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ABSTRACT. In this note we consider a few interesting properties of discrete connections
on principal bundles when the structure group of the bundle is an abelian Lie group. In
particular, we show that the discrete connection form and its curvature can be interpreted
as singular 1 and 2 cochains respectively, with the curvature being the coboundary of the
connection form. Using this formalism we prove a discrete analogue of a formula for
the holonomy around a loop given by Marsden, Montgomery and Ratiu for (continuous)
connections in a similar setting.

1. INTRODUCTION

Principal bundles are used to state many important questions in Geometry and in Physics.
One versatile tool in the study of those bundles, and in finding answers to the questions, are
the principal connections and the “connection package”: curvature, parallel transport and
holonomy. Curvature and holonomy are closely related notions, as shown, for example,
by the Ambrose—Singer Theorem (Thm. 8.1 in [KN96]). When the structure group G of
the (left) principal bundle 7w : Q — M is abelian and &/ is a principal connection on 7, a
well known formula (see, for instance, p. 41 of [MMR90]) gives a direct expression for the
holonomy of .2 around a loop p in M in terms of an integral of .2/ over p or, in case p is the
boundary of a surface o, the integral over ¢ of the curvature of <. This kind of formula is
very useful for many applications: for instance, it allows the control of the “displacement”
in a fiber by choosing an adequate loop p and parallel-transporting along p. It is also useful
in the reconstruction of the dynamics of some systems on Q that have G as a symmetry
group and whose (reduced) dynamics is known in M := Q/G (see §5 of [MMR90]). In this
setting the holonomy is also known as the geometric phase (see, for instance, [Sim83]).

More precisely, if V C M is an open subset and s : V — Q is a smooth local section of
m, let p : [0,1] — M be a continuous loop contained in V and 7 := p(0); pick g € Q|m, the
fiber of Q over m, and define @, (p,q) € G by

B.,(p,7) = expg (— / M) | ()

where &7* := s*(.o) is the local expression of .27 in the trivialization induced by s (hence a
1-form on V with values in g := Lie(G)) and expg; : g — G is the Lie-theoretic exponential
map. If, in addition, p is the boundary of a surface ¢ contained in V, by Stokes’ Theorem,
we have

®./(p,q) = expg <— /6 %”‘) : (1.2)
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for #° .= s*(#) = do/*, where A is the curvature 2-form of </. These formulas are
relevant because @, (p,q) is the phase gained by g on parallel transport around the loop
p. In other words, if PT./(p) : Ol — Qlm is the parallel transport over p operator (with
respect to ), then

PTy(0)@) =13 00 @:

where ng is the left G-action on Q defined by the principal G-bundle structure.

As we mentioned above, connections are useful in the study of certain symmetric dy-
namical systems, for example, the mechanical systems as considered in [AM78]. In many
instances, it is essential to consider numerical approximations to those systems, which can
be thought of as discrete-time dynamical systems (see [MWO1]). In this context it is natural
to replace the tangent bundle 7Q with Q x Q, its “discrete version”!. If, in addition, there
is a symmetry group G acting on Q in such a way that the quotient map 7 : Q — Q/G is
a principal G-bundle, in the continuous case, a principal connection </ on & can be used
to decompose all elements of TQ into vertical an horizontal parts. Discrete connections
were introduced by M. Leok, J. Marsden and A. Weinstein in [LMWO05] and [Leo04] and,
later, refined by some of us in [FZ13] in order to have a geometric way of splitting elements
of O x Q into “vertical” and “horizontal” parts in a way that was suitable to perform the
symmetry reduction for the discrete time mechanical systems. With this idea in mind, the
goal of this paper is to prove formulas analogous to (1.1) and (1.2) for discrete connections
on a principal G-bundle, when G is abelian. As for (continuous) connections, a natural
application of such formulas is to control the dynamics of symmetric dynamical systems.

Even though there are many conceptual parallels between connections and discrete con-
nections, the fact that (for abelian G) the curvature (2-form) 4 is related to the connection
1-form .o/ by % = d .o/ has no equivalent in the discrete world: both the discrete connection
form .o7; and its curvature %, are G-valued functions. In order to reach our stated goal we
introduce a formalism that allows us to view .7y and %, as singular cochains [.27;] and [%,]
such that [%,] = §[.<7;]. It is within this framework that we obtain the discrete holonomy
phase formulas (4.1) and (4.2). We mention that, in this setting, what we call integration is
the natural pairing of singular cochains and chains; this idea is in line with the fact that the
integral of differential forms over manifolds is a realization of the pairing between cochains
of differential forms —the elements of the de Rham complex— and singular chains on a
manifold. There is still a twist in that (1.1) and (1.2) involve integration in g while (4.1)
and (4.2) use integration of G-valued cochains. Thus, we reformulate our G-valued singular
cochains as g-valued ones and are able to obtain (5.2) and (5.3), the exact analogue of the
continuous phase formulas.

The plan for the paper is as follows. In Section 2 we recall the relevant notions of dis-
crete connection on a principal G-bundle, its curvature, the corresponding parallel transport
and holonomy. In Section 3 we review some basic ideas of singular chains and cochains
which we then refine to what we call the small complexes that are needed in order to view
the discrete connection form .o7; and the discrete curvature %, as singular 1 and 2 cochains
[<74] and [A,] respectively. In Section 4 we obtain formulas to compute the discrete holo-
nomy phase that, eventually, lead to the first version of our result expressing those phases
in terms of integrals of the G-valued [<7;] and [%,] (Theorem 4.3). Last, in Section 5 we
consider g-valued singular cochains and construct logarithmic versions of [<%] and [%,],
which appear in the expression of the discrete holonomy phase as an integral of g-valued
cochains (Theorem 5.11).

IThe basic motivation is that if time is discrete, a velocity vector —that is, an element of 7Q— may be
replaced by two nearby points —that is, an element of O x Q, near the diagonal Ag.
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We would like to thank the anonymous reviewer of this work, whose keen eyes have
helped us make it better.

Notation: throughout this paper @ : Q — M is a smooth principal (left) G-bundle —
usually referred to as & in what follows— and we denote the (left) G-action on Q by l? (q)
for g € Q and g € G. In addition to / 2 we will consider some other (left) G-actions: the
diagonal action on Q x Q and the action on the first factor of Q x M. Explicitly, for g € G,

(¢.9') € 0x Qand (g,m) € O x M,
19°C(q,q') := (12(9).12(¢")) and 12M(g,m) := (12(q),m).

We denote the diagonal of any Cartesian product X X X by Ax and the discrete vertical
submanifold of Q by ¥ := (x x )" (Ay) C @ x Q.

2. DISCRETE CONNECTIONS ON PRINCIPAL BUNDLES

In this section we review the notion of discrete connection on a principal bundle (via
discrete connection form and discrete horizontal lift), the associated curvature and the cor-
responding parallel transport.

2.1. Discrete connection form and discrete horizontal lift. Discrete connections on a
principal bundle can be constructed using different data. For this paper it will be sufficient
to characterize discrete connections via their discrete connection form and their discrete
horizontal lift. For more information on discrete connections see [FZ13].

Definition 2.1. An open subset 7 C Q X Q is said to be of D-type if it is G x G-invariant
for the product of the G-action with itself and #; C % (in particular, Ap C %).

Given a D-type subset 7 C Q x Q we define
U' = (idgxn)(%#)CQOxM and %" :=@xn)(%)CMxM. (2.1)
As 7 is a principal bundle map, both %7’ and %" are open subsets.

Definition 2.2. Let % C Q x Q be a D-type subset. A smooth function <7; : % — G is
called a discrete connection form on 7 if, for all ¢ € Q, <7;(q,q) = e, the identity element
of G, and it satisfies

%(lg)(qo%lg (@1) = a1%(q0,q1)g,"  forall (qo,q1) €%, 80,81 €G.

Remark 2.3. An important difference between continuous and discrete connections on a
principal G-bundle 7 : Q — M is that while the (continuous) connection 1-form is defined
over all of TQ, a discrete connection over 7 is only defined in some open neighborhood of
the diagonal Ap C Q x Q, unless 7 is a trivial bundle. Indeed, if a discrete connection is
globally defined, a global section of 7 can be readily constructed. For this reason, when
dealing with discrete connections, their domain is very important.

Remark 2.4. Just as connections on principal bundles can be defined by a horizontal
distribution, discrete principal connections can be defined by a horizontal submanifold
Hor.,, C Q x Q. Indeed, this is the approach of [LMWO5] and [FZ13]. But, as shown
in Theorem 3.6 of [FZ13], giving a horizontal submanifold is equivalent to giving a discrete
connection form .¢7;. The horizontal submanifold associated to &7 is Hor ., := <7y ({e}).

Example 2.5. Let R-o:= (0,400) CRand U(1) :={z€ C:|z| = 1} seen as a multiplicative
group under complex multiplication. Then, 7 : Q — M given by p; : R-o x U(1) — R~ is
a smooth (trivial) principal G-bundle, with G := U (1) acting on the second factor by multi-
plication. Although it is not relevant for this work, the manifold Q can be seen, for instance,
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as the configuration manifold (for the center of mass description) of a planar mechanical
system consisting of two equal-mass particles. For 4 € N, we define
h

g OxQ—=U(1) by  yu((ro,ho),(ri,h1)) :=exp(i(ry —FO)“)hO

It is easy to check that .<7; ,; is a discrete connection form on 7 that is globally defined, i.e.,
with domain % := Q x Q.
Definition 2.6. Let % C Q x Q be of D-type. A smooth function b, : %’ — Q x Qis a
discrete horizontal lift on 7 if the following conditions hold.
(1) h,: %' — Q x Q is G-equivariant for the G-actions 19%M and 19%C,
(2) hy, is asection of (idp x ) : O x Q — Q x M over %', that s, (idg X ) oh, = idy:.
(3) Forevery g € Q. h,(q.7(q)) = (4.9).
Ifhy: % " — O x Q is a discrete horizontal lift on 7, we define E := p2ohy, where
P2 O x Q — Q is the projection onto the second factor.
Discrete connection forms and discrete horizontal lifts are related as follows. First, recall
the following construction: consider the fiber product Q ,x . O of w with itself —that is,
the set of pairs (qo,q1) such that m(qo) = m(q1). Let K : Q X, O — G be defined by

K(qo0,q1) := g if and only if ng (qo) = q1. It is easy to check that k is a smooth function. Let
% C Q x Q be a D-type subset. Given a discrete connection form «7; : Z — G, we define

hoy: %' = QxQ by hylqr)=(q.1%, (@) (2.2)
for any ¢’ € Q|,. Conversely, given a discrete horizontal lift 4, : %’ — Q x Q, we define
h h —
AU -G by A (qo,q1) = k(hy(q0,®(q1)),q1). (2.3)

h . .
Theorem 2.7. The maps h.;, and <7, defined by (2.2) and (2.3) are a discrete horizontal
lift and a discrete connection form on & respectively. Furthermore, the two constructions
are inverses of each other.

Proof. It follows from Theorems 3.6 and 4.6 of [FZ13]. O

As a consequence of Theorem 2.7 discrete connection forms and discrete horizontal lifts
are alternative descriptions of a single object, the discrete connections with domain %/. In
this spirit we speak of a “discrete connection” with domain %/ as the object defined by
either one of these maps.

Remark 2.8. If @7; : 4 — G is a discrete connection form on 7 and £, is the associated
discrete horizontal lift, then <7;(h,(q,r)) = e for all (q,r) € %'.

Example 2.9. The discrete horizontal lift associated by Theorem 2.7 to the discrete con-
nection form .27 , introduced in Example 2.5 is, using (2.2),

hyy: (Rogx U(1)) x Rog — (Rsgx U(1))*>  so that
hy u((ro,ho),r1) == ((r0,ho), (r1,hoexp(—i(r1 —ro)))).
Next we introduce a local description of discrete connection forms.

Definition 2.10. Let V C M be an open set and s : V — Q a smooth section of Q|y. Given
a discrete connection .«7; : % — G we define its local expression with respect to s by

) V" — G sothat @ (mg,my) = y(s(mg),s(my)), (2.4)
where =(VxV)N (recall (2.1) for ).
/y// ( ) %// %//
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Example 2.11. In the context of Example 2.5, the principal bundle is trivial. So we can take
V :=R. and a global section of py, s(r) := (r,1). Then, the “local” expression of o7, ,; is
), (ro,r1) == exp(i(ry —ro)*) for all (ro,r1) € V" =M x M = (R<0)2.

The following properties of the local expression of a discrete connection are easy to
check.
Lemma 2.12. Let <7; : % — G be a discrete connection on © and s : V — Q be a sec-
tion of Qly. Then, V" C M x M is open, </ is smooth and <7 (m,m) = e for allm € V.
If 5V X G — Q is defined by ¢s(m,g) := ng(s(m)), then ;(@s(mo,8o), s(mi,81)) =
g1 (mo,m1)gg "
2.2. Curvature of a discrete connection. The curvature of a connection on a principal
bundle can be seen as an obstruction to the local trivializability of the bundle (with connec-
tion) or, alternatively, as the obstruction to a certain map appearing in the Atiyah sequence
being a morphism of Lie algebroids. In a similar manner, a notion of curvature of a dis-
crete connection on a principal bundle can be introduced as the obstruction to the bundle
(with discrete connection) being locally trivializable (see [FZ]) or, alternatively, to a certain

map appearing in the discrete Atiyah sequence being a morphism of local Lie groupoids
(see [FIZ22]).

Definition 2.13. Let o7, : %4 — G be a discrete connection form on 7. The curvature of o7,
is the map

By U -G sothat  Ba(qo,q1,92) == Fa(q0,92) " Aul(q1,92)Fa(q0,q1),

where % ) :={(q0,q1,92) € 03 : (qj,qx) € % forall 0 < j < k <2}. A discrete connection
form is flat if its curvature is constantly e.

When V C M is an open set and s : V — Q is a smooth section of Q|y we define the local
expression of the curvature with respect to s by

B - ¥ LG sothat By (mo,my,my) := Ba(s(mg),s(my),s(my)), (2.5

where
V"3 = {(mg,my,my) € M : (mj,m) € V" forall 0< j<k<2}.  (2.6)

Example 2.14. The curvature of the discrete connection .27; ;, introduced in Example 2.5 is
Bau((ro,ho), (ri,h1), (r2,h2)) = exp(i(—(r2 = ro)* + (r2 — r1)* + (r. — r0)")),

for all ((ro,ho), (r1,h1),(r2,h2)) € %3 = Q3. Also, in the local trivialization considered
in Example 2.11,

By u(ro,r1,12) = exp(i(—(ra = ro)" + (ra —r)* + (r —ro)")), (2.7)
for all (ro,ry,12) € ) = (R-0)>. Itis easy to check that %, , = 1 if and only if u = 1.

The following properties of the local expression of the curvature of a discrete connection
are easy to check.

Lemma 2.15. Let <7;: % — G be a discrete connection on ®and s :V — Q a section of Qly.
Then, %, is smooth and 9:,(mg,my,my) = %(mo,mz)*lszfj(ml,mz)ﬁij(mo,ml) for all
(mo,m1,m) € V") Also, Ba(@y(mo.80), @s(m1,81), @5(m2,82)) = 8085 (mo,my,m2)gy !
for all (mg,my,m;) € ") and 20,81,82 € G, where @y is defined in Lemma 2.12.
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2.3. Parallel transport associated to a discrete connection. Given a set X and N € NU
{0}, a discrete path of length N is an element x, := (xp,...,xy) € XV 1. The initial and
final points of x, are xo and xy respectively. When xy = xy, x. is a discrete N-loop. The
set of all discrete paths of length N with initial point X and final point X' is denoted by
Qp(x,X') and the discrete N-loops with initial point X is denoted by Qp(X). Last, we define
Q(x,%) :=Uy_Qn(x,X) and Q(X) := Q(%,X).

In what follows, it will be necessary to consider discrete paths that satisfy some restric-
tions. Thus, given U C X x X and N € NU {0} we define the following sets of discrete
paths subordinated to U: Qp y(X,X') :=={x. € Qn(X,X) : (xk—1,x¢) €U forallk=1,...,N},
Qnvu(X) == Qnvu(x,X), Qux,X) := Uy_oQnu(*,X) and Qy (X) := Qu(X,X).

Let % C Q x Q be a D-type subset and 1, : % " — O x O be a discrete horizontal lift on
the principal bundle 7. Then, for any discrete path in M, m. € Qy 4 (m,m') and G € Q|
we define inductively o := g and, for each k = 1,...,N, qi := h,(qi—1,my). It is easy
to verify that, as (my_y,my) € %" forall k=1,...,N, all (qx—1,mx) € %', so that each
gx is well defined and 7(gx) = my. Let g, := (qo,...,qn) € Qn(q,qn); by construction,
7t(gy) = my =m'. The discrete path g is called the discrete horizontal lift of m_ starting at
g. This leads to the following notion.

Definition 2.16. Let % C Q x Q be a D-type subset and h, : %' — Q x Q be a discrete
horizontal lift on 7. For each m, € Qy 4 (m,m’) we define the discrete parallel transport
map over m,

PT;: Qlm— Ol  sothat  PTy(m.)(q) := qw,
where gy is the one constructed in the previous paragraph.

Of interest for our analysis is the special case where one considers parallel transport over
discrete loops, so that PT; is a map from a fiber of Q onto itself.

Definition 2.17. Let Z C Q x Q be a D-type subset and h, : %' — Q x Q be a discrete
horizontal lift on 7. For each m_ € Qy 4,»(m) and g € Q| we define the discrete holonony
phase around m starting at g as

Dy(m.,q) := k(q,PT4(m.)(q)) € G.
The discrete holonomy phase is well defined because n(PT;(m.)(q)) = w(gn) = my =
i = 7(3).

Example 2.18. The parallel transport operator associated to the discrete connection form
3 defined in Example 2.5 is constructed as follows. For 7,7 € R fix a discrete path
in Roo, 7, € Qu(7,7) —we ignore %" because .7;,, is globally defined— and choose
g := (7,h) € Q7. Then, using h 4,u computed in Example 2.9, the discrete lifted path of r,
starting at g is given by

q, if k=0,
qk = - . .
(re, h CXp(—lZl;:l(l’j—rj—l)'u))a if k=1,...,N.

) = (7, (n,hexp(—i X}, (rj—rj-1)"))) and

N
dDd(r,, (7,%)) = exp <—l Z(I’j —rjl)”> .

Jj=1

Therefore PT,(7,

A natural question is how the discrete holonomy phase ®,(m_,q) changes when g is
replaced by ng ().
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Proposition 2.19. Let h,: %' — Q x Q be a discrete horizontal lift on 7, m € M, G € Qlm
and m, € Qy(m). Then, for any g € G,
(1) If q. € Qn(q,qn) is the discrete horizontal lift of the path m_ starting at q, the path
q defined by ¢, = lg (qx) fork=0,...,N is the discrete horizontal lift of m_ starting
a 1(q).
(2) In addition, q)d(m,,ng (@) = g®a(m.,q)g .

Proof. By definition, ¢’ € QN(ng (Q)JgQ (gn)). That ¢ is the discrete horizontal lift of m,

starting at ng (g) follows by the definition of discrete horizontal lift and property (1) in
Definition 2.6. Thus,

Py(m.,1¢(q)) = k(1§ (@), PTa(m.)(1(2))) = k(I (@), 12 (PTa(m.)(q)))

= gk (q,PTq(m.)(q))g " = gPa(m..q)g """
O

The following two local results will allow us, later, to find explicit formulas relating the
holonomy phase and the curvature of a discrete connection.

Lemma 2.20. Let <7; : % — G be a discrete connection form on m, V.C M be an open
subset and s : V — Q be a section of m. Then, for each m_ € Qy y»(mo,my) (with V" as in
Definition 2.10), the following assertions are true.

(1) Let q. € Qn(qo,qn) be the discrete horizontal lift path of m, starting at go € Q|m,-
Then, there are unique g € G so that, for ¢y as in Lemma 2.12, g, = @s(my, gx) for
allk=0,...,N.

(2) We have PT4(m.)(s(mo,g0)) = @s(my,gn) for gn = goTT-y s (mi—1,mi) ™"
Proof. As w(qx) =my and (my_,my) € ¥ CV xV for all k, we see that g; € Q|y. Point (1)
follows immediately because @; trivializes Qly .

By definition of PT; and point (1) we have that PT,(m.)(@s(mo, go)) = @s(my,gn). Then,
as (qk—1,qk) = hey, (qk—1,mk) and @g(m,g) = 12 (s(m)), recalling Remark 2.8, we have

e = y(qe—1,qxk) = Dg(@s(my_1,8k—1), s (M, 8k))
= (12 (s(mi1)),12 (s(m))) = gy (mi—1,mi) ;-

Thus, gx = gk—1.9) (Mk—1 ,my)~! for all k. Point (2) follows by applying this formula recur-
sively. U

Proposition 2.21. Let <7; : % — G be a discrete connection on n. Then, for each N > 2,
the following statements are true.

(1) For each q. € Q(q,q') such that (qo,qr,qxs1) € %3 forallk=1,...,N—1 we
have

N N-1
(H%(qk_l,qk)‘l) Aa(q0,qv) = [ Palq0,qx,qx11) "
k=1 k=1
(2) Let V.C M be an open subset and s : V — Q be a section of Q. Then, for each
m, € Qy(m) such that (mo,mg,my;1) € ynG) (see (2.6)) for all k =0,...,N—1
and for each g € Qlz we have

N N—1
D,(m..q) = go (H%f(mkl,m)l) g = [ Zalqo,arq661) ", (2.8)
k=1 k=1

where q. € Qn(q) is the discrete horizontal lift of m. and g satisfies @5(mo, go) = q.
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Proof. Point (1) can be readily checked by induction (on N). In order to prove point (2)
we notice that, since (mo,mg,mys1) € #"3) for all k =0,...,N — 1, it follows that m, €
Qy y»(m). Hence, by Lemma 2.20 there exists the discrete horizontal lift ¢ of m, and,

writing gx = @s(my, gx) for all k, it satisfies PT;(m.)(@s(mo,80)) = @s(my,gn) for gy =
oIl 3 (my—1,my) "' Then,

Pq(m.,q) = K(g0, PTa(m.)(@s(mo, g0))) = k(s (mo, o), @s(1 . 8n))

—my
N
= k(I (s(mo)), 12, (s(mo))) = gngo ' = go [ | i (mu—r,mi) g,
k=1
proving the first equality of (2.8). In order to prove the second equality, it is easy to check

that, as (mo,mg,mgs1) € ¥ for all k, we have (s(mo),s(my), s(mis1)) € %@ for all k.
Then, using the previous computation and the result of point (1) we have

®4(m.,q) = go (

:go<
—1

=80 ( @Z(mo,mk,mk+1)_l> g
k=1

N
ﬂfds(mk—l,mk)_]> g0 =280 (H%(S(mk—l),s(mk))_l) g
k=1

? T

@d(s(mo)as(mk),s(mkﬂ))_l) %(S(mo)as(%ip))_lgo_l

=e

1

~
Il

1

=

The second equality of (2.8) now follows from Lemma 2.15. O

Remark 2.22. By (2.8), we see that all the discrete holonomy phases (for loops satisfying
the conditions of point (2) of Proposition 2.21) are products of values of the (inverse of
the) curvature of the discrete connection. In this sense, this result can be seen as a seminal
observation towards a discrete analogue of the Ambrose—Singer Theorem.

3. SINGULAR (CO)HOMOLOGY AND ADAPTATIONS

In this section we review some basic standard notions used in singular homology theory
(see, for instance, [Mun84]) and, then, make an adaptation to have a theory that works with
discrete connection forms and curvatures.

Let X be a topological space, n € NU{0} and {eo,...,e,} be the canonical basis of
RnJrlZ‘

Definition 3.1. Given n € NU{0}, the set

n n
A,,:Z{thejeR”+l :tj>0for j=0,...,nand th:l}
j=0 =0

is called the standard n-simplex. A singular n-simplex of X is a continuous map 7, : A, — X.
A singular n-chain of X is an element of the free abelian group generated by the singular
n-simplexes, that we denote by S,(X). When n € N and k =0,...,n, the k-th face of the

n this context, it is convenient to consider R” C RN as the subset consisting of sequences vanishing after
the n-th component. Thus, R"~! is a subspace of R” and the inclusion a linear map.

Actas del XVI Congreso Dr. Antonio A. R. Monteiro (2021), 2023



DISCRETE CONNECTIONS ON PRINCIPAL BUNDLES: ABELIAN GROUP CASE 191

standard n-simplex is the map 8,’1‘ : Ap—1 — A, defined by

n—1 k—1 n
(9,];(21‘]'61') = leéj-F Z ti—1ej, if k=0,...,n.
j=0 =0

j=k+1

For n € N the n-th boundary map is the group homomorphism 9, : S,,(X) — S, (X) defined
by

n

In(T) =Y (~1)X(Tody).

k=0

We observe that, forn € Nand e; € A, |, we have

3 (e)) = ejr1 €A,y if k=0,...,],
n ej € Ay, if k=j+1,....n.

Example 3.2. Let 7; be a singular 1-simplex of X, then 0,71 € So(X) satisfies (1 T1)(1) =
(Ty0dY)(1) — (T1 0 9})(1) = T1(0,1) — T1(1,0). Similarly, if 7> is a singular 2-simplex
of X, then o> € S;(X) satisfies (dr15)(t9,11) = (Tr 0 820)(t0,t1) — (T oa%)(to,tl) + (o
822)(t0,t1) = Tz(o,to,t]) — Tz(to,o,tl) + Tz(l‘o,tl,O).

Definition 3.3. Let A be an abelian group and n € NU{0}. The group of singular n-
cochains of X is §"(X,A) :=hom(S,(X),A) and the group homomorphism 9, : S"(X,A) —
§"t1(X,A) defined by 8,0, := @, 0 d,1 1 is the singular n-coboundary of X.

Example 3.4. Let o € S°(X,A) and o; € S'(X,A); using the computations from Exam-
ple 3.2, for any singular 1-simplex 77 of X we have

(b00)(Th) = a0(hTh) = ao(T1(0,1) = T1(1,0)) = (71 (0, 1)) — o (71 (1,0)).
Analogously, for any singular 2-simplex 7, of X we have

(61 OC])(Tz) = OC]((aQTz)(to,tl)) = (X](Tg(o,t(),l‘]) — Tz(lo,o,tl) +T2(t(),t1,0))
= (TQ(O,I(),I])) — 0 (Tz(l‘o,o,ll)) + Olz(Tz(to,tl ,0)).

Notice that in this example we denote the group operations in S,(X), $"(X,A) and A addi-
tively. Later on we may use the product notation for the group operation in A and §"(X,A).

Remark 3.5. It is easy to check that d,_j 0 d, = 0 for all n > 2 and, consequently, that
Opr100, =0foralln>0.

Definition 3.6. We denote the duality pairing between S, (X) and S"(X,A) by /. Thus, for
any o, € §"(X,A) and T,, € S,(X) we have

/ 0y = 0ty (Ty,).

Remark 3.7. For any T, € S,+1(X) and a,, € §"(X,A) we have
[ =@l = (6.0 (M) = | 8,00, 3.1
J O 1Thi1 Tht1

that is, the “singular Stokes’ Theorem”.
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3.1. Small singular chains and cochains. Next we want to consider a small variation of
the previous construction, with the goal of defining chains and cochains of X that are, in a
sense, controlled by an open set.

Let X be a topological space and U C X x X be an open subset (for the product topology).
Then, for any n € N we define

UMD = {(x0,x1, .., X%,) € X" 2 (xj,00) € U forall 0 < j < k < n}. (3.2)

Definition 3.8. For n € N, a singular n-simplex 7, of X is said to be U-small (small if no
confusion arises) if (T;,(eg), ..., Ty(e,)) € U+, The free abelian group generated by the
U-small singular n-simplexes of X is denoted by S, (X) and its elements will be called
U-small singular n-chains of X. For completeness, we define So ¢ (X) := So(X).

The following result is straightforward.

Lemma 3.9. Foreachn >0, S,y (X) C S,(X) is a subgroup and, for each n > 1, the map
AV : Suu(X) = Su—1.u(X) defined as the restriction and co-restriction of d, is a homomor-

phism satisfying oY o dY. 1 =0.

Definition 3.10. Let A be an abelian group and U C X X X an open subset. For each
n € NU{0} we define the group S™Y (X,A) :=hom(S, ¢ (X),A); its elements are called U-
small singular cochains of X. The group homomorphism 8V : S™V(X,A) — §"T1V(X A)
defined by 67 a, := 0, 0 97, | is the small singular n-coboundary of X.

The following result is straightforward.

Lemma 3.11. For each n € NU{0}, S"(X,A) C S"Y(X,A) is a subgroup and the homo-
morphism 8¢ restricted and co-restricted appropriately coincides with 8,. Furthermore,
6,5]4»1 o 5,5] . 0.

Last we have a simple “change of coefficients” relation. Let f € hom(A,A’), where A
and A’ are abelian groups. It is easy to check that the map f, : "V (X,A) — SV (X,A)
defined by f.(ay,) := f o o, is a homomorphism satisfying f; o &V = 5,5;/?' ofy (ie., fyis
a homomorphism of cochain complexes).

As an application of the ideas developed so far, in the next section we construct small
singular cochains associated to a discrete connection on 7, when the structure group of the
principal bundle is abelian.

3.2. Discrete connections and singular cochains. Let <7, : % — G be a discrete connec-
tion on 7 and assume that the structure group G of 7 is abelian. Let 77 € S| #(Q) be a
1-simplex. Then, we define

[7a)(Th) := a(T1(1,0),T1(0,1)) € G.
Being these 1-simplexes free generators of S; 4 (Q), this assignment defines a unique ele-
ment [<7;] € S%(Q,G).
Observe that, if Q is connected, the cochain [.27;] determines the function <7, : % — G.
Thus, the discrete connection form of a discrete connection is a true 1-form (a cochain)

for this (small) singular cohomology, at least when G is abelian. If %, : % () 5 G is the
curvature of 27 and 7> € S, % (Q, G) is a 2-simplex, we define

[%d](Tz) = :@d(Tz(l,0,0), Tz(O, 1,0), TZ(O,O, 1)) €.
As those simplexes freely generate S» 4 (Q), this formula determines a unique [%,] €

§*%(Q,G).
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Example 3.12. In the case of the discrete connection form .27; ,, introduced in Example 2.5,
if TL: Z’}’:l a;T] € S1 9xo(Rso x U(1)) =Si(Rso x U(1)), using multiplicative notation,
we have

N ]’lj 4j
Ay u|(Th) 7 leO 0,1))% = exp aj(rl —r} -1
)= [T 0.0, 700 e[ = ) T
=(rp.g)  =:(r]h])

Similarly, if T, = leyzla ~Tj € 852.0x0(Rs0 xU(1)) =82(Ro x U(1)), we have

(B4 ) (T) = H%’du (T{(1,0,0),T/(0,1,0), 75 (0,0,1))%
‘,d!,_/ﬁ,_/

" b)) =) =(rha])

_exp<za1( 2—r0“+( _r{)“-l-(”{—ré)“)).

Proposition 3.13. For [«7;) € SY% (Q,G) and [%,] € S*% (Q,G) as above, we have | B,] =
8 [y) and 8 [B4] = e.

Proof. The second assertion follows from the first and the fact that ¥ 0§ = e. As the
2-simplexes generate S, 7 (Q), it suffices to check the first assertion of the statement on
them to conclude its validity in general. Let 75 be one such 2-simplex. Then,

[#4)(T2) = $4(12(1,0,0),72(0,1,0),7(0,0, 1))
= 7;(T5(1,0,0),T3(0,0,1)) ' .e7;(T3(0,1,0),75(0,0, 1)) % (T>(1,0,0),T(0,1,0)).
On the other hand, converting to multiplicative notation the computations of Example 3.4,
(8 [a])(T>)
= [ 4] (T2(0,10,1))([Ha) (T2 (10, 0,11))) ' [a] (T2 (10,11, 0))
= o(13(0,1,0),72(0,0, 1)) (T2(1,0,0), 72(0,0, 1))~ % (73(1,0,0),73(0,1,0)).
The result follows by comparing the two formulas. ]

Remark 3.14. The expression 8,/ [%,] = e may be interpreted as a discrete version of
Bianchi’s Identity.

A nice immediate consequence of the formalism developed is the following result.

Corollary 3.15. Let <7y : % — G be a discrete connection on Tt : Q — M with Q connected.
If there is o € S°(Q) such that (7] = 8 & then <y is flat, i.e., By = e.

Proof. As ;] = 8 o, by Proposition 3.13 and Lemma 3.11, we have [%,] = 8/ [«/;] =
(8 o 8 )0ty = e. Hence, for any T» € S» 7 (0),
e =[%4)(T2) = #4(12(1,0,0),73(0,1,0),72(0,0,1)). (3.3)

For any (qo0,q1,92) € % (3), as Q is connected (hence, path connected), there is a continuous
map 7: [0, 1] — Q such that y(0) = o, y( )=gqi1and y(1) = q2. Let T» : A — Q be defined
by T (to,t1,12) := Y(3t1 +1); it is immediate that 7> € S, 4 (Q) and it satisfies T>(e;) = q;
for j =0,1,2. All together, using (3.3),

%d(quQIaQZ) = ,@d(Tz(l,0,0),Tz(O, 1,0),T2(0,0, 1)) =e
O
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3.3. Thelocal version. Justas we described in Section 3.2 how to view discrete connection
forms and the corresponding curvature of a principal bundle as (small) singular cochains, it
is possible to do the same for the local expressions of those objects, as we discuss below.

Let V C M be an open subset, s : V — Q be a section of & and <7, : 4 — G be a discrete
connection form on 7. Let <7 : #" — G be the corresponding local expression of <7; with
respect to s (2.4). For each 1-simplex T} € S (M) we define

['Q{ds](Tl) = 'Q/j(Tl (170)7Tl (07 1)) €G.
Being those simplexes generators of Sy 5~ (M), this assignment determines a unique element
[e73] € V7" (M, G).
Similarly, let 5 : 7" ) 5 G be the local expression of the curvature of .«7; (2.5) and
T, € S, y#(M) be a 2-simplex. We define

[#2)(T2) = Z4(T3(1,0,0),72(0,1,0), 72(0,0,1) € G.

Just as before, as the 2-simplexes generate S, y» (M) this last expression defines a unique
element [%5) € $>”" (M, G).

Example 3.16. In the case of the discrete connection form 27 ,, introduced in Example 2.5
together with the (global) trivialization of Example 2.11, if T} = ¥V j—14a T € St msxm(Rso) =
S1(R-p), we have

[}, )(Th) H%u (T/(1,0),T/(0,1)) ”f—exp<2aj —r) )
=g =]

Similarly, if T» = Y a;T5 € So.p1x1(R>0) = S2(R), we have

[3,)(T2) = H«%fw (1(1,0,0),77(0,1,0), 77(0,0,1))"
H—/%/—/H/—/

::ré ::r'{ ::ré

=exp<2a1( 2= )+ () —r{>”+<r{—ré>ﬂ)>.
It is easy to prove the following local analogue of Proposition 3.13.

Lemma 3.17. For [</;] € st (M,G) and (%) € s2%" (M, G) as above, we have %] =
8/ ! [/} and 8/ ! (] = e.

4. HOLONOMY AROUND A LOOP

In this section we find an explicit formula for the discrete holonomy phase around a
loop that is contained in an open set trivializing 7. We still work in the case where G, the
structure group of 7, is abelian.

Remark 4.1. By Proposition 2.17 the different values of the discrete holonomy phase
around a loop, starting at different points of the corresponding fiber are conjugated ele-
ments of G. When G is abelian, these elements are all the same, so that the discrete phase
around a loop only depends on the loop and we denote it by ©;(m.).

Lemma 4.2. Let oty : % — G be a discrete connection on m, whose structure group G is
abelian. Let V C M be a connected open subset and s : M — Q be a local section of . For
any discrete loop in M, m, € Qy (), we have that
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(1) there exists m =Yy, le €8y, yn(M) such that le(eo) = my_1 and le(el) = my, for
k=1,...,N.

(2) Then, for any such m, Hk | 7 (my— 1) ! (fﬁz[gfds])_l

Proof. Being V connected, foreachk=1,...,N there is a continuous path % ¢ : [0,1] =V
such that %1 £(0) =my_; and %1 x(1) = my. Define T} : Ay — M by TF((1—1)eg+ter) :=
Yeo1x(t) fort € [0,1]. As (T} (e;), TF(e;)) € ¥" foralli, j=0,1, we see that m := Y Tf €
S1,97(M), proving point (1). Then, by definition of |,

N
/rhw:%(%):d;(;nk) =

N
HJZ% Tl e() T1 (81))
k=1 k

T{)

=

A
1

:lzw

) (mg—1,my),

Il
_

that, on inversion, leads to point (2). U

We say that the chain m € S 4 (M) satisfying point (1) of Lemma 4.2 interpolates the
discrete path m..

Theorem 4.3. Let <7; : % — G be a discrete connection on the principal G-bundle © : Q —
M with G abelian, V C M a connected open subset and s :V — Q a local section of . For

any m, € Qy(m) such that (my,mg,my41) € y13 for allk=0,...,N—1, we have

,(m.) = </ﬁ[%j})_l, @)

where m € Sy yn(M) is any small singular chain interpolating the discrete path m_, in the
sense of Lemma 4.2. If, in addition, there is G € Sy yn(M) so that 3" (G) = mi, then

@)= ( [12]) B 42)

Proof. Identity (4.1) follows from the first equality in (2.8) taking into account that G is
abelian and, then, point (2) of Lemma 4.2. On the other hand, if ¢ € Sz, 4 (M) satisfies

) " (&) = m, using Proposition 3.17 and (a “small version™ of) (3.1), we have

Lzl = [ 8" = |, il = [ 1)

2

and (4.2) follows from (4.1). O

Example 4.4. In the case of the discrete connection form o7, ,, introduced in Example 2.5
together with the (global) trivialization of Example 2.11, if r, € Qy 4 (7) = Qn(7), it au-

tomatically satisfies that (ro,rg,res1) € ¥ ®) = R, for all £, so that we can apply Theo-
rem 4.3 to compute the discrete holonomy phase ®,4(r,). A 1-chain in R~ that interpolates
roisri= 1}\_121 T{ for T (tpeg +t1e1) :=torj—1 + 117, so that 7 € S (R~o). Thus, using (4.1)
and Example 3.16, we have

1 N
@u(r) = [lot1a]) = (0, 7" =exp (—i Y. (- m)ﬂ) SNCE)

J=1
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We construct ¢ € S>(R~¢) as follows. First, for each j =1,...,N — 1, define
3trj+(1—3t)ro, ifo<r<l

Yi(t) =3 Bt —Drj+(2-3t)r;, if <1<

(3t =2)ro+ (3 =31)rj41, if%été

y—m w“\_)w\

and T{(toeo +tie1 +hey) = yj(%tl + %tz). Finally, ¢ := Z]]Y;ll sz. By construction, ¢ €
S>(R~0) and it is not hard to check that d,& = 7. Then, using (4.2) and (2.7),

Pu(m) = ( / | m)l - (17,@)

_ N—1
H M (T/(1,0,0),T5(0,1,0), 75 (0,0,1))) " = [1(5 . (ro,rjrjn) ™
Jj=1 j=1
N-1
= | exp(—i(=(rjs1 —ro)" 4 (rjs1 —r))* +(rj—ro)*))
j=1

N—-1
= exp (—i Z (—(Vj_H —7'0)’J +(7‘j+1 —I”j)‘u +(7‘j —ro)“)>

j=1

N-1
= exp <—i Y (rjs —rj)“> 7

j=0
matching the previous computation of ®4(m,).

Remark 4.5. For (continuous) connections on a principal G-bundle the set of all possible
holonomy phases starting at a given point is known as the holonomy group of the connec-
tion and it encodes interesting information about the connection and the bundle (see, for
instance, [KN96]). A similar set can be constructed in the discrete setting: Hol, () :=
{®4(m.,q) € G:m, € Qyn(n(q))}. As asubset of the group G, Hol, () is, in general,
a submonoid (i.e., it contains the identity element and is closed under products). If, in ad-
dition, the discrete connection is symmetric (essentially, .<7;(qo,q1) = <Z4(q1,q0) " for all
(qo,q1) € %), Hol,(q) is a subgroup of G (see [FZ] for more details on discrete holo-
nomy).

For the discrete connection %7 ,, introduced in Example 2.5, it is easy to see, using (4.3),
that Hol, (g) = U(1) for all u > 1 while Hol,(g) = {1} if u = 1.

Notice that identities (4.1) and (4.2) are discrete analogues of (1.1) and (1.2), although
not “exponentiated”. In the next section we make a few formal changes to consider singular
cochains with values in g := Lie(G), so that we can obtain exact discrete analogues of (1.1)
and (1.2).

5. FORMS WITH VALUES IN THE LIE ALGEBRA

The goal of this section is to define functions @, and b, with values in g so that &7] =
expg(ay) and & = expg(bY). Then, use them to define singular cochains that will enable
us to prove discrete analogues of (1.1) and (1.2).

5.1. Logarithms of .<7; and 2. The main tool that we need is the following classical
result.
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Theorem 5.1. Let G be a Lie group with Lie algebra g. Then, the exponential map expg :
g — G is a diffeomorphism between open neighborhoods Uy and V, of 0 € g and e € G.
In addition, when G is abelian, exp is a homomorphism of groups, considering g as a Lie
group with the operation given by the addition.

Proof. See Theorem 2.10.1 and Corollary 2.13.3 of [Var84]. (Il

The following result uses Theorem 5.1 to obtain some additional open sets.

Lemma 5.2. With the same notation of Theorem 5.1, there are open neighborhoods Ui C Uy
and V; C V. of 0 € g and e € G such that expg |y; : Uy — V, is a diffeomorphism and the
following conditions hold.

(1) U} and V] are invariant under a — —a and g — g~ ! respectively.

(2) Forany ag,a;,ar € Ué, ag+ a1 +a; € Uy and, when G is abelian, for any gy, 81,82 €
V!, we have gog18> € V..

Proof. It is a standard application of topological properties, mostly continuity of the group
and algebra operations. U

In what follows we assume that the structure group G of 7 is abelian and that <7 : % — G
is a discrete connection form on 7. Also, we fix an open subset V C M and a section
s:V—=0Qofm.

Definition 5.3. Let 7" := ()1 (V)) CM xM and a'; : #" — U]} so that expg oa’, = 7.
We call a, the logarithm of the local expression of <.

Lemma 5.4. In the context of Definition 5.3, W" C V" is open, and a’, is well defined and
smooth.

Proof. As /) : 7" — G is smooth, and V, C G is open, #" C 7" is open. For any
(mo,m1) € #", we have <7} (mo,m1) € V, and, as expg |y : Uy — V; is a diffeomorphism,
there is a unique a;(mo, m;) € U} such that exp;(a;(mo,m1)) = <7 (mg,m;). The smooth-
ness of a; follows from that of 7] and the fact that exp; |U6 is a diffeomorphism. U

In the same spirit, we have the following notion.

Definition 5.5. Let #" := (%5)7'(V.) C M? and b : #" — Uy so that expg obl, = %
We call b’ the logarithm of the local expression of %.

Lemma 5.6. In the context of Definition 5.5, we have
(D il LS open and w3 72/”, where V" is introduced in Definition 2.10,
W" in Definition 5.3 and V" "3 follow (3.2).
(2) b} is well defined and smooth.
(3) Forall (mg,m;,my) € "3 we have by (mo,my,my) = —a’(mo,ma) +a(my,ms) +
ay(mo,my).

Proof. As 4 v G, " = BNV C "3 and its openness follows from that

of V,; and the continuity of 2. On the other hand, for (mg,mi,my) € #" (3), we have
(mj,my) € #" forall j,k=0,1,2 and, so, <75 (m,my) € V, for all j,k=0,1,2. Then, by
Lemma 2.15 and point (2) of Lemma 5.2, we have

B (mo,my,my) = s (mo,ma) " s (my,ma) s (mg,my) € V.
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Thus, (mo,my,my) € (45)~1(V,), proving point (1). As %2(77’) C V, and expg |v, : Up —
V, is a diffeomorphism, b$ = (expg |u,) ' 0 %, 7+ 18 well defined and smooth, proving
point (2). In order to prove point (3) we observe that, for (mg,mi,my) € #" ®),
expg (b (mo,my,my)) = By (mo,my,my) = ] (mo,ma) ™" 3 (my,my) 3 (mo,my)
= (expg (ay(mo,m2))) ™" expg(ag(mi,ma)) expg(ay(mo,mi)) (5.1)
= expg(—aj(mo,my) + aj(my,my) +al;(mo,my)),
where the second equality is by Lemma 2.15, the third is because (m;,my) € #" for all
J-k and the last by Theorem 5.1 and the commutativity of G. Then, as aj(m;,my) €
Uj, by Lemma 5.2, —a(mo,m) + a5,(mi,my) + a’(mo,m1) € Up. As we also have that

b} (mg,my,my) € Uy and we know that expy; is injective over Up, point (3) of the statement
now follows from (5.1). ]

Example 5.7. In the context of Example 2.5, we have that
g:=Lie(U(1))=iR and expy()(i§) = exp(i{).

If we take Up := i(—m, ) and V, := U(1) \ {—1}, it is an elementary fact that expy ;) [v :
Up — V, is a diffeomorphism; the corresponding inverse map is Log(z), (the appropriate
restriction of) the principal branch of the complex logarithm. The sets Uj and V, constructed
in the proof of Lemma 5.2 are Uy = i(—%,%) and V, = {z € U(1) : |Arg(z)| < 5§} (where
Arg(z) is the argument of z that lies in (—,7]). Following Definition 5.3, the domain of
day  isW" = ()1 (V) ={(ro,r1) € RZy : Imodaz((r1 — ro)*)| < 5}, where modaz(r) is
the unique real number in (—7, ] congruent to r modulo 27; then, for (ro,r1) € #”,

afm (}’0,}’1) = LOg(JZflj# (1’0,1’1)) = m0d2n((7‘1 — I’())’u).
Similarly, following Definition 5.5, we have #" := (85)71(V,) = {(ro,rlw, rn) eRY:
moda(—(ra —ro)* + (ry — ro)* + (r2 — ro)*) # &} and, for all (rg,ry,r) € #”,
biw(ro,rl,rg) = Log(%;(ro,r1,r2)) = modaz (—(r2 — ro)* + (r1 —ro)* + (r, —ro)").

5.2. Small singular cochains associated to aj; and bj;. Now we reproduce the arguments
of Section 3.2 to obtain small singular cochains with values in g associated to a}; and bj.

Recall the open subset # C M x M introduced in Definition 5.3. In what follows, we
work with the #"-small singular cochain complex (S, »»(M,g),3").

Definition 5.8. With the notation as above, for any 1-simplex 71 € S (M, g) we define
lag)(Th) := ay(T1(1,0), 1 (0,1)).
Also, for any 2-simplex 15 € S, (M, g) we define
[b3(T2) := b3 (T2(1,0,0),72(0,1,0),72(0,0,1)).
As the 1 and 2 simplexes freely generate S (M) and S, (M) respectively, the previous
formulas uniquely define [a}] € S"”" (M, g) and [b5] € S>7" (M, g).

Proposition 5.9. With the same notation as above, 8" [a3) = [b%] and 8} [b%] = 0.

Proof. As the 2-simplexes generate Sy (M), it suffices to verify that (8" @) (Tr) =
[b%](T>) for every such 2-simplex 7>. After unraveling the definitions, this identity follows
from point (3) of Lemma 5.6 and (a “small version” of) the formula in Example 3.4. Thus,
the first identity holds. The second one is a consequence of the first and of Lemma 3.11. [

Actas del XVI Congreso Dr. Antonio A. R. Monteiro (2021), 2023



DISCRETE CONNECTIONS ON PRINCIPAL BUNDLES: ABELIAN GROUP CASE 199

Proposition 5.10. The cochains [</]] € SV (X,G) and |83 € $>”" (X, G) are naturally
elements of """ (X,G) and $*”" (X, G) respectively. As such, we have

(4] = (expg)«lay]  and  [#4] = (expg)«[byl;

where (expg)« is the homomorphism of cochain complexes defined in Section 3.1 and in-
duced by expg € hom(g,G).

Proof. That the ¥"-small cochains are also #”-small cochains follows from #" c ¥
(Lemma 5.4) and, then, because S,, y»(M) C S, y»(M). To check the identities, it suffices
to see that they are satisfied on 1 and 2 simplexes 7; € Sy »»(M) and T> € S, y»(M). But
then, on evaluation both identities are satisfied because of Definitions 5.3 and 5.5. O

Theorem 5.11. Let @ : Q — M be a principal G-bundle with G abelian and <ty : % — G
be a discrete connection on . Given an open subset V. C M and s :V — Q a smooth
section of @ as well asm €V, for any m_ € Qy(m) such that (mo, my,my1) € 7/”(3)]‘07’ all
k=0,...,N—1, we have that the discrete holonomy phase around m_ is

y(m.) = expg (— | [afz]) , 5.2)

where m € Sy (M) interpolates m., that is, satisfies the conditions of Lemma 4.2. If, in
addition, there is G € Sy yn(M) such that )" (G) = i, then

®y(m.) = expg (- /6 [b;]) . (5.3)

Proof. Observe that m € Sy y»(M) C Sy y»(M) so that, by Theorem 4.3, we have (4.1).
Then, using Proposition 5.10 and the fact that exp.; is a homomorphism,
-1

@) = ( [14]) = ()" = (expo)-aal) ) ' = expol(al(i)
—expol~ ] ) = expg -~ [ 1))

m

proving (5.2). Then, if 827// "(5) =m, (5.3) follows immediately from (5.2) and

Jil = [l = o7l = [
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