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Biopolymer folding is an expeditious process taking place within timescales
incommensurably shorter than ergodic times. We demonstrate that this property may be
accounted for by means of a variational principle which is formulated within an adiabatic
approximation obtained by integrating out [ast-relaxing molccular motions. The least-
aclion relaxation is shown to yicld the glassy vehavior which has been previously

cncountered in the folding of random heteropolymers.

1. Introduction

The folding of natural biopolymers (RNA, proteins) under in vitro solvent condilions
is an expeditious, efficient and reproducible process which represents the scarch in
conformation space performed by a biopolymer chain that forms intramolecular contacts
at the expense of losing conformational freedom. The difficulty in finding theoretical
underpinnings of such phenomena is due to the lact that folding is neither an
encrgetically-downhill process nor the result of an exhaustive random exploration of

conformation possibilitics [ 1-4], the extreme cases which would make the problem far

more tractable.
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Such a framework calls for an action principle {5] which should single out folding
pathways resolved within a description of conformation space compatible with the
means of delection |2,3,6]). In fact, a specialization of this approach to the folding of
natural RNA molccules [4] has been relatively success{ul at reflecting the essential
properties of the process while reproducing the experimentally-probed folding pathways
[4,6]. The means of detection engaged in probing pathways are indeed compatible with
the coarse graining of conformation space we have dealt with theoretically: The detection
of folding events is essentially rooted in RNA-DNA hybridization techniques which can
only resolve structure at the fevel of base pairing contact patterns (CP's). Within this
level of resolution we intend to focus first on the following problem:

Obviously, to assume that the exploration of conformation space is diclated by a
sequence of CP transitions governed by an action principle | 5] implies [irst of all that an
adiabatic approximation to folding dynamics holds in this contexl. Thus, in the spirit of
the Born-Oppenhicimer approximation in molecular physics, we have treated the folding
problem adiabatically, assuming the cxistence of slow cnslaving folding degrees of
freedom: If we rely on known estimates of mean relaxation parameters {7-9], there
appears to exist a separation of timescales between folding events resolved as CP
transitions (10-4-103s) [1-14] on onc hand, and rclaxation timescales for torsional
dilicdral motions (10-12-107s), puckering (10-19-10-7s), rotation about glycosidic bonds
(10-11s) and vibrations (10-19s) on the other hand. However, there are caveats wlien
handling this information: Spectroscopic measurciments of timescales have been
performed mostly for indiyidual nucleotides (the RNA monomeric units), and often
under in vacuo condilions.

Is the adiabatic assumption a valid one? If so, then fast microscopic motion could be
integrated out as entropy, cach CP would represent indeed a state of quasicquilibrium,

and fonwvard and backward activation barriers assoctaled Lo CP transitions could be
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evaluated respectively taking into account cither the conformational entropy loss or the
cnthalpy loss associa(cd lo intrachain contact formation [1]. This is indeed the piclufc
we have adopled so [ar for natural RNA sequences, and it appears to reproduce the
phenomenology within the coarse CP description compatible with (he sensitivity of the
observations | 6].

From.a physical perspeclive, it would be desirable to formulate the action principle
explicitly, in a fashion that makes no refcrence (o cvolutionary facts. Thus, we shall
concentrate on reproducing the glassy logarithmic relaxation of random
heteropolymers [10] by means of a least action principle formulated within an
adiabatic approximation.

‘The so-called logarithmic relaxation is found in statistical ensembles of cquivalent
entities with quenched disorder whose dynamics is mapped on a complex free energy
landscape [10-12]. By logarithmic relaxation we mean an averaged behavior
characterized by a logarithmic growth of the expected encountered activation barricr
which at time Uis of the order of In(t/t), with T being a characteristic timescale. An
illustration of this instance is furnished by a collection of the order of Avogadio's
number (~1023) of polymer molecules of fixed fength with a random primary scquence
folding intramolecularly under in vitro solvent conditions {10-13]. The molccules
undergo lolding cvents in an asynchronous manner and only their statistical behavior is
amenable of a physical treatment. Their relaxation towards foldings of increasing
complexity has been accounted for by implementing a kinctic theory [ 14] rooted in the
random encrgy model (REM) [10,15]. Our aim in this work is to cast this behavior in
lerms of a variational principle.

Focusing on relaxation processes with steps of increasing difficulty, it becomes
intuitively obvious that the fastest process would correspond (o a logarithmic growth of

activation barricrs, since such a growth is the slowest possible. Then, the following



question ariscs: Is if possible to derive a least action principle holding for processes of
increasing difficulty such that the glassy logarithmic relaxation described above is
singled out as a brachistochrone or least over-all time relaxation pathway ?

In order to answer the question posed, we shall first develop a formal adiabatic scheme
with minimal detail that effectively reproduccs the statistics of the folding dynamics of
an ensemble of random heteropolymers. Then, we shall prove that the expected
relaxation leading Lo increasing structural complexily obeys a variational principle which

encompasscs a broad range of phenomena involving systems with quenched disorder.

2. Basic tenets of the folding statistics

To determine the statistics upon which the dynamics arc built within an adiabatic
approximation, we pick the enthalpy H (H<0) of a folded stale as the relevant
coordinate, assigning H=0 to the random coil (RC) conformation. This choice is
appropriate since enthalpy changes result {rom heal relcased and translerred to the
statistical bath (the solvent) due Lo intramolecular contact formation and, consequently,
the enthalpic content of a specific state depends directly on the CP lo which the state is
associated. Thus, our theory aims at defining the statistical dynamics along a single
coordinate, H, as a projection of the adiabatic dynamics within the CP space for random
copolymers in the long chain limit.

Within the adiabatic approximation, the dynamics are determined [ollowing a general
scheme [1,4]: The kinctic barrier B associated to a contact formation, B=B(loop), is
entropic in nature since the transition state enlails a loop closure with the concurrent loss
in conformational freedom [1]: B(loop)=-TAS=-TAS(loop), where AS(loop) is the
cntropy loss associated Lo loop closure, already computed for any size loop §5]. On the

other hand, the kinetic barrier associated Lo contact dismantling, B=B(del.), is of
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enthalpic origin, since deletion of an intramolecular contact requires heat absorption in
the same amount as that relcased, AH, upon formation of the contact. Thus, we get:
B(del.)=-AH.

We introduce the density of microscopi(l: realizations with enthalpy H: QH)Y/Q =
F(H), where Q(H) and Q arc, respectively, the number of conformations compalible with
enlhalp‘y H and the total number of conformations. Thus, within the adiabatic
approximation the entropy S=S(H) of a slate with cathalpy H is S(H)=RInF(H). In
order to determine F(H), we make use of the fact that there exists within the adiabatic
approximation a denaturation temperature T .. Thus, at T=T_, G(H)=AG(H) isidentically
zeroirrespective of H. The quantity AG(H) is the (ree energy change associated to the

transition from the RC to the folded state with enthalpy H. Then, the following relations

hold:
-RT In F(H) + H=0; (n
F(H) = exp(-IHI/s) ; (2)
AS = (R/s)AH, 3)

where s = RT . Since RT/s<l for T<T, and given the nature of the kinctic barriers

involved in formation and dismauntling of intramolecular contacts, Eq. 3 implics that the
folding is mostly delayed duc to dismantling of "misfolded" structure, in accord with
current obscrvations [2-6,16]. Eq. 3 yiclds a straightforward relation to determine the
unimolecular rate constant k for intra-chain pairing. Thus, the generic Arrhenius
expression [1] valid within the adiabatic approximation: k=g exp(-B/RT), with
p=clfective collision [requency, becomes proportional to Bexp(-B/RT). This is so since
p#=103s"1n, with n=number of contacts formed once the loop closure has taken place
{ 1,6}, and -AH=sB/RT" is proportional (o n.

Within the adiabatic approximalion described above, and since we are dealing with

ensemble-averaged relaxation, we shall consider a generic situation under the following
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constraints which apply in particular to the statistics of the [olding dynamics of random
heteropolymers: a) The free energy landscape is rugged because of the high degeneracy
of enthalpy levels; b) the expected barrier B(l) encountered at time t grows
monotonically with t, as is the casc for a system of increasing complexity in which
successive rclaxation sleps become increasingly difficult; and c) the progress of

rclaxation may be monitored by a single-valued [unction H(O)=H(13(1)).

3. The variational formulation
Under the tenets expounded above, and given the simple form of the unimolecular rate
constant within the adiabatic approximation, it becomes convenicnt to define a path

integral [unctional G{H(B)} giving a magnitude proportional Lo the overall relaxation

time jdt:

G{HB)} = fB-lexp(B/RT) (1+HHV2 4B, 4)
where H'=dH/dB and (1+H?2)Y2dB is ihe arc differential in the plot H=H(B) with
integration extremes B=0 and B=B. Making usc of canonical lools of calculus of

varialions we obtain the following set of coupled ordinary differential equations:
dB/dt = | B2exp(-2B/RT) - Blexp(-4B/RT)| V2 (5)
dH/dt = |BZexp(-2B/RT) - (dB/dy)2 ]2 (6)
The numerical integration of eqs. 5 and 6 has been performed clsewhere [17] and
need not be repeated here. It reveals a logarithmic relaxation. The logarithmic time-
dependent behavior of H(t) {its into the physical picture of gencral relaxation dynamics

for glassy disordered materials | 10,11}, thus corroborating the validity of the approach
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presented in this work. This relaxation regime is followed by a sudden asymplotic
rclaxation to a saturation enthalpy value H=H(e0). Thus, the time-dependent behavior of
the expected enthalpy marks the existence of a melastable folded phasc emerging as a
dynamic equilibrium. This is so since the minimum freec encrgy rcalized is
G=H()-(RT/s)H(). This is a local and not the global minimumn, since being
G=(1-RT/s)H, the frec encrgy could in principle decrease boundlessly in the limit of
long chains considered. Thercfore, we may conclude that within an adiabalic
approximation, the metastable phase becomes dominant as a dynamic equilibrium in
accord with previous findings [ 1,14]. The asymptotic rclaxation to a finite H(e?) merits
discussion: Eq. 3 reveals that at renaturation conditions, the activation barrier associated
lo a decrcase in enthalpy is actually smaller than the barricr for the backwards transition.
However, the tendency to decrease in enthalpy is curbed by an opposite trend due to the
progressive scarcity of enthalpy levels, as indicated by Eq. 2. The occurrence of a
saturation enthalpy is therefore a consequence of two opposing cffccets, one of enthalpic
and the other of entropic origin.

The growth in time of the encountered activation barrier resulting from numerical
integration of cqs. 5 and 6 reveals again a signature of glassy relaxation while casting
the result in a new light, as it feads Lo an interpretation of the logarithmic growth: Since
such growth is actually the slé\vcsl possible growth, it must yield the brachistochronc
relaxation pathway within a process of increasing level of difficully, as evidenced by the
minimization of the functional presented in Eq. 4.

The variational formulation described by Eq. 4 not only validates the adiabatic
statistical theory of folding presented in this work, but also reveals that the logarithmic
law which governs the glassy relaxation of several materials with quenched disorder
actually represents the fastest relaxation amongst pathways which entail a monotonic

increasc with time in the size of the expected activation barrier. Because of the generic
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nature of these resulls, our endeavors are now directed at assessing whether the

variational [ormulation holds beyond the context of folding of disordered copolymers.
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