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Abstract
In this paper we give a sense to the convolution product of certain

kinds of distribution §(P + i0 — m?) which has been introduced by (
{1],page339-348).
1 Introduction.
Let = (21,...2,) a point of the n- dimensional Euclidean R™.
Consider a quadratic form in n variables defined by
P=P(x) =2} + .85 — Top1-. — Ty q (1)
where p+ g = n is the dimension of the space.

The distribution (m? + P +i0)* are defined by
(m? + Pi0)* = liu%)(m2+Piielrcl2))‘, (2)
e
where € > (0, m is a positive real number, ) is a complex number and

rx =22 + .22, (3)
It is useful to state an equivalent definition of distribution (m? + P +1i0)>.
In this definition the following distribution appear:

(m2+ P> if m+P>0,
(m* + P)} = (4)
0 if mf+P<O.
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and

(=(m?+ P))* if m?+P<0,
(m* + P)2 =
0 if m?+P>0;

where m a is positive real number and A is a complex number.

From([5],page566), we have

(m? + P £i0)* = (m® + P)} + 5™ (m® + P)}
On the other hand the distribution (P + i0)* is defined by

VA 1 . 22
(P +0) —gl_I)I(l)(Pﬂ:’l,Ell'l),

(5)

(6)

(7)

where € > 0, is a positive real number, ) is a complex number and 1| z 1%is

defined by (3).

The distribution (P+i0)* have poles at the points A = —2—k,k=0,1,2, ...

(From ([2],page 276,formulas (2) and (2’)),we have

(P £i0)* = P} + et P2,

where

P» if P>,
P =

0 if P <,

and

. {(—P)" if P<0,
P_:

0 if P>0.

We note that (c.f.[5],page 566), the following result is valid

Res 2 py ﬁ(“l)k—lé(k—n 2, p
’\=_k(m + )+_ (k—l)! (m + )7

and

2 a1 ceeny, 2
Resy——_x(m* + P)2 = - 1)!6 (m® 4+ P).
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2 The Convolution Product of §)(P + i0 — m?) «
(P £ i0 — m?)
In this paragraph we need the following formulae:

i eI G
2 I0(Z +j — k)

SB(P 490 — m?) = (_1)k7r%e£§,ﬂ Z{ for n odd (13)
720

([1],page 344,formula 3.13),.

. Fgmi 2yitB-k-1pig
SO(P£i0 —m?) = (~D*n2e ¥ 0 Grbmoerr iy (14)

fornevenifk <3

([1],page 344 formula 3.13),
. (-1 i (m? it -k-1y5s
9N (P +i0 —m?) = gF—'g{eig—‘Z:jZk—-%+l ?J)J'!I‘(J'—k+%)
(15)
fornevenifk> %
([1},page 344,formula 3.14) and
L7 {8(z)} * L7 {§(x)} = L7 {8(x)} (16)

([1],page 347 formula(5.10)). Where j and r are integers non negative and
L? is the ultrahyperbolic operator iterated j times defined by

, [ » & )
L—{@;‘i‘...‘l‘-a—a%—%?ﬁ—lf...*@}. (17)

In this paragraph the simbol * will mean convolution.
Now,we prove the following theorem:

Theorem 1 Let n be the odd dimension of the spacek,r non-negative integers
such k+r >n—2 then the following formula is valid:

{6 (P £i0 — m?)} * {60V (P£i0 — m2)} = (1) n3 %,

Fqmi s n—k—r425—2 (mZ)n—k7r+a—2 s
e 2 -ei’F-ngkH-nn( s ) 4sr(-§~r+s)r(§—k+s)L o {z},

(18)

17



‘Where
t!

(5)= =

(19)

#=T(t+1) (20)

and L? is the ultrahyperbolic operator iterated j times defined the formula
(17).

Proof. From (13) and considering (16) we have,
M (P £40 —m?) » 50 (P £i0 — m?) = (~1)radat o 5,

m?) B k-1t Ay Bty . . Egmi
Yis0 3'(!4J1')‘(2%—k+j) Yso ’,(!4y12(§_r+u) [L76 {z} * L¥6 {x}] = (—1)*F e

Fami 2\ B —k—11 ( 22§=~r—1tu . Fqmi
ez " >0 j!;r:r(z;-—kﬂ) 21/20 y!f:vr(g--rw)yw {6(z)} = (_I)HTB 2

i 2yG -5t -r—1fs
LD DU (550 mmrr=rtara=rr=y) L (56)}

(21)
On the other hand the following relation are valid,
1 o (s=g) (%—lﬂ—s—l) (22)
T(3+j—k) T(2+s-k) s—j
and
1 GN (%—r+s—1)
- = . 23
MG+s-7-n TG+s D\ #)
Using (22) and (23) we have,
8 1 —
Zj:() W= NIM(F—k+NT(F—r+s—7) —
s 2—k+s—1\ s B —r+s—1
Zj:o (7 a3 )(‘i —3 )'I‘(—;L—k+s)ll‘(-’21—r+s) = (24)
(%—k+s—1+%—-—r+s—1) 1
s "D(F—k+s)I(Z—r+s)
iFrom (21 ) and using (24) we have,
{6FN(P £ 40 — m?)} + {60)(P £i0 — m?)} = (—1)*+rane S5 TF°.
(25)

m2 n-k—r+s-2

n—k—r+2s— (m") 8
20 ( AR 4ar(;—r+s)r(§-k+s)L o {z}.
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On the other hand using (19) and (20) and the formula

™

) rl—z)y=—— ——= 26
DI~ = s, (26)
we have
(n—-k——'r+23—2) _ (n—k—r+2s-2)! = (n—k-—r42s-2)!
s = s{n—k—r+s5-2)! T ST (n—k—1+s—2+1)
—8 r—n)).sen(2—s r—n)w (27)
(n—k — 1+ 25 — 2)1. T2tk ))8'!‘" @-stktr—nm)m _ ¢
if s<k4r—n+2,
here k+r-n+2> 0.
(From (25) and (27), we obtain
{5 (P %40 — m?)} * {6 (P £ 40 — m?)} = (—1)k+rame ¥ 55
Zszk+r—n+2 (n—k—1;+2s—2) . (28)

(mZ)n~k—r+a—2

TS )T (5 —FF9) L*6{z} if k+r-n+2 > 0.

(From (28) we conclude the proof of theorem 1. =

Theorem 2 Let n be the even dimension of the space, k, r non-negative inte-
gers such k<% and r<3 then the following formula is valid

{(68I(P£i0 —m?)} x (SO0 —m?)} = (~1)F+ rdnde ¥ ™

mZ n—k-—-r4s—2

Z:32’:"""—714-2 (n—k—"‘s+28—2) 431"((%——1'-}-3)1"(-'5‘-—-!:-'—3) a® 6{1’.}

under condition n—2<k+r<n.
(29)

The proof of Theorem 2 is the same form of Theorem 1 except that in this
case from(14) using the conditions k<% and r<3 we have k+r <n, therefore

from the condition k+r-n+2> 0 end k+r<n, we obtain the condition
n-2<k+r <n under which the Theorem 2 is valid.
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Theorem 3 Let n be the even dimension of the space, k, v mnon-negative
integers such k>3 and r> 3% then the following formula is valid

SB(P+i0—m?)« 6 (P+i0—m2) = (—1)ktrrind e 5 ™.
2\e
ZSZO (k+r+23—~sn+2) 4~+’=+r—"+3r'(r——(:2ln+)s+2)l‘(k_%_'_3_*_2) [Stktr—nt2y {37}
(30)
Proof. From (15) and considering (16), we have
5P 40— m2) x 6O (P i0 — m?) = CDTnEaEeTH e
(31)
2\ ¢ _
S (%) - Tico s rmine—rrr I 2 {6(@)
Using the formulae(20), (21 ) and (22) from (31), we have
SB(P+i0 —m2) 6D (P+i0—m2) = (—1)ytrane™5 5
mz 8
o (k+r+2e-n+2) P Y (= é ;33_2)1.(?_%“4_2)! Lotktr=n2(5()} (32)

if k+r>n
iFrom (32) we conclude the proof of therem 3. m

In particular putting m? =0 in (18), (29) and (30) we have the
following formulae:

S®(P £0) * 60 (P £i0) = gerel ey € 7 F
F(T—li+25 LHTTE{G(2)} is if » is odd,
(33)

—1 k+r7rn
4k+r—~u+2r(k_ %_‘_2) .

") (P 4 i0) * 5P £40) =

ren (34)
gL {0(@)}
if nisevenfork<§ and r < %
and
. * . - k+rﬁ,n i i
8®) (P £40) # 6 (P £ 40) = jor=mioy T o FF E
(35)

s LT —m42{5(z))

—5+9)
if nisevenfork> % and 7> 3.
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Using the formula (26), under conditions k<3 and k< 3 for n even,
we have,

1 n
= i - - 36
fh-2+g) 0 Tk<3-! (36)
and
1 n
O i — — 37
=212 01f1"<2 1 (37)

(From (34) and using (36) and (37) we have

é(k)(PiiO)*é(T)(PiiO)=0ifk<g—1andr<g—l (38)

Therefore from (34) and (35), we have

S (P £ 40) + 6 (P + 40) = 4k+,£:i)2}+(;’:"% SN A o

(39)
Wr_—lgm.L’”"*"*’Zif nisevenfork>% —land r>%-1 .

;From (35), (38) and (39), we obtain the following formulae:

B (P 40) * 8 (P+0) = e™5 ™5 ap rn L ™25 if nis odd, (40)

59N (P £ 40) + {6V (P £i0) = 0 if n is even fork<g—1andr<g~1

(41)
and
SB(P £ 40) * 6)(P £ i0) = e ™5 ™5 ay . n L+ "+25
(42)
fniseven for k> 5 —~1land 7> 2 —1.
here
-1 k+4r n
Ak, rn = ( ) u (43)

gFHrn 2k~ 24 2T (r— 2 4 2)°
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On the other hand using the formula([1],page 344,formula (4.2))

5O (P + i0) = e (1), ifni dk>2 (44)
( Z)*4k‘§+ll‘(k——§+2) 7 is even an 23
from(42),we have the following formula
(k) . ) ) — i (k+r—n+2)!1r'§' (r+k+1—32) .
8 (P £40) + 87 (P + i0) ei%—.(k_%ﬂ)l(r_%“)!(_l)l_%a 3)(P + i0)
if n is even for k>% —1land 7> 3 -1
(45)

The formula (45) appears in ([1],formula (5.1) page 346.
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