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Abstract

In this paper QI-algebras are defined as a generalization of UI-algebras.
The notion of UI-algebra was introduced by the author in Algebras implica-
tivas de Lukasiewicz (n + 1)-valuadas con diversas operaciones adicionales,
Doctoral Thesis, Univ. Nac. del Sur (1989), Bahia Blanca, Argentina, as an
algebraic counterpart of a fragment of the monadic infinite-valued Lukasiewicz
functional propositional calculus. Universal quantifiers, as a particular case
of Q-operators are introduced on Is-algebras with flrst element and conse-
quently the variety MIJ of monadic 3-valued implicative Lukasiewicz alge-
bras are defined. M I{-algchras are an algebraic counterpart of the 3-valued
Lukasiewicz functional calculus, differont from that given by L. Monteiro in
Algebras de Lukasiewicz trivalentes monddicas, Notas de Légica Matematica,

32, Univ. Nac. del Sur, Bahia Blanca, 1974.

Key words. BCK-algebras, Lukasiewicz algebras, Wasjberg algebras.

AMS subject classification (1991). 03G25, 03G20, 06D30, 0GF35
Introduction

In [8], L. Monteiro proposes the notion of existential quantifier on a 3-valied
Lukasiewicz algebra (A4, A,V,~,V, 1) as an application 3 : A—A satisfying:

1) 30 =0,

2) IJxANw=u,

(
(
(3) 3w A3y) =3z A3y,
(4) 3Vx = Vi,

(

5) 3Az = Az, where A is an abbreviation for ~ V ~,
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and he defines monadic 3-valued Lukasiewicz algebras as 3-valued Lukasiewicz al-
gebras endowed with an additional operation which is an existential quantifier. He
also defines the notion of universal quantifier by means of the formula Vr =~ 3 ~ 2,
and he proves that V verifies the identities

(6) V1 =1,
(7) VzVz =,
(8) V(z VVy) =VzVVy,
(9) VVz = VVz,
(10) YAz = AVa.

Note that if 3—valued Lukasiewicz algebras with a unary operation V verilying
(6),...,(10) are considered, then monadic 3-valued Lukasiewicz algebras can be ob-
tained defining the existential quantifier by the formula Jz =~V ~ 2.

We shall denote by Lj and M Ly the varieties of 3—valued Lukasiewicz algebras
and monadic 3-valued Lukasicwicz algebras respectively. A more detailed treatment
of theses algebras can be found in [4, 8, 9, 10].

A. Monteiro and L. Iturrioz [7], define a universal quantifier on a Tarski algebra
A as an application V : A—A satisfying the properties:

11) V1 =1,

13) Y(z VVy) = Vz V Vy,
v

(11)
(12) Vz V x =z, where 2V y is an abbreviation for (w—y)—vy,
(13)
(14)

(r—y)— (Var—oVy) = L.

This notion arises from the logical notion of universal quantifier on classical
implicative propositional calculus.

Consequently, a monadic Tarski algebra is an algebra (A, —,V, 1) of type (2, 1,0)
such that (A, —, 1) is a Tarski algebra and V is a universal quantifier on A.

Later, Y. Komori [3] generalizes the notion of Tarski algebra and he delines
the variety of C-algebras, which we re-name I following A. Monteiro, as algebras
(A, —, 1) of type (2,0) fulfilling the following identities:

(1) 1-z ==,
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(12) (=y) = ((y—2)—(r—2)) =1,
(I3) (x—y)—y=(y—a)—>ua.
A detailed study of [-algebras can be found in [1, 2, 3, 5, 11].

On the other hand, (n + 1)-valued I-algebras witl » positive integer arc an
important. subvariety of I which we shall denote by I, 1. An I, ;-algebra is an
I-algebra whicl satisfies

(I4) ((z™ > y)—a)—>a =1,
where 20 — y =y, 2™ -y = — (a™ — ), for all positive integer n.

The main definitions and results of varieties I and I,,4; needed in this paper
are summarized in Section 1. In Section 2, the definition of a Q-operator on an
I-algebra is given. Besides, the subvaricties QI 1, UI and UI, ; of QI are
considered. Iinally, the semisimplicity of U, ~algebras is proved and subdirectly
irreducible algebras are characterized. In Section 3, the notion of universal quantifier
on an [z—algebra with first clement is delined and the variety of M [J-algebras is
introduced. From Theorem 3.1 we can state that MI-algebras are an algebraic
counterpart of monadic 3-valued Lukasiewicz functional propositional calculns. The
results obtained in this section canunot be generalized for n > 5, since in this case
the Lukasiewicz implication cannot be defined in terms of the primitive operations
of (n + 1)-valued Lukasicwicz algebras considered by G. C. Moisil.,

1 Preliminaries
Next we give the necessary background on varieties I and I, 1needed later.

Lemma 1.1 ([5]) In any A € I it holds:

(I0) z—(y—u) =1,

(I6) z—1=

(17) 2—a =1,

(I8) the relution x < y if and only if x—y = 1 4is an order on A, and x < 1 for all

T € A,
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(I9) (A, <) is ajoin semilattice and the element xVy = (2 —y) — 1y is the supremum
of the elements z and v,

(I110) =z <y implies y—z < x— 2,

(I11) 2> (y—2) =y—(r—2),

(112) z <y implies z—x < z2—.

Definition 1.1 Let A€ I. D C A is a deductive system (d.s.) of A, if it salisfies:
(D1) 1€ D,

(D2) if z,2—yeD theny e D.

We shall denote by D(A) the set of all d.s. of A.

Remark 1.1 [t is known [5] that:

(i) f Ae I, D € D(A) and R(D) = {(v,y) € A> : x>y € D,y—ax € D},
then R(D) € Cony(A) where Cony(A) is the set of all I-congruences on A.
If R € Coni(A) and vy denotes the equivalence class of x, x € A, then
lR(D) =D.

(ii) If R € Cony (A), then there exists a unique D € D(A) such that R = R(D)
and D = 1.

IFor A € I,,41 we write 2 > y instead of 2™ — .
Lemma 1.2 ([1)) In any A € I, ¢ it holds:
(13) 2> (=) =1,
(114) 2> (y > 2) = (- y) = (- 2),
(I15) 1>z ==,
116) (x> y) = x) = a=1.

Lemma 1.3 ([1]) Let A € I,,y. Then the following conditions are equivalent:

(i) D e D(A),
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(ii) D wverifies (D1), and (D'2) if 2,2 = y € D, then y € D.
Remark 1.2 Let A€ I,,.1. In [1] it is proved that:
(i) if A is non trivial, then A is a subdirect product of simple I, 1 ~algebras,

(ii) the following conditions are equivalent:

(1) A is simple,
(2) A= S, 1S| > 1, 8 is a subalgebra of C!, ) = (Cpyy, —, 1), where C,,,, =

{04, =1} and v —y = min {1,1 -z +y}.
2 QI-Algebras
Definition 2.1 Let A € I. A functionV : A—A is a Q-operator on A if it salisfies:
(Q1)
(Q2) Vz < =z,
(Q3) V(zVVy) =Va vy,
(Q4) V(z—y) < Va — vy.

Definition 2.2 A QI-algebra is an alyebra (A, —,¥,1) of type (2,1,0), where (A, —
,1) s an I-algebra and ¥ is a Q-operator on A.

The variety of these algebras will be denoted by QI.

Lemma 2.1 n any A € QI it holds:

(Q5) Wz =V,

(Q6) v <y implies Vo < vy,

(Q7) V(Va—y) <Va — vy,

(Q8) V(Va — Vy) < V(Va—y).

Proof. It follows from I1, ... , I3, QI, ..., Q4. O

Definition 2.3 Let A € QI. D € D(A) is a monadic d.s. (m.d.s.) of A if it

verifies
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(D3) z € D implies V2 € D.
Dpr(A) will denote the set all of nis.d. of A.
Lemma 2.2 Cong;(A) = {R(D): D € Dy (A)}.

Proof. Let R € Cong;(A). Heuce, R € Cony(A) and by Remark 1.1 (ii) there
exists D € D(A) such that R = R(D). Furtheriwore, D is a monadic d.s.. Indeed,
if v € D, then (1,2) € R aud so (V1,Vax) € R. From the latter assertion, Remark
1.1(i), Q1 and I1 we have that Vi € D. O

A QI-algebra is said Lo be a QF, 4 - algebra it verifies (14). The variety of these
algebras wil be denoted by QI,,4.1.

In any A € QI we define 2:— ¢y =Va = y for all 2,y € A.
Lemma 2.3 In QI,,41 holds:
(Q9) Vi — Y(¥a—y) < s Vi,
(QLO) 1= a=u,
(QUL) x> =1,
(Q12) w o (o 2) = 1,
(Q13) & (g0 2) < (5 ) 1o (300 ),
(Q14) = <y implies 2 — y = 1,
(Q15) (x = (y—2)) = (2= y) o (10 2)) = 1,
(QL6) x> (z—y) = a1y,
(QL7) x — Vz = 1,
(QL18) (x> Vy) — Va = Va.,
Lemma 2.4 Let A € QI,41. Then the following conditions are equivalent:
(i) D € Dy (A),
(il) D C A verifies D1 and (D"2) if x,2:+ y € D, theny € D.
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Proof. (i) = (ii): Trivial.

(ii) = (i): (D2) Let 2,2 —y € D. IFrom Q12 and DI we Lave that

(x—=y) = (x = (x—y)) = 1€ D. Hence, by D"2 2+ (x—y) € D and so [rom
Q16 and D”2 we get y € D.

(D3) Let x € D. Then from Q17, D1 and D”2 we have that Vo € D. O

Taking into account Q10, Q12, QL5 and the results of A. Monteiro [6], it [ollows
that sewisimple QU ~algebras are the subvariety of QI,.4; determined by the
identity

(QL9) (x+—y)— )2 =1

Definition 2.4 Let A € I. A U-operator is a Q-operator on A which verifies the
identity:

(U1) V(Vz — Vy) = Va — Vy.

Definition 2.5 A Ul-algebra is an algebra (A, — )V, 1) of type (2,1,0) such that
(A,—,1) € [ and V is a U-operator on A.

We shall denote by UT the variety of these algebras.

Example 2.1 Let C} = (Cy,—,1) be the Iy~algebra considered in Remark 1.2 (ii)
and S = {0,1} be a Iy=subalgebra of CL. If A =8 x Cy is the product algebra and
V:A— Ais defined as follows

T YV
(0,0) | (0,0)
(1,0) | (0,0)
(0.3) | (0, 3)
(L,3) | (0,3)
(0,1) | (0, 3)
(L1 ] (L1

then, ¥ is a Q-operator on A, but it is not a U-operator since V(¥(0, 1) — ¥(0,0)) #
v(0, %) — V(0,0).

An algebra (A, —,V, 1) of type (2,1,0) is said to be a Ul -algebra if (A, —
1) € Iyq and Vis a U-operator on A, U, .1 will denote the variety of these
algebras.
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Lemma 2.5 The following identities hold in any A € Ulyq1:

(U2) V(Vo—y) =V — Vy,
(U3) ((x—y)ra)— =1
Proof.

(U2) (1) Vo — Yy <Va—y,
(2) Vo — Yy < V(¥ —y),
(3) V(Va—y) =Va — Vy.

(U3) (1) (v y)—ax=VVery) =
=V((Va)" - y) =
= ((Va)" = Vy) =
= (Va > Vy) > x,
(2) V((z > y) = a) = V((Ya = Vy) = 2))
= (Va: = Vy) = Vu,
3) (x> y) o a) o a=Y((x—y) =)=
= ((Va > Vy) > Va) > Va,
1.

i

From Lemna 2.5 we have

Theorem 2.1 Fvery non trivial UL,y —algebra A is semisimple.

Examples 2.1

(1) Let (A, —, 1) € I. If we define Va = for all v € A, then

UA) = (A, =V, 1) e UI

(it) Let CL = (Cy,—,1). If we define V1 =1 and Y0 = Vi =0, then

‘/3 = <C;5,—),V, l) cUI;.

[Q2, 112]
(1), Qo, U1}

Lemma 2.6 Let A€ UL, . IfS is anon trivial Ul —subalgebra of A, then the

following properties hold:
(l) 'DM(S) = {D NnNsS:De DM(A)},
(11) EA[(S) = {A[ NnNS:Me EN(A), S g 1\[}
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Theorem 2.2 In any A € UI,, . it holds:

(i) V(A) is a UL,y -subalgebra of A,

(i) if A ds simple, then ¥Y(A) is isomorphic to a subalgebra of U(Chi1).
Proof.

(i) It follows from Q5 and UL,

(i) By (i) and Lenuna 2.6 it follows that V(A) is a siimple UlL,.1--algebra. Since
Ve = x for all @ € V(A), we have that V(A) is a simple I,1-algebra. Then,
from Remark 1.2, we conclude the prool. )

Lemma 2.7 If A is a simple UL, ~algebra, then A has first element.

Proof. By Theorem 2.2 (ii) it follows that V(A) Las first clement 0, Hence, by Q2
we have that 0 < 2 {or all © € A. O

Remark 2.1 The variely QI,,y docs not verify Theorem 2.2 and Lemma 2.7. -
deed, lel ws consider the Iy-algebra A = Cyx Cly and the 1, ~subalyebra S = A\{(0,0)}
of A, If we define V0 S—8 as [ollows

€L Y
(3.0) | (3,0)
(0,3) | (0, %)
(1,0) | (3,0)
G| 3
(0,1) { (0,%)
(L 3) | (5, 3)
(1) | (5, 3)
(LD | (4,1

then (S, —,V,1) is a simple QIy~algebra withoul first element and Y(S) is not iso-
morphic to a chain of U(CYy).
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3 Monadic 3-valued Implicative Lukasiewicz Algebras

Definition 3.1 An I2-algebra is an algebra (A, —,0,1) of type (2,0,0) such that
(A, —,1) € I3 and it verifies the identity 0—a = 1.

We shall denote by IY) the variety of these algebras.

Remark 3.1 The following results show the relationship between the varieties I3
and Ly [5]:

() If A € I}, then defining ~ 2 = 2 —0, Ve =~ —a and 2Ny =
~ (~ aV ~ y) it follows that (A,A,V,~,V,1) € Ly. [urthermore, it holds
that Az =~ (v >~ ).

(ii) If (A,A,V,~,V 1) € Ly, then defining 0 =~1 and x—y=(V~uaVy)
AVyV ~a) for all a,y € A, it follows thal (A, —,0,1) € I},

UIY is the variety of algebras (A, —,V,0, 1) such that (4,—,0,1) € I) and Y is
a U-operator on A.

Lemma 3.1 The following properties hold in any A € UIY:
(P1) VO = 0,
(P2) V ~ Vi =~ Y,
P3) AVxe =~ Y (V& —~ V),
P4) VAVz = AV,
P5) AVx < VAu,
Vi = VVVi,

pP7

(

(

(
(P6
(P7) VVa < VVa, .
(

(

P9

AVAx = VAz,

(P10

)
)

P8) VVAT = VA,
)
) VAx < AV,
)

(P11) VAz = AVz,

where ~, ¥V and A are the operations described in Remark 3.1 (1).
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Proof.

(P1) It follows from Q2.
(P2) V ~ Va = V(Va—0)
= V(Y2 — Y0)
=Vr—0
=~ V.
(P3) AVz =~ (V& —~ V2)
=~ (Vo > VY ~ Va)
=~ V(Ve — V ~ V)
=~ V(Y o Vi),
(P4) VAV =V ~ V(¥ —n~ Vi)
=~ V(Va —~ V2)
= AV,

(P5) (1) Vx <=,
(2) AVz < Az,
(3) AVz < VA=,

(P6) Wa =~V > Vo=V~ Ve — Vu

=VY(V ~ Va2 — Vi)

= VVVu.
(P7) (1) Vz <,

(2) VVa < Va,

(3) VVa <VVa.
(P8) (1) VWAz < VVAu,
(2) VAz = Az,
(3) VA2 < VA,
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(U1, P1]

[P2]
[U1]
(2]
(3]
(2]
3]
[Q2]

[(1), Remark 3.1(1)]
[(2), QG. P4]

[P2]
[U1]
[P2]
Q2]

[(1), Remark 3.1(i)]
[(2), Q6, Po]

[P7]

[Remark 3.1(1)]
[(1), (2)]



(4) VVAz =VAx. [(3), P7, 18]

(P9) It follows from P8 taking into account that o = Ve implies o = A«

(P10) (1) Az < x, [Remark 3.1(i)]
(2) VAx < Va, (1), QO]
(3) AVAz < AV, ((2), Remark 3.1(i)]
(4) VAzr < AVa. ((3), PY]
(P11) It follows from P35, P10 and IS. O

Definition 3.2 Let A € I). A universal quantifier on AV is a U-operator which
verifies the identity:

(M1) VVz =VVa.

The variety of Ul{-algebras which verifies (M1) wil be denoted by MIY.
Remark 3.2 Let Vi be the algebra deseribed in Buamples 2.1 (it). Vi does not verify
(M1). Indeed, YV = VI = |, VV% = V0 =0, where ~ and V are defined as in
Remark 3.1 (1).

Theorem 3.1 Let (A, —,V,0,1) be an algebra of type (2,1,0,0). Then the following

conditions are equivalent:
(i) (A,—,¥,0,1) € MIY,

(i) (A,A,V,~, V¥, 1) € MLy, where A, V, ~ and V are defined as in Lemark
3.1 (i).

Proof. (i) = (ii): It is & consequence of the previous results.,
(i) = (i): Routine. O
Final Conclusion

From the above results it follows that an axiomabizition lor monadic 3-valued
Lukasiewicz algebras delined by means of the operations —,V, V, 0 and 1 is:

(L1) 1»z = a,

(L2) (z—y)=((y—2)=(r—2)) = 1,
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L3) (x—y)—y=(y—ux)—u,
L) ((z—=(z—y))—2)—a =1,

2V =, where a Vb= (a—0)—0,
V(e v V) = Vi v vy,

V(z—y) = (Vo — Vy) = 1.

V(Ve — Vy) = Vo — Yy,

V¥V = VVz, where Va = (a—0)—0.
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