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Abstract

Let P(M,G) be a principal fiber bundle, K € I'g(rP) and A €
¢, Ify and g are independent diflusions with ilinitesimal gener-
ators I{ and A respectively, then Z = Y - ¢ is a diflusion in P with
infinitesimal generator K - A*.

We state the following resull about the faclorization of L-diffusions
in principal fiber hundles. Let H be a 2-connection [2], K € I'(r M)
and A € GO, Let Z be a HI ++ A*-diflusion. Then there is an unique
pair (Y, g) such that: i) ¥ is a HK -dillusion and ¢ is a A-diflusion,
it) Y and g are independent, and iii) Z = Y - g,

The composition and factorization of slochastic processes in principal
fiber bundles was study by many authors for different class of processes (|3}
Brownian motions, [1] martingales and |7] diffusions).

The purpose of this work is to study the composition and the factorizalion
of dillusions in the coutext of Schiwarlz geomelry.

This paper is organized as follows, i [. we prepare sonie nolions cou-
cerning with Schwartlz geometry, 2-connections and diflusions. We prove the
following result aboul composilion of independent diffusions, thal general-
ized a resull, of M. Liao |7, Proposition 5]. Let K € I'e(r ) and A € g,
il Y and g are independent. diffusious with infinitesimal gencrators K and
A respectively, then Z = Y - g is a diffusion in /2 with inlinitesimal genera-
tor K 4+ A*. We have the following Corollary. Let H be a 2-connection of
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P(M,G), K eT'(*M) and A € GP. If X and g are diffusions in M and &
with infinitesimal gencrators K and A respectively, then 2 = HX - g is a
diflusion in £ with inflinitesimal generator HIK +4- A*.

In 2. we prove that in a principal [iber bundle every dilfusion with in-
finitesimal generator HK is a lLorizoutal lift by H. We state the following
result about the factorization of L-diffusions in principal fiber bundles. Let
P(M,G) be a principal fiber bundle, H a 2-connection, X € I'(7M) and
A eGP, Let Z be a HK -+ A*-diffusion. Then there is an unique pair (Y, g)
such that: @) Y is a HK-diffusion and g is a A-diffusion, i) ¥ and g arc
independent, and i) Z =Y - g.

1 Schwartz Geometry, 2-Connections and Dif-
fusions

In this paper, all manifolds are finite dimensional, o-compact and of class
C*. As to manifolds and stochastic differential geometry, we shall freely
concepts and notations of Kobayashi-Nomizu (6], Iimery [4], Protter [10].

Now, we recall some fundamental facts about Schwartz second order ge-
ometry ([8], [9], [4], [11]) and diffusion theory.

If z is a point in a manifold M, the second order lLangent space to M
at z, denoted 7,M, is the vector space ol all dillferential operators ou M, at
z, of order at most two, with no constaut term. If dimM = n, 7,M las
n -+ %71(71 4 1) dimensions; using a local coordinate system (U, a?) around =,
every L € 7,M can be writlen in a unique way as

L =a'D; + (Liijj with a¥ = ot

a 7]

where Di = — and DU =

. Oat . Oatdxd ] )
here and in other expressions in coordinates the convention of summing over
the repeated indices). The elements of 7, M are called second-order tangeut
vectors (or tangent vectors of order two) at @; the elements of the dual vector
space 7, M are called second order [orms at .

The disjoint union vM = M (respectively 7™M = ~M

' disj v ' Ua‘EM T.M (respectively M UxeM Ta M)
is canonically endowed with a vector hundle structure over M, called the

second order tangent fiber bundle (respectively second order cotangent fiber
bundle) of M.

are dilferential operators at z (we use
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We denote by I'(7M) the space of sccond order operator on M, that is,
the spacc of sections of 7M. lor I, € I'(r M) let QL stand for the “squarc
field operator” associated to L. It is given by

Q7,9 = 3ILU9) = 1109) = gL(/)

where f,g € C®(M). In a coordinate system (U, 2") around x € M this
opcerator is giveu by
QL(f,9) = «“DifDjg
in case L = a*D; - a¥ Dy;.
We have a morphism of vector bundles @@ : 7AM — TA © TM delined by

Qo(L =a'D; 1 a“Dyj) = aVD; O D

Definition 1.1 Lel M and N be manifolds and pick x € M andy € N. A
linear mapping f : .M — 7,N s called a Schwartz morphism if

i) f(TzM) C TyN and
1) for every L € 7,M we have that Q(fL) = (f @ [)(QL).

It is known [4] that f : 7,M — 7, N is a Schwartz morphism il and ouly
if there exists a smooth mappiug ¢ : M — N with ¢(z) = y such that
f = ¢u(2).

Let P(M, &) be a principal {iber bundle where I is a bundle space, M is
a base space and G is a structure group. Let G be the space of sections of
7(G) invariant to left. We recall that there is a homomorphism * : G2 —
['(rP) defined by the right action of G on P: if A € ¢, p € P, then
A*(p) = p.(e)A, where p is Lerc regarded as the injection of G inlo F given
by p(9) = pg.

Let K € I'(7P) we says that K is G-invariant if Ry I, = [, for all
p€ Pandg e G. We denole by U'e;(v ) the space of G-invarianl sections of
TP.

Let M be a manifold, (2, F, (Fi), P) a lillered probability space salis[ying
the usual conditions ([5],{10}), L € I'(7M ) and X a continuous semimartin-
gale in M, one says that X is a dillusion {ov (2, F, (F,), P) with infinitesimal
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generator L € I'(7M) if, for every f € C§°(M)
S’
foXi—foXo— /Lf(Xs)ds is a local martingale.
0

Another form of this definition ([8]) is
- For every 1-form 6 with compact support

t ¢
/(0, 5X) — / (D0,L) (Xs)ds is a local martingale.
0 0

t
Where [ (0, 6X) is the Stratonovich integral of 0 along X and D : TM — 1M -
0

is the mapping defined by I>.Meyer in [8].( [4] pg. 92-93).
We remark that, if X is a dillusion flor (§2, F, (F), P) with infinitesiinal
generators L and R, then L(X,) = R(X;) a.e.

Proposition 1.2 Let M and N be manifolds, ¢ : M — N a smoolh map,
and X a diffusion wilh infinitesimal generalor L. Then ¢ o X s a diffusion
if only if there is a R € I'(IN) such that (¢.L)(X ;) = R(H(X,)). In this cuse
¢ o X is a diffusion with infinitesimal generator R.

Proof: If ¢ o X is a diffusion then for every f € C§°(N) we have that

t

f(poXt)— f(dpoXg)— /Rf(¢> o X;)ds is a local martingale.
0

and as
t
(fod)Xe— (fod)Xo— /L(f o ¢)(Xs)ds is a local martingale.
0
we obtain that

d)*b (‘Ys) = H(‘/)()(e))

And obviously, if ¢.L(X;) = R(é#(Xs)) then ¢ o X is a dilfusion with
infinitesimal generator R. O
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Proposition 1.3 Let M and N be manifolds, K € I'(M) and L € I'(N).
Let X and Y independent diffusions with infinitesimal generators K and L
respectively. Then (X, Y) 15 a diffusion in M x N wnth mfinilesimal generator
K +L. Where K and L are the natural inclusions of K and L in T(M x N).

Proof: Let (U, z") and (V, y®) local charts of M and N respectively. In this
charts K = k'D; + k¥ D;; and L = 1°Dy + 1% Dyg. Let f € C(M x N),
then by an application of It6 formula

, ) ¢ . , L ,
FXLYE) = [(XEYE) = [Dif (XL Y®)dXE+ [ Daf (X1 Y)Y+
0

[se]

ng,Jf(X’ Y&)d[XE X+
EfDaaf(X’ Y[y Y P+
5 fuzaf(\” Y(,\ [\’i’ Yﬂ]s

Now, as dX; = k*(X,)dt + dlocal mart., , d[X? X7], = k¥(X,)dt, dY® =
1*(Yy)dt + dlocal mart., , d[Y?, Yﬂ]L = [9(Y))dt because of that X and Y are
diffusions with inflinitesimal generators K and L respectively. And as X and
Y are independent, d|X? Y%], = 0. Combining this facts we obtain

. o t ) D s
JXLYS) = [(X0.Y5) = g "(Xo)Di 1 k7 (X ) Dij) [ (X, Ye)ds+

(k

1

({(11()’ VD - I“()s)/),,)f(Xs, Ys)ds+
local mart.,

Hence we have

t___
f(Xe, ) — F(Xo, Yo) = [J(K +L)f(X, Y,)ds + local mart.,
0

This completes the proof. O

We have the following result about composition of independent diffusions
in principal liber bundles.

Corollary 1.4 Let P(M,G) be a principal fiber bundle, € I'c(7P) and
Ae G IfY and g are independent (h/]usz(ms with infinitesimal generators
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K and A respeclively, then Z =Y - g is a diffusion in P with infinitesimal
generator I 4+ A*.

Proof: We know from above proposition that (Y, g) is a diffusion in M x &
with infinitesimal generator K + A. We remember that K, (n.g) and A, ) are
given by g (p)K and ip.(g9)A respectively, where ig(p) = (p, g) and iy(g) =
(p,g). Let ¢ : P x G — P be deliued by ¢(p,h) = ph. Then by the
proposition 1.2, Z = ¢(Y, g) is a dilfusion il there is a & € I'(P) such that
¢.(Y,9)(K + A) = R(Z). Now, by invariance to lelt of A and G-invariance
of K, we have

00, 9) (K +A) = ¢.(p,9)(ige(P) ) + $u(p, 9) (ipn(g) A)
= (poig)(p)K + (¢ oip).(g)A
= Rg(p)K + p.(g)A
= Kpy 1 A3,

Then Z is a diflusion with infinitesimal generator I + A*. O
We remember the definition of 2-connection (|2])

Definition 1.5 Let P(M, ) be a principal fiber bundle. A family of Schwartz
morphism H = {Hy, : p € P} is called a 2-connection if

1) Hy : TppM — 1,P.
2) Tyo Hp = idTﬂ)M

3) Hpg = Ry Hp, for allp € P and g € G where Ry stands for the right
action of G in P.

4)The mapping p — H,L belongs to I'(7P) if [ € (7M.

Let be L € I'(1 M), then we denote by HL the differential operator defined
byHL, = H,L for allp € P. We have that HL € I'¢(rP).

We have the following Corollary of Proposition 1.2,

Corollary 1.6 Let P(M,G) be a principal fiber bundle, H a 2-connection
and Y a diffusion in P with infinitesimal generator HL. Then woX is a
diffusion with infinitesimal generator L.
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Let P(M,G) be a principal fiber bundle, H = {H, : p € P} a 2-
connection, X an M -valucd semimartingale and Z a P-valued Fg-random
variable such that 7 o Z = X, We says that a P-valued semimartingale Y
is a stochastic horizontal lift of X initialized in Z if salislics
i) Yo =2,

ii)y ToY = X,

¢
iii) [(9,dyY) =0 for all ¢ > 0 a.e. Here © is an arbitrary element of HL,
0
which is the subspace of 2-forms on P defined by

H'={©:00 1/, forall p € P}

Let X and Z be as above, is known (|2}) that there is an unique stochastic
horizontal lift, of X initialized in 7, it is given as solution of the following
stochastic differential equation

dQY = H)/dg;\r
Yo = Z2

Now, we prove that the stochastic horizontal lift preserve diffusions.
Proposition 1.7 lLet P(M, ) be a principal fiber bundle, H a 2-connection
and X a diffusion in M with mfinitestimal generator L. Then the stochastic
horizontal lifts of X are diffusions with infinitesimal generator HIL .

" Proof: Let HX a stochastic horizontal lift of X by H, then HX satisfies
the following equation:

doll X = H{UIX,)doX,

HXy, =Y

where Y is a random variable such thal # o Y = X.
As

t

fHX,) = [(IIXy) = Of(dzf, do I X)
t
= [(H{IX)"dyf,d2 X)
0

(H(H Xg)*dof, L(X;)ds) + local mart.

f
O

((HL)/)(HXs)ds + local mart.

i
[T
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Then H X is a dilfusion wilh inlinitesimmal genevator f1 L. O

From above Proposition and Corollary 1.4, we have the following Corol-
lary.

Corollary 1.8 Let P(M,G) be a principal fiber bundle, H a 2-connection
K € (M) and A € G®. If X and g are diffusions in M and G with
infinitesimal generators K and A respeclively, then Z = II1.X - g is a diffusion
in P with infinitesimal generator HK + A*.

2 Factorization of L-Diffusions.

Lemma 2.1 Let P(M,G) be a principal fiber bundle, H a 2-connection and
Lel(tM). Then if Y and Z are diffusions in P wilh infinilesimal generalor
HL such that:

i) Yo= 2y,

il) moY =no0/

then Y = Z.

Proof: Let H,be a connection induced by H and HS = H‘f their Stratonovich

prolongation ([2]),then HL = HSL + U where U is a vertical right invariant
field.

Let w be the connection forin associated with Hy, and Y a diffusion with
infinitesiinal generator HL, then

Flw,8Y) = [(w,U)(Ys)ds
0 0

In fact, let § € Hy. We have

i t
[(DO,HL) (Y,)ds = [(D0,HSL +U)(Y:)ds
0 0

= .0;(1?0, U) (Ys)ds

_ gt(o, U) (V,)ds
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t t
As [(0,6Y) — [(D0,HL) (Y,)ds is a local martingale, we have Lhal
0 0

/(() §Y) — /(() ) s)ds is a local martingale (1)
Let f € C§°(£) as f0 € HY, we have

L t
/(fO, oY) — / (f0,U) (Ys)ds is a local martingale
0 0

As
[(70,0Y) = [1(v)a(] (0,6Y)) + }1f o ¥, [ (0,5Y)],

We have that
¢
Of( Y)d(local martingaleg + f(O U) (Yr)dr)+
slf oY, [(0,5Y)] - )f (f0,U) (Ys)ds
(

is a local martingale. We conclude that |f o Y, [{0,6Y)] = 0 for every
f € C5°(P), then f(0,5Y) is a bounded variation processes. Now, by (1) we
have that

t
10,6y = (() Uy (Yy)ds  [or cvery 0 € HY

0

In particular
L

_(Jf(w,é’)"} = f(w U) (Ys)ds

Now, as m oY = 70 Z there exists g, € ¢ such that Zy == Yig4, is not dillicult
to prove thal g; is a semimartingale. As

j(w,U)(Zs)ds = [(w,87)
[ {w, 6Yg)

[(©,68g) 4 [(Ifﬂw 5Y) ([12 lemina 3.4))

I
S L - T
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where O is the canonical form of &. And as

t t
[ (Rgaw, 8Y) = [(Adg™", 8Y)
0 0

b;'/ld.o’lé(f (w,8Y))

{
t

£
f Adg7! (w,U) (Ys)ds
0

= [, U) (Z)ds
0

¢

Then [ (©,6g) = 0 ,and g, = e because of gy = e and ({12, lemuma 3.3)). This
0

isY = 7. |

Corollary 2.2 Lel P(M, ) be a principal fiber bundle, H a 2-conneclion
and L € T'(7M). Then every diffusion with infinitesimal generator HK is a
horizontal lift by H of a diffusion will infinitesimal generalor I\ .

Proof: Let Y be a diffusion with inflinitesimal gencrator HL, then nY = X
is a diffusion. Let Z the horizontal lilt by H of X initialized in Yy , we
know that Z is a diffusion with infinitesimal generator HX and by the above
lemma Y = Z. a

Let M be a manilold aud L € I"(vM). We recall |5] that a stochastic
process X is called a L-dillusion process il the probability law ol X coincides
with P,(-) = [y P(-)u(dz) where {P, : @ € M} is a dilfusion measurce
generated by L and v is the probabilily law of Xg.

We have the following result about factorization of L-diffusions.

Proposition 2.3 Let P(M,G) be a principal fiber bundle, H a 2-connection
Kel(tM) and A € GO, Let Z be a HE |- A*-diffusion. Then there is an
unique pair (Y, g) such that:

i) Y is a HK-dilfusion and g is a A-dillusion,
ii) Y and g are independent, aud

i) Z=Y -g.
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Proof: By to prove the existence is the argument of |7, Proposition 6]. By

.

the uniqueness, we consider Y/ and g’ another pair of diffusions such that
satisfies the enunciate. AsmoY =7 oY’ and Yy = Yy , by the Corollary 2.2

we have that Y = Y’. Then g = ¢/, this completes the proof. o
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