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ABSTRACT. Iin this paper we consider the algebraic counterpart of
the fragment of the three-valued Lukasiewvicz propositional
calculusa vhere the connectives are > (Lukasiewicz implicatior
and A (conjunctior . Then , wve define a newv equational class of
algebras of type (2,2,0), called I5~algebras with infimun (or
S13~algebras) . They are an extention of the implicative

three-valued Lukasiewvicz algebras ¢ or 1I3-algebras ).

1. INTRODUCTION.

A.Rose [13] (see alsoc [7] ) gave a formalization of the
implicative three-valued Lukasiewicz propositional calculus (or
three--ILPC) by means of the following axiom schemes

(C1) x >+ (y >+ x)

(C2) (x >+ ¥) >+ ((y > 2) >+ (x >+ 2)) ’
(C3)  ((x >» y) >+ y) >+ ({y >+ X) > x) ’
(C4) ((x >+ y) >+ (y > %))} >+ (y >+ Xx) s
(C3)  ((x >+ (X > y) >+ X} > X
and the rules of procedure

(RO) substitution rule ’

(R1) "Modus ponens" rule Ky X > ¥ .

Adopting the notations
(Ml) %X v ¥y = (X >+ y) >+ Yy »

(N2) X — Yy = X > (X > y) -
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we can write C3, C4 and C5 as follows
(C3) (% v ¥) > (¥ v x? R

(C8) (% >» ¥) v (y > u})

(CS) (% -—» y) v 2 .

The followings formulas and rules are

Ci,...,C5 (See [10]) .

(R2)

=3

X
R > &

b o d
(R3) (¥ > 2§ »o (X >+ 2)

(C6) % > x ’

consegquence of RO,

(C7) (% > y) > ((2 >o X} >+ (2 > y)) ’
{%X >+ y)
(R4) (2 >+ X) >+ (2 >+ y) ®

(CB) (x >+ (X — ¥)) >+ (X — y) ’

(C9) (% >+ (y 5+ 2}) >0 (Y >+ (% > Z)) ®
(R > (Y > 2Z)
(RS) {y >+ (% >» 2} °

(€LY} (x —+ (Y >+ Z) > ((X ~= Y} > {X — 2)})

(Cii) 2 — (y ~+ %) 9

(C12) (% — (Y > 2)) =+ {((X —> YY) — (X — 2))

(CL3) ((X — ¥) —+ X) - X ’

R1



Xy X — Y
Y
We denote by Fc and Tc the sets of all the formulas and all the

(R&)

(weak modus ponens).

formulas which can be obtain from RO,R1,Ci,...,CS, respectively.
Let o, be the formulas of Fc s we write a =3 if and anly if
a>»s 2, 03> € Tc .

Then, it holds ([10]) .

(R7) x = x .

(RE) —T

(R9) X = :.EYZE z ’

({R10; x > z§ : ry >4 2) ’
(R11) o7 ’

In order to study the 3-ILPC with algebraic techniques, in 1968 A.
Honteiro [10] introduced the notion of implicative three—-valued
lLukasiewicz algebra (or Ia-algebra )} as algebras (A,>»,1) of type
(2,0) satisfying

(I1) 1 > x = x »

(IZ) % >+ (y >+ x) = 1 .

(13) {3t >+ y) > ((y > Z} > (X >+ 2)) = 1 »
(14) (R >0 ¥) >0 ¥y = (y >+ X) > X .
(IS5} ((x >+ y) >+ (Y >+ %)) >+ (y >+ x) = 1 ’

(16} {((x >+ (x >+ ¥Y)) >+ X) >» x = 1 (See also [2,3,4,5,6]).



We denote by Is the variety of the is-algebras .
Next, we give the most simple and iamportant exanple aof an

Iz-algebra.

Let T = {0,1/2,1}) and >+ be the operation defined by means of

the table :
> O 172 1
o 1 1 i
172 172 1 i
1 0 172 i

Then (T,>»,1) e Is .

If A € Is, for all x,y € A we define the operation —e by means of
the forsula :

(17) %X ~— y = % >+ (X >+ y) .

The following properties are valid in every Is-aigebra and they

are proved in [10]

”

(IB) % >+ ux = % »
(I9}) % >» & = 1 »
{I10) The relafion < defined by X < vy if and only if
X > y =1 is a partial order on A.
(I11) x =y implies y >+ 2 < % >» 2 ,
(I12) (A,<) is a join semi-lattice and for all X,y € A, the
element x vy = (x > y) >» ¥y is the supremum of x, y .
(I13) o >+ (y >+ 2) = y >+ (X >+ Z) »
(I14) (% >» y) >+ ((Z2 >+ %) >+ (2 >+ y)) = 1
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(I15) x = y implies 2 >+ % < Z >+ ¥y ’

(I16) x — (y — x) 1 ’

(ILl7) (X —+ (Yy = Z)) — ((X — ¥Y) — (x — 2)) = 1 ’

(I18) ((x — y) — %) — x = 1 s

{(I19) 3 — x = X .

If A € I2 and there exists an element 0 € A such that

(120) 0 < x , for all x e A , (i.e. A is bounded)

Then | |

(i21) (A,A;ve3Vy1) is a three-valued Lukasiewicz algebra where
X=X > O, X Ay = (% v o y) [B,92,10] and it verifies

X > y = (V. x v y) A (Vy ¢«  Xx) (t10]}) .

1f #=(A,>+,1) € I3, we denote by L(#) (or L(A)) the algZbra
(AyayvyasV,1) described in (121) .

lLet A e Is. D € A is a deductive systea (d.s.) of A if it
satisfies:

(D1) 1 €D ’

(B2) %, x »>» y € D imply y € D .

Let D{A) be the set of all d.s. of A .

By {10] (See also [4]) we know that (D2) is equivalent to:
(D°'2) xy * —» ye€eD imply y e€eD .

We denote by Con, (A) the set of all Is—congruences of A . If

Ia

R e Canla(&) s X, represents the egquivalence class of x , x € A

R

and qR : A — A/R defined by qR(x) = x is the canonical

R

epimorphism.
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Then 3

ConIa(A) = {R(D) : D e D(A) )} , where

R(D} = ¢(in,v} € A% 3 x > Y s ¥ > x €D } . Furthermore, for each
R e ﬁanls(ﬁ) we have that O = 1R e D(A) and R = R(D) .

Let HamIQ(A,B; (Epilg(R,B)) be the set of all the Iz-homosorphisas
{Is—-epimorphisme) from A into B (from A onto B) v

It h & HaaIB(A,B) then the set N(h) = ( x € A 2 h(x) = 1 ) »
calied kernel of h , has the folluwing properties :

(H1) N(h} e D(a) ’

(H2} (x%,¥y) € R(N(h)) 2f and only i¥ hix) = h{y) »

(H3) As/NCh) and h(A) are isomorphic Is-algebras

(l.e. A/N(R) = h(A) ) .

Be denote by E(A) the set of ali maximal des. (m.d.s.) of A.

Then it holds @

(Bi) (M) (K :MeEM@M) }=(¢1y ,

(M2) For each M € E(A) , A/M = § s where S 1is a non trivial
Te~subalgebra of T.

Next , we consider the 3I-SLPC which iz an extension of the 3JI-ILPC
because it is obtained by adding the connective ~ and the axiom
schemnes

(SC1; (X A y) > x

(SC2) (% A y) > ’

(SC3Y X >+ (y >+ {x A y}) ,

(BCA)  ((% > ¥) a (X > Z)) >+ (X > (2 A~ v)) -

We dencte by F& and T5 the sets of all the formulas of the 3-SLPC
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and all the formulas which can be obtained from
RO,R1,C1,...,C5,5C1,...,8C4, respectively .

If a, B e F5 we write o = B if a >+ 3 4, B r+ a & TS .

Then , we have :

(SR.l) X > Yy X > 2
X >+ (Z A Y)

(1) (X >+ y) >+ ({x >+ 2Z) >+ (X >+ y¥Y) A (x > 2)) [5C3I] ,

(2) (x > y) A (X > 2) (1), kip,R1] ,
(3) ({x > ¥) A (X >+ 2)}) >+ (X > (2 A Y)) {eca] ,
(4) x >+ (2 A Yy) [(3),(2),R1] .

(SLS) (% >+ (y A Z)) >+ ({(x >+ Z) A (X >+ y))

(1) (y A~ 2) >+ 2 {sczj ,
(2) (x > (y A Z)) >+ (X >+ 2Z) ((1),R4] ,
(3) (y A 2) >+ vy [sc13} ,
(4) (x > (y A Z2)) > (X >+ y) [(3),R4] ,

(3) (x > (y A 2)) >+ ((X > Z2) A (x > ¥)) [(2),(4),5R1],

{8Cs) (% >+ y) >+ ({x A Z) >+ (Y A 2)) =

(1) (x A 2Z2) >+ x £(sci]
€2) (X >» y¥) >» ((Xx A 2) >+ Yy) [(1),R3] ,
(3) (x ~ 2) > 2 tscz2] ,
(4) (x >+ y) >+ ((x A 2) >+ 2) [(3),R2] ,

(5) (x >+ y) >+ (((x A Z) >+ ¥) A ((X A Z) > 2))
((2),(4),SR1] ,

(6) (((x A 2) > y) A ((x A 2Z) > Z)) > ((X A Z) >
(y ~ 2)) [scaj ,

130



(7) ((x >+ ¥y ) >+ (((%X A Z) >+ ((X A Z) > Z})))} >
((x > y) > ((Xx A Z) >0 (y A 2})) [(6),R4] ,
(B) (X >+ ¥) >+ ((X A Z) >+ (y A 2Z)) C(73,(3),R1] .

(SC7) (X A ¥} >+ (y A x) :

(1) (x A y) >+ x {eci13y ,
(2) (X A Yy) >o vy [8SC23 ,
(3) (x A y) >+ (Y A x) [(1),(2),8R1] .

{SC8) (X > ¥) >+ ((Z A X) >+ (Z A y)) H
(1) (% >+ y) > ((Xx A 2Z) >+ (y A 2)) (sc63 ,
(2) (x A 2Z) > ((%X >+ y) > (Y A 2)) [(1),R5] ,

(3) (2 A %) >+ (X A 2Z)) >+ ((2Z A %) > ({X > V) >

(v A~ 2))) ((2),r4]1 ,
(8) (Z A %) > ((X >+ y) >+ (y A 2))} [(3),SC7,R1] ,
(3) (% >+ y) >+ ((Z A X) >+ (y ~ 2}) [(4),RS] ,
(6) (Y A~ 2) >+ (2 A y) £sczj ,

(7) (2 A %) > (Y A 2)) >¢ ((Z2 A X) >+ (2 A y))l(&),R4} ,
(8) ((xX >» y¥) >o ((Z A X) > (Y ~ 2)) >+ ((x >+ y) >
((z A X) >+ (2 A y))) L(7),R4] |

(9) (% >+ y) >+ ((Z A X) > (2 A ¥)) [(e),(5),R1]1 .

From the above results it follows at once that Es is a congruence

on Fs and the Lindenbaum algebra (Fs//; 1>>9Ay1l) (where
1 = T5 ) satisfies :

(10) (Fs/= ‘pH'l) EIa ®
s
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(2°) The following identities are verified

(S1) (a4 A 3) > a =

(S2) a > (B A ¥)

2. SI3-ALGEBRAS

2.1. DEFINITION. A Sla—algebra is an algebra (A,>s,aA,1)

short) of type (2,2,0) where

identities hold :

{(S1) (%X A Yy) >+ ¥y

(52) X >+ (y ~ 2)

We denote by Sis the

2.2. EXAMPLES.
{1°) Let (T,>+,A,1),

i, and A is defined

1,

1

(a > ) A (a >+ [3)

(A,>»+,1) e

(X > 2) A (%X >+ y) .

variety of the Sis-algebras.

and the

(A, as

following

where (T,>+,1) is the Is—-algebra indicated in

by =

X

verifies (S1) but not (82),

1/2 »>» (1 A 1) = 1/2

> O

Ay =0 for all x,y € T . Then T
because
172 and (1/2 >+ 1) A (172 > 1} = 0.

(2°) Let (T,>+,~,1), whaere (T,>s,1) is the Is—algebra of 1, and

is defined by the table :

~ o) 1/2 1
C O 172 1
1/2 i/72 172 1
1 1 1 1
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Then T satisfies (S2) but not (Si) because @

(172 A 0) >+ O = 1/2 >» O = 1/2 » 1

(3°) Let T%= (T,>,~,1), where (T,>,1) is the Is-algebra of 1,

and A is defined by the table :

Then T%

is an Sls—algebra. The non trivial SlIs-subalgebras of T

-~ 0 is2 1
0 o o 0
172 4] 172 172
1 0 172 1

8

are B® = (0,1) and L® = (1/2,1). Moreover B® = L% .

2. 3. LEMMA.

(83)
(S4)
(85)
(S6)
(S7)
(s8)

(S9)

(S10)

1 =1
y =1
X ~ Y
X A Y
X A Y
zZ < x
{Q,x<)
X A Yy

For every A € Sis it holds:

y 2 Sy idmply 2z < x Ay ,

is a meet semi-lattice where the infimun of x, y is

(Ayvyna,l), where + is the operation determined by the

formula (I12) , is a distributive lattice with last element 1 ,

(S11)

Proof.

(%X >+ y¥) > ({xXx A 2Z) >+ (Y A 2)) = 1 .
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(S3) 1 = (IB8) (1 A1) > (1 A1) = (S2) ((L A1) > 1) A ((L A L)
> 1) =(S1) 1 A~ 1 .
(S8) (1) v > (1 A y) = (82) (y >+ ¥y) A (y »» 1) = (IB,19) =
1 A1 =(S3) 1 . From (1) and 110 .
(2) y =1 Ay . By S1 and I10 (3) 1 Ay £y . From (2) and
(3) y =1 Ay .
(S5) x Ay = (I1) 1 > (x A Yy) = (82) (1 >+ y) A~ (1 >+ x) = (I1)
Y A X .
(S6) 1 = (S1) (y A x) > x = (83) (x A y) > x , then by 110
X A Y < x .
(S7) 1t follows from (Si) and 110 .
(S8) Let x,y,z2z € A be such that (1) z > x =1 , (2) z >»» y =1,
 then 1= (S3) 1 A1 = ((1),(2)) (2 o= X) A (2 »s y) =
(S2,86) z >» (x A~ y) , hence by I10 z £ x A VY.
(S9) 1t follows from (S6), (§7) and (S8) o
(510) We shall prove that the cancelation law helds @
(ClL.) X Ay = X A Z 4, X vy =X vz imply y =2 .
Indeed , let x,y,z € A be such that :
(1) x Ay =xanz , {(2) x vy =x vz , then
(3) X >» ¥y = (% > ¥y) a1l = (IB) (x >+ ¥) A (%X >» x) = (S2)
X >+ (X AYy) = ((1)) X > (x A 2) = (G2,18,54) x >+ 2 .
On the other hand , 1 = (I12,I10) y >+ (x v y) = ((2))
y »>» (x v 2z) = (I12) y >+ ({x >+ 2) >+ 2) = (I13) (x >+ z) >
(y »» 2) . By I10 x >+» z £y >+ 2 , 50 by (3) we have

(4)

<

X >+ y Yy > 2 .
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Furthermore y >+ %X = (S4,53) (y >+ x) A~ 1 = (I8B) (y »>» X} A
(% >+ %) = (52) ¥y > (y A x) = ((1),85) v » (x A 2) = (82)
(y > 2) A (y > x) , and s0 (3) y >+ x S‘y > 2 . Then
1 = (I5,I12) (x >» y) v {y > x) = ((4),(5)) y »>» 2z , bhence
by 110 (6) vy £z . In a similar way we prove (7) 2z £y .
From (6) and (7) Yy = 2 .

(S11)(x >+ y) > ((x A 2Z) >+ {y A 2)) = (82) (X > Y} >
(((x A Z) >+ Z) A ({X A Z} >0 y)) = (S1,58) (¥ > y) >
((x A 2) > y) = (I13) (x A Z) > ((X >+ y) >+ y) = (I12)
(R A 2Z) > (X v ¥) =1 .

It is esasy to see that :

2.4. LEMMA. Let (A,>+,A;1) € SIz3 and (A,>+,1) be bounded with

first element 0 . Then, it holds :

X Ay = (X v o ¥y) = (({x >+ O) > (y >+ 0)) >+ (y >+ O}) > O .

2.5. EXAMPLE. Let T‘ be the Sls-algebra indicated in Z2.2(3°), N be

the set of the positive integers and T®N be the set of all

functions from N into T‘ pointwise algebrized .For each f e T‘N

we denote by A, the set { i e N ¢ (i) =2 1) . Llet A=( feT :

f

|Af| <Cw } . Then it is easy to see that A is a Sls—-subalgebra of
T‘N, s0 A € SIs and A does not have first element .
If 4 = (Ay;>»,A,1) € SIz then we represent by dR the reduct

{(A,>-,1) and when there is no doubt we write AR instead of AR .



R
2.6. LEMMA. If A  SIs then Cons:h(A) = ConIs(A ) .
. R
Proof. It is clear that ConSIS(A) < ConIa(A ) .

IfR e ConIa(AR) then there exists D € D(A) such that R = R(D) . If
(x,y) « R then (1) x > vy €e D, (2) y > x e D. From (1), (Si1),

D1, and D2 we have (3) (x A 2) >+ (y A 2) €e D . In the same way we

prove that (4) (y A 2) >+ (x A 2) € D . By (3) and (4) ,

(S) (x A2 , ¥y ; z) e R . By (5) and (83) ,{(&6)(2 A x 4, Z A YY) €R.

Hence, from (S5) and (6) it results that R e CD"SEB(A) -

R
Therefore ConIs(A ) € ConSIQQA) .

2.7. REMARKS. Since the Sis-congruences of a Sls-algebra A are
determined by the d.s. of A and the oaperator — verifies the
properties (I16),...,(119) then taking into account (D°'2) and
some results of A. Monteiro [11] (See also [12]) we can state
that:

(1°) Every proper d.s. of A is the intersection of m.d.s. of A .
In particular {1} is the intersection of all the m.d.s. of A .
(2°) In any Sis—algebra A the following conditions are equivalent
(a) #/M is a simple Slas—-algebra,

(b) M e E(R) ,

(c) If aeA-Mand b e A then a — b ¥ .,

(3°) The SlIas-algebras are seai-simples in the sense of the
following theorem.
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2.8. THEOREM. Every non trival SIs-~algebra A is a subdirect
product of simple Sias-algebras.

Proof.

Let P = ! | A/M and p : A — P be the mapping defined by
Ml (A)

p(f) = F , where F(M) = q"(f) » for all M  E(A) .
Since q" :t A — A/M is the canonical epimorphism, ¢ is a

SIs-homomorphism and by 2.7(1) p is injective .

2.9. THEOREM. Let A e SIs be non trivial. Then the following

conditions are equivalent

(1) A is simple ,
(29) A=2S , where S is a non trival SIas-subalgebra of T‘ .
Proof.

(1°) =5 (2°) If A € SIa is simple , then it has more than one
element . By 2.6 and the results indicated in 1 it follows that
R . . R R R
D(A) = (1) . Then A is a simple Is—algebra, sc A = § , where S
1s an Is-subalgebra ot T . Finally , taking into account that
(A, ~,v) is a distributive lattice we obtain that A =8 , where S
is a non trivial SIs-subalgebra of T‘ .
(2¢) = (1°) It is clear that T‘ and all their non trivial

Sls—subalgebras are simple, so if A verifies (2°) then A is

simple.

2.10. REMARK. If A & SIs is finite then the application ¢ of 2.8
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is onto. Indeed, since A is finite it has first element. Then we
can consider the Lukasiewicz algebra L(A) of (I21) and apply the

known results for these algebras.

3. SIa-ALGEBRAS WITH A FINITE SET OF FREE GENERATORS
Now , we are going to determine the structure of the Sls-algebra

with n free generators, n positive integer.

3.1. DEFINITION. If c is a positive cardinal number, we say that
S(c) is SlIs-algebra with c free generators if :

(1) S(c) has a set of generators G such that |G| =C ,

(2) Any function f from G into a Sis-algebra A can be extended to
a Sls—homomorphism h : S(c) — A .

Since the notion of Sla-algebra is equationally definable, a
result of G. Birkhoff (1] allows us to assert that for any
cardinal ¢ > O there exists S(c) and it is unique up to
isomorphisms . Moreover the Sls-homomorphism of definition 3.1 is
unique.

If we consider in the 3-SLPC a set of propositional variables of
cardinal ¢ , € > O then the Lindenbaum algebra mentioned in 1. is
a Sls—algebra with c free generators.

Let G = (91’92""’gn) a set of free generators of S(c) . We
shall denaote by TG the set of all functions from 6 into

T = {0,1/72,1}) .

Since each function f e TG can be extended to a2 unique
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h HomSIa(S(n),T‘) such that h/6 = f , the correspondence f — h
is bijection between TG and Homsus(S(n),T‘). Hence fkm%ng(S(n),Tg)

is finite.

3.2. LEMMA. The map p : HomSIS(S(n),T‘) — [E(S(n)) defined by

p(h) = N(h) is onto .

Proof.

Let M € E(S(n)) and Qs S{n) — S(n)/HM be the cancnical

epimorphism. From 2.7.(2°) and 2.9 there exists a SlIs—homomorphism
i:8m/mMm T . Then h = i °qy € Hom_ (S(n),T*) and

pe(h) =M , so ¢ is onto .

S(n) is a subdirect product of finite algebras S(n)/K, M e E(S(n))

Then, taking into account 3.2 and 2.9 we have :

3.3. COROLLARY. If n is a positive integer, then S(n) is finite

and S(n) = I I S(n)/M .
MelE(S(n))

Let E1 = { M e E(S{Nn)) |S(n)/H| 2 ) and

Ez ={MeESN)) z [S(MN)/M| =3 } . Then €E1,E2} is a

partition of £ . Taking into account 2.2(3°),2.7(2°) and 2.9 we

can write :

[E

2|

| |E
oy

S(n) =L (r)y .

Now, we prove :
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3.4. LEMMA. For each non trivial h e HoaSIS(S(n),T‘) there
exists h' e HouSIa(S(n),T') which verifies :

(1°) K (S(m)) = (1/2,1) = LY ,

(2°) N(h’) = N(h) .

Proof.Let h e HomSEQ(S(n),T.) be non trivial and suppose that
h(S(n)) = (0,1 =B .

Then defining o : B — L in the following way : ¢(0) = 1/2 ,

a(l) = 1 we have that h" = a « b verifies (1°) and (2°) .

Let A = ( h e Hom _(S(n),T%) 1 h(s(n) = L* 1,8 = Epi (8(n),T%)

Since T‘ has non trivial automorphisa, from 3.4. it results :

IE,| = || an
|E,| = |B] (11D).
On the other hand , let A° = { f € TC : (£(6)) = L® 3 and
B =(¢ f € T8 : (f(6)) = T° , where (f(G)) is the

Sla-subalgebra of T generated by f(G) . Then we have :

Al = |A ] (V) |,

Bl = |B°| (W) .

Furthermore,

A" = ( feT® s f(B) € (1/2,1) ST y 1/2 e £(6) ).

Let 8'1 = 4{ feB : f(G)

{G,1/72}) and

B'2 ={ feB : f(G)

partition of B'.

]

{0,1/2,1} } . Then {B'l,B' } is a

2

Finally we have

ja'] =2" -1 (vn) ,
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|B" |

From (I),¢(I1),...,(VII}) we obtain

3. 6.

3-1 )
1

(-1) n

(f) (3-0)" = 3" - 32"+ 3,

3 &

(2" - 1 o+ (3" - 3.2 + 3)

I -2 + 2 (VII)

THEOREM. The SlIs—algebra S(n) with n free generators, n

integer , n > O verifies :

21 3 -2 2

(1) S8S(n) =L x T ’

271 3" -2,

(2¢) |s(n)]| = 2 -3 .
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