PARACYCLIC COMPLEXES ARISING FROM «-DERIVATIONS

Maria JuLiA REDONDO AND ANDREA SOLOTAR

ILINTRODUCTION

Let A be a k-algebra with 1, a: A — A an auntomorphism of algebras. ln [R-S(2)] we describe a
construction of the graded a-differential algebra Q§(A). Now we define Karoubi’s operalor « for -
differential non-commutative forms, and study some of its propertics.

This operator allow us to construct a parachain complex for Qi (A). This may be the first step Lo gel
a mixed complex for QF(A), in order (o define the a-cyclic homology of A.

2.PARACUAIN COMPLEXES.

Definition 2.1. A parachain complex (V,b, B) is a graded k-module V = Dien Vi wilh two operators
b Vi — Vily, BV — Viyy such thal

() ¥?*=Dp*=9

(2) the operator I' =1 — (b3 + Bb) is invertible.

It may be easily cliecked that 7" commutes with b and B. When T is the identity, the two differentials
b and B commute. Such a parachain complex is called a mized complez.

[Crample 2.2.
Let (C.(A),b) be the normalized Hochschild complex given by C,(A) = /l@(”“)/l),,, where D, is
spanned by the elemeuis ag @ -+ - @ a,, such thal a; = | for some 7 with | <t <n, and

n—1
blag ® - ®uy,) = Z(— D'ag® - © didig © - O ay
i=0

-+ (— l)'l(t,,(l() QD Ddy_y

Let U:C,,(A} — Z/—',,_I_l(/l) be the operator given by

n

Blag® -+ ©® an) = Z(—l)i”l Dt ® QU Q@ ® @iy
i=0
Now (C,(A),b, B) is a mixed complex, and the cyclic homology of A is

HC(A) = 1,(Tol(T.(A), b, 13))

Definition 2.3. A bi-parachain complez is a N?-graded k-module @U,j)aw Vij with operalors b: Vi ; —
Viernj, b Vij = Vi BV - Vi, Vij — Vij+1 such that

() B2=bt'=B2=B" =0

(2) the operators T'=1— (bB + 13b) and T = | — (b33 + Bb) arc invertible

(3) b and B commuic in the graded sensc with b and T} .
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Proposition 2.4. There is a funcior V — Tol(V) from bi-parachain complezes 1o parachain complezes,
where Tot(V) is:

Tol, (V) = Z Vi

itj=n
Tot(b) = b+, Tol(B) =1L +TB and Tot(Ty=1T
So, when Tol(T) = 1, (Tot(V),Tot(b), Tot(13)) is a mized complez.
Proof. 1t follows immediately that T'0t(6)* = T'ol(B)* = 0. Now,
Tol(T) = 1 — (Tol(b)Tol(B) + Tot(B)l'ot(h))
1= b+ (B +TB)—(B+TB)(b+b)
t— (b8 + BO)T — (bD + Bb)
=1=(1-1T - =T)
=17T. O

il

I

The definition and proposition above may be generalized, getling multi-parachain complexes, and a
functor {romn multi-parachain complexes Lo parachain complexces.

So, as the above proposition shows, the construction of parachain complexes may be the first slep to
get mixed complexces.

Erample 2.5.
Let A be a k-algebra, and G a finite group acting on A by automorphisms.
Take V, , = k[GPH] @ A1 Deline the operators:

di* Vg = Vo1 di 2 Vpy = Vieiy
L Vg = Vo FiVig — Vo
. 4 - . 1/
5:Vog = Vogt1 §:Vig = Voriyg

respectively by:

di(gos -, p; @0y - -y ag) = (G0, -, Gp; G0,y - - - Tikig1, -, dg) (0L i< qg—1)

do(gos- -1 9p; Qus - -, aq) = (o, -+ gp; ((gog1 - - ) rag)ao, ..., aq-1)

di(goy oy Up; @0y -« oy Aq) = (Fov- s Giligts - Ip3 G0y -y ay) (0L i< p— 1)
—Jp(go, e Ypy GOy, Gy) = (gpYo, - oy Ip—1; gplan), - o gplday))

t(go, -+, 9p; @0, - -, 8g) = (Gu, -, Ip3 (J0q1 - .g,,)—l((zq),ag, cylget)

(g0, -y bp; 6oy -y @g) = (Gp, 90,5 - - Yp—150p(@0)s - - -, gp(ay))

8(g0y -y Gp3 oy, aq) = (g0, -, 9p; L, a0, -+, ag)

5(g0y -, gp; @0y -y ag) = (1, g0, -, gp; G0,y - - -, Ag)

Take b=0_ydi, b= Y0 odi, B= (1~ Os Tl (=), B =(1- Z)EZfzu(—l)i”Zi, T ="+ and
T = {Q-H

Then_gv, b, B,b, B) is a bi-parachain complex.

As TT = 1, in this case we have that (Tot(V), Tot(b), Tol(13)) is a mixed complex.
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3.0-DIFFERENTIAL FORMS AND THE ICAROUBI OPERATOR K.

Leb A be an associalive k-algebea wiltli 1 and 0 A — A anantomorphisin of algebras, An ca-derivation
of A into an A-bimodule M is a b-lincar map, do: A — A such that,

do(ab) = a(a)da(b) + do(a)b for a,b € A.

In [R-S(2)] we describe the construction of QF(A). A and A ® A" are cousidered A-bimodules with
the structures delined respectively by aowob = awa(b), and ao(x@y)ob = ax @ yb. Now QP (A) = [, =
Ker(A® AP L5 A), where tale®b) = aa(d), and dy: A — QE(A) s delined by do(a) = [®@a—a(e)® L.

Q(A) is an A-bimodule, and i is v morphism ol A-bimodules.

The pair (dy, QF{A)) is characterized by the following universal property:
Let & be an a-derivation of A with valucs in an A-bimodule M, then there exisls a unique hontonor-
phism of bimodules i5: QU (A) — M such thal § = i50d,.

Setting Q0%(A) = A, QL¥(A) = QF(A), and QHY(A) = QLAY Dp - @4 QLE(A), Q9(A) =
D Q™ (A) is naturally a graded algebra, and there is a unique a-diflerential d, on Q%(A) extending
the derivation do: Q2%(A) — QL(A4). The graded a-differential algebra §2%(A) is characterized by the
following universal property:

Let ¢: A — Q' be an homomorphism of algebras with unils where Q' is a graded a-differential alyebra,
then there is a unique homomorphism of graded ov-differential alyebras o QU(A) = QO which cxlends ¢.

Lemma 3.1. The map 2 @7 — 2 Q y— xa(y) & | is an tsomorphism of lefl A-modules
AQA Z QA

Proof. Onc first remarks that 2 @ y — wa(y) © | depends only on the class of y in A, so the map is
well defined, and its image is in 1,. The quotient of A @ AP by the relations ¢ @ y — za(y) @ | maps
isomorphically to A {with inverse map given by & — class of # ® 1). Therefore the kernel of this factor
map is isomorphic to the kernel of . [

Let us introduce the following usual notation: 2 & 7 (or equivalently © ® y — za(y) @ 1) is writlen
rdo(y)-

14 is an A-bimodule because it is a sub-A-bimodule of A & A%, So, by the isonorphism shiown in the
previous Lemina, A @ A becornes an A-bimodule. "The lell module structure is simply

a(zda(y)) = avda(y)

The right module structure is
(2da(y))b = 2do (yh) — za{y)da(b)

because, in /,,
(r@y—ca(y)©@ Db=w@yb—2a(y) @b
={rQyb—xa(yb) @ 1) —(ra(y) Ob—2a(yh) ® 1)

So we have the classical formula

do(yh) = a{y)do (b)) + do ()b
Now, .
QA =1aOp - @ala=A0A"
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with the identification
apde(ar) .. do(an) =@ -+ @ ay

and the operator dy: EH%(A) — Q*FH(A) s given by

du(“() @ ® “'n,) =1® ag @ -+ Q@ ay

AL this time it is interesting to remark a difference with the case A commutative and « = id, where
the cohomology of the complex Q*(A),d) is trivial (by Poincard’s Lenuna). When o # id this Tact nol
necessarily holds, take for example A = k{t] where & is a field, car(k) = 0, ¢ an n-rool of 1.

The product in the a-differential gruded algebra (Q2%(A), dg) is perforined by using the rules of dq, for
instance,

(1®2)(y® 2) = do(2)(yda(2)) = (da(®)y)da(z)
= (da(zy) — a(z)da(y))da(z)
1 @zyRz—a(2)Qy®z

Now we will use the identification Q™(A) = A ® A", so the a-Ilochschild homology H Hy . (A) =
ITH o (A, A) is the homology of the coniplex

L QEA) S bea) B A =0
with

ap®a; @@ ay)
71

=(a0a1 ® a2 ® - @ ay,) -+ Z(—l)i((lo a1 ®@ @ aitiy) Q- Qay)

i=1
+ (= 1)"((an)ag @ ap - D dy-1)
Let the Karoubi operator &: Q(A) — Q%(A) be the degree zero operator given by

k(wdg(an)) = klagda(ar) ... do(an))
= (=DM (da(an)w + do ((a = id)(an)ao) dalar) . . .da(an=1))
= (- l)”'“ (dela(ay)ag)da(ay) .. da(ay-1) — alan)da(an)da(ay) .. do(an-1))

Lemma 3.2,
(1) bdy +deb=1-x
(2) bk = kb and dok = Kd,
Proof. (1) follows easily by direct computation, and (2) follows immediately by (1). O

Let us define a: Q™ (A) — Q*(A) by

a(agda(ay) ... dolan)) = afao)da(a(ay)) .. . do(alan))
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Lemma 3.3. On Q™%(A), we have the idenlilies:
(1) £"dy =do @
(2) & = a + br"d,,
(3) k"t = — dyber
(4) & is inverliblc
Proof.
(1) Using the identification Q™*(A) = A@ A", we have

K’(aﬂ Q¥ arn»’—l) - (_ I)”+I (”'(U‘T.ﬂ-&—l) R Y (ln)
+H(=D"1 @ a(dnp )@ a1 @ - @ ay,)

Now,
KlOup® - @an)= (D" ® a{ay) @ ap @@ ay_y)

showing that x"*1d, = d, o on e (A).

(2) A dircct computation shows thal

Hnda((l() Q- ® (l,,) = h7’l( l Rag @@ an)
= (—l)”(l ) (\((lI) C’_O e (D (,l'((l,.) & (l())

and

KM ag® - @ay) = (=1)"{(x(a)) & @ (1) ® ag)

11
+ Z(ﬁl)i(l Dala) - Qolaitig )& @ ala,) © ag)
i=1

+ (=) ®afa) @@ alay)ay))

Now, it is immediate that £™ = a 4+ bk"d,,.
(3) By (1) and (2), we have that

M =g K = rla 4 bk dy)
=k a4+ b, = (k+ bdy) «
= —dyb) e

4) The polynomial (k™ — o)(s" 1 — &) has constant term «?, which is invertible, and
1
(h:” —a)(r" - cy) = (bfc”‘([u)(-dab w) =0

So & is nvertible, O

We define the Connes operator [3 on '*(4) by

D= in‘jcla

j=0
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Proposition 3.4. (Q°(A), 3,0) is a “parachain complez” (see [G-J]).

Proof. We can compute ™0 iy bwo ways. First, using (2) and (1), we have

n n
K”(“+1) . an»H — § ari Nn](HH _ (Y) — § (.Y”_][)IC”J—*_nd(,
j=n i=0
=ahl3
On the other hand, using (3) and (1), we have
- -1
—— . s } — s .
h_'n(n-f—l) —a® = > (!nnl—llu’,(”-l 1)j (,‘.vn [ (Y) — _ > o™t s JH,("_I_I)J(I"(I o
ji=0 j=0

= —u«" 3

Thus we oblain
RO — gt a3 = o — o B

So
B+ Bb=1—-«a 0O

Remark. 'Llic above proposition is a techinical resnlt. However, in some cases (for examnple il a is given
by the action of a group on A), we’ll have the possibility of constructing a bi-parachain complex V osuch

that (Tot(V), Tol(b), T'ol(13)) s a mixed complex.
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