1

5)j=2, p(n, k) = n* — 2k2n? + 23 — 3k4,
2 2
B2(n’ k) = 2k_23k l % I n2

. o, _ (k+2n+2n?)
6) J= 2) p('n', k) =n-, A4(n7 k) - 4(1 _ 2k)
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7) § =2, p(n, k) =n® — 2k?n3 + n(k* — by),

3 3n?2  3(k— k2 ~1+ 6k — 6k2
Bs(n,k):%—l- Z + ( 7 )n+( +8 )

here b, = k(2k — 1)3/2.

8) j =3, p(n, k) =n’ — 3k%n° 4 3k*n® + (—k® — bi)n

k(— _ 2 3 _ 4

Ag(n k) = (—3 + 30k — 110k? + 155k3 — 74k*)
6(5 — 36k + 36k2?)

(1 — 10k + 10k? + 160k® — 310k* + 148k5)n

6(—5 + 36k — 36k2)

- -1 _ 2Y,,3 4 5
+5(1 k) kn? — 5(—1— 2k + 2k*)n 4 5n L
5 — 6k 3(5 — 6k) 2(b—6k) 5-—6k
here by = 8k3(2k—1)°

T 3(5—36k+36K2)"

9)j =3, p(n, k) =n" — 3k%n5 + 3k*n3 + n(—k® — by),
4

Ba(n, k) = %— +n3 + 3(k — k2)n?+

(—1+ 6k — 6k2)n k(=3 + 18k — 34k2 + 21k2)
+ 3 + 5

here by = 8(1 — 2k)3k3.

10) j =3, p(n,k) =nb —3k%n? + n2aq(k) + a1 (k),

— — 2 _ 2 3
Bl(n. gy = (CLH %k —126%) | 3(3 44k)kn+3n +§,2_

k3 (1—9k+12k2 3k(1—~9k+28k?--24K3
here oy (k) = FUZHI2RT) ) (k) — 3EOOk+2 )

j=3, p(n, k) = n® — 3k2n + 3kin? + as(k)n? + as(k)
4 — 45k + 147k? — 188Kk3 + 84k* k(- 135k — 188k2 + 84k3
Bl (n,k) = + 147 188k> + 8 N (—30+135 +8 )n+
16 8
(—10 + 45k — 36k2)n?  3(5 — 4k)kn® 5n* n®
-+ 8 + 1 + I + 5

3/_ _ 2 5 apd
here ag(k) = k% (—4445k—147k% +188k3 —84k*)

8 b
_ k(—12+135k—601k2+1284k> —1308k*+504k>
ay(k) = ( 5 ),

11) j=4, p(nk)=n®—4k®n" + 6k*n® — 4k5n3 + (k% — by)n,
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Ag(m.k) = k2(=5 + 50k — 195k + 366k — 334k* + 120k°)
o= 4(3 — 16k + 16k2)

k(2 — 20k + 70k? — 95k3 + 44k*)n N (1 — 10k + 10k? + 100k — 190k* + 88k5)n?

6 — 32k + 32k2 4(~3 + 16k — 16k2)
_5(k—-1)kn®  5(—1— 2k + 2k?)n* N 3n® N n®
(3 —4k) 4(3 — 4k) 6—8k 6—Rk
8(2k—1)5k®
here by = 3—(16ki)16k2
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