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Abstract

For the algebraic study of 1 valued logics introduced by Lukasiewicz,
Moisil introduced in 1941 the so called n-valued Lukasiewicz algebras,
These algebras have been extensively studied by various authors, be-
ing emphasized by R. Cignoli in his doctoral thesis, Universidad Na-
cional del Sur, 1970 (see also R.Cignoli, Moisil Algebras, Notas de
Légica Matemaltica, 26, UNS, Bahia Blanca, 1970), under the name
of Moisil algebras. In these algebras are introduced operators that
are said modal, though some of its properties would not be commonly
accepted as properties of a modal operator.

In this work it is introduced a propositional calculus A, that is
demonstrated complete with respect to the algebras of Moisil. This
calculus contains operating s; whose meaning would be that of to grad-
uate the possibility of a proposition. They are introduced semantic
models for modal logic in the sense of Kripke for these logics M,,, what
permits to corroborate that, in fact, the operators s; can be considered
modal, and its little usual properties are due to the fact Lhat they are
valid in very particular models.

1 Introduction
Moisil algebras of orden 1 (1 an integer> 2) were introduced by G. Moisil in
1941 (see, for example,[5] ) under the name of n—valued Lukasicwicz algebras.

A detailed analysis of Moisil algebras as well as further references may be
found in [1] or [2] .
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In this paper a propositional calculos M, is defined as an extension of the
intuitionistic implicative calculus by the addition of a De Morgan negation
and of certain modal operators s; wich graduate the posibility of a propo-
sition. This propositional calculus will correspoud to the Moisil algebras of
orden n in a sense we shall make precise in 3.

In 4, we shall introduce semantical models (in the sense of Kripke [3] and
[4] ) for the calculus M,, and we shall sce that this calculus may have a modal
interpretation.

Analogous results for calculi P, corresponding to Post algebras of order
n, will be indicated in 5.

2 Moisil algebras

Let us now recall the equational definition of Moisil algebras of orden . given

in 1] (or [2]).
Definition 2.1 . A Moisil algebra of order n (n an integer >2)is a system
(A, 1,AV,~, 81,89, ..., 8n_1) such that (A, 1, A, V) is a distributive lattice
with last element 1, and ~,s(,...,8,_1 are unary operations defined on A
satisfying the following conditions (for all x,y € A):
Ml) ~vaz=u
M2) ~(zVy)=~azA~y
Lli) si(zVy)=sxVsylori=1,...,n—1
L2i) s;zvV ~vse=1fori=1,...,n—1
L3ij) sisjz=szfori=1,...,n—1
Ldi) s; ~z =~ s, fori=1,...,n—1
L5i) siw < sjpqpxfori=1,...,n—2
L6) o < spqx

L7) aA ~v sz Asgpy <ylori=1,...,n—2
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Examples 2.1 .(see [5] ). Let L, be the chain 0 < I/n -1 < 2/n—1<
o <n=2[n—1<1, where we define 2:Vy = max(x,y), Ay = min(z, y), ~
r=1-—u,

) ifi<yg
sin—j/m—1)= { (1 j];j ; j (1)

Then L,, is a Moisil algebra of order n.
Morover, the following representation theorem holds:

Theorem 2.1 . Any Moisil algebra of order n is isomorphic with a sub-
direct product of algebras L,,. ([5] and [2] ).

Every Moisil algebra is a Heyting algebra, and the relative pscudo-com-
plement = can be delined in terms of the operations A, V) ~, s, In L3) - L5)
the operators s; can be defined in ters of the operations =, ~, A and V,
but this is not possible for n > 6 (sec [1] ).

It is a trivial observation that for L4), part of the operators s; could be
defined in terms of the others.

3 The propositional calculus

We introduce now the caleulus M,,. The formulas of this calculus are built up
in the usual way from a set {p;}ie; of propositional variables by means of the
councelives —(implication), V (disjunction), A (conjuuction), ~ (negation)
and s; for i = 1,...,n—1 (modal operators). The connective —(cquivaleuce)
is defined as usual by

a b=y (a—b)Ab-— a) (2)

We shall eliminate parenthesis following the usual conventions that the
connectives ~, s, . .., $p,—1 binds more strongly than cither A or V, aud each
of this more str ougly than cither — or «».

The following formulas are the axiom schemas of M, (wheu P Q and R
denote formulas):

Al) P—(Q—P)
A2) (P—=(@-R) - (P> Q) (P—R)
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A3) P PVQ
A4 Q- PVQ
A5) (P—R) = ((Q— R)— (PVQ— R)
AG) PAQ — P
A7) PAQ = Q
A8) (P Q) = (P — R) = (P~ QAR))
A9) P o P
ALOD) s:(PV Q) = PV 8,Q for i =1,...,n— 1
ALLY 5:PV ~ sl for o= 4, |
A12ij) si8,P > s;P for iyj = 1,...,n— 1
A13i) s~ P o~ sy Plori=1,...,n—1
Al4i) ;P — s P fori=1,...,n—2
A15) P — s, 11 P
A16i) PA~siPAsiQ— Qlori=1,...,n—2

The rules of M,, arc the [ollowing:

R1) 5029 R2) 5725 R3i) s fori=1,...,n—1
According to the observations made after theorem 2.1, the connectives of
this calculus are not independent, but we take it in this way for reasons of
simplicity. '
We shall say that a formula P is a thesis of M, and we shall denote it by
b, P, if it belongs to the least set of formulas wich contains the axioms and
is closed under R1), R2) and R3i).

For example, the following formulas are theses of My
18) Fp~ (PV Q) &2~ PV ~ Q)
19i) Fy, 8PV 5:.Q — si( PV Q) fori=1,...,n—1
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By the usual methods it can be constructed the Lindembaum algebra L™
of the calculus M, and sce that L™ is the free Moisil algebra of order n
with ¢ generators, where ¢ is the cardinal munber of the set of propositional
variables of M,. L" is also a characteristic matrix of M,,, that is, &, P if
and only if |P| = 1, where |P] is the equivalence class wich contain P. By
theorem 2.1, the calculus A, has the chain L, as a characteristic matrix,
and thercfore, this calculus is decidable.

4 Semantical models
We shall now introduce the semantical models for A,

Definition 4.1 . A Moisil model structure of order n is a system (K, <
1y 91,92 <+ Yni ), where (I, <) is an ordered sel, K is nol empty, and g; for
i=1,...,n — 1 are mappings from K into K such that (for all k, k' € I ):

K1) if k < k' then go(k') < go(k)

K2) g2 = gogo = I (I is the identity map from K onto )
K3i) if k < k' then g;(k) < g;(K) fori=1,...,n—1
K4ij) gigj=¢ifori=1,...,n—land j=0,1,...,n—1
Kb5i) gogi =gy fori=1,...,n—1

KGi) gi(k) < giga(k) fori=1,...,n—1

K7) k= gi(k)Uga(k)U ... Ugy_(k)

Definition 4.2 . A Moisil model of ordern is a system (I, <, go, -, gn-1, [ ),
where (K, <,4go,. ., Yu1) s a Moisil model structure of order n and f an
application from the cartesian product of I and the set of propositional vari-
ables of M, into a set of two elements: 1(true) and O(false), such that (we
shall denote fi(p) = f(k,p)):

If filp) =1 and k < K/, then fu(p) =1
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This mapping f may be extended, in a unique way, to an application v
from de cartesian product of K aund the formulas of M, into {0, 1}, wich we
shall call valuation, by induction on the number of connectives of a formula,
in the following way:

V1) v(p) = fr(p), where p is a propositional variable

V2) ve(PV Q) = 1 il and only if cither vg(P) = 1 or v(Q) = 1; otherwise
w(PV Q) =0

V3) u(PAQ) = 1if and only if vx(P) = 'I}AT(Q) = 1; otherwisc v (PAQ) =0

V4) v(P — Q) = L if and only if for every &’ such that k < &', if vp(P) =1
then vp (P) = 1; otherwisc v (P — Q) =0

V5) wvk(~ P) = 1 if and only if v, (P) = 0; otherwise vg(~ P) =0

V6i) vg(s;P) = 1 if and only if vgy = 1 for i = 1,...,n — 1; otherwise
ve(s:P) =0

Definition 4.3 . We shall say that a formula P is valid and we shall write
=, P, if for every Moisil model structure of order n (I, <, 90y - - -, Gn—i), Jor
every valuation v and for every k € I, vy (P) = 1.

In the following lemmas, (I, <, go, ..., gn—1 is & Moisil model structure
of order n and v a valuation on (K, <, g1, ., gn-1)-

Lemma 4.1 . For any formula P, if vy(P) = L and k < &' then vy (P) = 1.

Proof. By induction on the number of councetives of P. In the induc-
tion steps corresponding to ~ P and s P, it can be used K1) and K3i),
respectively. ©

Lemma 4.2 . v(P) =1 of and only if vy, (P) =1 forr=1,...,n—1, if
and only if there exists r such that 1 <»r < i and 'vgr“_)(P) =1.

Proof. If follows from VGi), lenuna 4.1 and K6i). ®

From the preceding lemma and according to Kripke’s interpretation of
the modal operators, it [ollows that s, con be interpreted as a operator of
necessity, s,—; as a operator of possibility and s; fori=2,...,n—2asccertain
intermediate grade belween necessity and possibility.
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The following lemmas will allow us to prove that any Moisil model struc-
ture of order n is the cardinal sum (as ordered sets) of chains with at most
n — 1 elements.

Lemma 4.3 . [urall k € I, gi(k) <k < gu-1 (k).

Proof. By K7), given k there exists & € K and (1 < ¢ < n— 1) such that
gi(kl) = k. By 1{4]])) 9 (l") =g (l";/) adud .(/n—l.(k) = .gn—l(k,)~
By K6i) g1 (k') < g:(k') < gn—1(K). Hence, g1(k) < k < gn1(k). .

Lemma 4.4 . [or all k € K, either k < g;(k) or giy1(k) < k, fori =
1,...,n—2.

Proof. By k7), given &, there exists & € I and j(1 < j < n—1) such that
9; (k") = k. By Kdij), gi(k) = ¢:(K) aud g;1 (k) = g5 1 (K).

By K6i), cither g; (k") < g:(K") or gi1 () < g;(F).

Hence, cither k < gi(k) or giy) < k. ®

Lemma 4.5 . [or every k € K, there exists an i(l < i <n — 1) such that

Proof. By lenuna 4.3, ¢i(k) < k. Let j = max{i|g;(k) < k}. [ j=n—1
then g, (k) < k, and by lemma 4.3, g, (k) = k. Il j < n—2 then g;(k) < k
and not g;, (k) < &, hence by lemuna 4.3, k < g;(k). Thus g;(k) = k. ®

Lemma 4.6 . If k <K, then gi(k) < g:(K) fori=1,...,n— 1.

Proof. By K3i), if & < ¥ then gi(k) < g:i(k"). By K1), go(y:s(&")) <
g90(gi(k)). By Kbi), gu-i(k) < gu-i(k). By Kdij), gi(k") < gi(k). Thus,
9i(k) < gi(K'). °

Lemma 4.7 . Pvery k € I belongs to one and only one chain with at most
n — 1 elements.

Proofl. By lemma 4.5, given &, there exists ¢ such that g;(k) = k, hence &
belongs to the chain gy (k), ..., gu-1(k), wich have at most n — 1 clements.
Let us suppose that k belongs to another chain, then there exists &'
that cither £ < K or & < L. By lenuna 4.5 | there exists j such that
g;(K") = k'. By lemuma 4.6 , g;(k') = g;(k), and then belongs to the chain
g1(k), ..., gn—i(k), wich contradicts the assumption. °
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Theorem 4.1 . Every Moisil model structure of order n is the cardinal sum
of chains with at most n — 1 elements.

Proof. It follows from lemma 4.7 . °
Lemma 4.8 . For every k € I, cither go(k) < k or k < go(k).

Proof. By lemma 4.5 given k, there exists ¢ such that g;(k) = k. By Kbi),
go(k) = gn—i(k). By KO6i) cither gn—i(k) < gi(k) or gi(k) < gu—s(k). Hence,
either go(k) < k or k < go(k). e

Lemma 4.9 . For every formula P, if =, P then =, P.

Proof. It is easy to sce that the axioms Al)-A3) arc valid, using lemma
4.1 . The validity of A4) — A16i) olfers no difliculty. We only remark that
in checking the validity of A15) and A16i), the lemmas 4.3 and 4.4 may be
used, respectively. The rules R1), R2) and R3i) preserve validity. Thercfore,
all theses arc valid. e

We now construct a canonical (or Lindeubaum) model for the calculus
M,, wich will verily the following property: t, P if and only if P is valid in
this model.

Let K, be the set of all prime filters of the Lindenbaum algebra L®, let
C be the inclusion relation and let us define the following mappings:

go(k) = —{~ x|z € k} (= denotes the set theoretical complement)
gi(k) = {x|sixe L} fori=1,...,n—1
It can be proved that the g;(i = 0,...,n — 1 arc applications from & into
k, wich satisfics the conditions K1) I7) (see [1]). Hence (K7, S, go, o Y1)

is & Moisil model structure of order 2. Now, lel us consider the model
(K1, S, 90, -+ G-ty f), where

fe(p) = Lif and only if |p| € I

Lemma 4.10 . Let (K1, <, go,- -, 9n—1) be the canonical model and v the
corresponding valuation. Then, for every formula P

ve(P) = 1 if and only if |P| € k
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Proof. By induction on the number of connectives of P. The inductive
steps corresponding to A, V,~ and s;(i = 1,...,n—1) offers no difficulty. Let
us sce only the inductive step corresponding to —. It is sufficient to prove
that |P| — |Q] € k if and ouly if for every k' such that k C &/, if [P| € &
then |@Q| € &', Let & be such that k& C k. If |P| € K, since [P| — |Q| € K/,
we have |Q| € k'. Conversely, let us suppose that for every k' such that
k C K, if |P| € K then |Q] € ¥, and |P| — |Q| ¢ k. Let r be the filter
gencrated by I U {|P|}, then |Q] ¢ r. Indeed, if |Q| € 7, then there exists
|R| € k such that |R| A [P} < |Q| (sec [6] ,p. 46), hence |R| < |P] — |Q] and
finally, |P| — |Q| € k, wich contradicts the assumption. Let &' be a maximal
(prime) filter such that » C & and |Q] ¢ &/, then & C A and |P| € k', henee
Q| € k', wich is impossible. °

Lemma 4.11 . For every formula |P|, if | P| is valid in the canonical model,
then b, P. ‘

Proof. By hypothesis and lemuna 4.10,|P| € k for all & € K. Since the
intersection of all prime filters is 1, we have |P| = 1. Heuce -, P. ®

The semantical completeness of the calculus M,, follows from the following
theorem:

Theorem 4.2 . [or every formula P, ,, P if and only if =, P.

Proof. It follows from the lemmas 4.9 aud 4.11 . @
The preceding theorem may be generalized without difliculty to a strong
completeness theorem: If I' is a set of formulas, I' -, P if and only if T =, P.
From the preceding theorem and lenuna 4.8 it follows that is a thesis of
the calculus M,, the so called Klecue’s law: '

I—’ILP/\NP"')QVNQ.

5 Post algebras

In [1] is given the following relation between the Moisil algebras of order
and the Post algebra of order n.

A is a Post algebra of order n if and only if A is a Moisil algebra of order
n and A coutains n — 2 elements ey, ..., e,_y such that:

Pl) si(e;) =0ifi--j5<n
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P2) si(ej) =1ifi4+j=>n

A Post calculus of order n (or calculus P,) may be defined, thercfore,
adding to the alphabet of the caleulus M, n — 2 propositional constants
€ty .., ey and the following axioms:

AlTij) si(e;) ifi+j52>n
A181_]) ~ si(ej) if 7 +] <n

A Post model structure of order n will be a Moisil model structure of
order n such that

K8) gi(k)Ngiyi(k) =Vlori=1,...,n-2
We add to the valuation the following condition
V7) v(e;) =1 if and only if k € gn_j(k) U gnjii(k)U ... U Gn—1(k)

From theorem 4.1 and condition K8) it follows that every Post model
structure of order n is the cardinal sum of chains with cxactly n—1 clements.

From V7) it follows that the axioms A17ij) and Al8ij) arc valid in every
Post model of order n.

The canonical model can be constructed in the same way and in a anal-
ogous way it can be proved the completeness of the caleulus P,.
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